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Secular and Resonant Perturbations

For our final set of topics, we will return to N-body interactions, as encoded by the disturbing function,

to see what more analytical tractability can be teased out of these systems. In particular, we will see how

low-order (in eccentricity and inclination) expansions of the disturbing function can yield analytical, and

even linear, expressions for orbital element variations. These are directly applicable to systems of nearly

co-planar, nearly circular orbits—exactly like our own solar system.
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Laplace Coefficients
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Expansion of cos(α)
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RE and RI Terms to 2nd order in ei, Ii
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Linearized Lagrange’s Planetary Equations
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Fig. 6.3. A comparison of the results of a full numerical integration (thick line) with
predictions from analytical theory (thin line) for the variation of (a) semi-major axis, (b)
eccentricity, (c) longitude of perihelion, and (d) longitude of ascending node for a test
particle undergoing predominantly secular perturbations from Jupiter.

The results show that the agreement is excellent over the 20,000 Jupiter periods
of the integration. There are variations in a but these are extremely small; note
that the scale in Fig. 6.3a is enlarged. The fact that the semi-major axis is almost
constant justifies the evaluation of the Laplace coefficients for a fixed value of α.
The eccentricity does vary as predicted, and while ϖ increases linearly with time
(since C1 > 0), " is decreasing linearly at the same rate (since 2C1 = −C2/2;
cf. Eqs. (6.175) and (6.176)). Prograde motion of the pericentre (or node) is
called precession and retrograde motion is called regression. The behaviour of
ϖ and " is a natural consequence of the secular terms in the disturbing function.

Because of the infinite number of short-period terms in the disturbing function,
which we have neglected, there should be differences between the results of a full
integration and the predictions of our analytical theory. We can see this already
in the Fig. 6.3a, where there are small, but detectable short-period changes in the
semi-major axis from the constant value predicted by theory. Figure 6.4 shows
the difference between the “observed” eccentricity (i.e., the one determined by
the numerical integration) and the calculated value from theory, as a function of
time for the first 1,000 Jupiter periods of the integration. Here again we can see
the effect of the short-period terms inherently included in any full integration.

4 4 45 8 4 BD,  64 5C 7:8 C: 6 C8 8C D BD, 7  C:  . 2  
/ 4787 9C BD,  64 5C 7:8 C: 6 C8 . C 8 3 8CD 1 5C4C 04 4 , , D 5 86 8 .4 5C 7:8 . C8 8C D 9 D8

Murray & Dermott (1999) Fig. 6.3
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2nd order Expansion Resonant Terms
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Fig. 6.5. A comparison of the results of a full numerical integration (points or thick
line) with predictions from analytical theory (thin line) for the variation of (a) semi-major
axis, (b) eccentricity, (c) longitude of perihelion, and (d) longitude of ascending node
for a test particle near the 2:1 resonance undergoing resonant and secular perturbations
from Jupiter.

starting values as in Sect. 6.9.1, but with a = 0.6 in order to place the test
particle close to (but not in) the 2:1 jovian resonance. The relevant constants are
now C1 = 0.314001, C2 = −1.25600, C3 = −0.447005, C4 = −1.04332, and
C5 = 1.55230. Note that the magnitudes of C1 and C2 have increased by a factor
of ∼ 20 over those in our secular example with a = 0.192. This is because the
separation from Jupiter has decreased, thereby increasing the size of the secular
effects. Examination of Fig. 6.5 shows that there is good agreement between the
predictions and the numerical results, with the amplitudes and frequencies of the
variations in a, e, and ϖ being close to their predicted values. We would expect
there to be some differences, partly due to our approximate form of Lagrange’s
equations and partly due to the fact that in order to integrate the differential
equations we took the quantities a and e on the right-hand side of Eqs. (6.181)–
(6.183) to be constant, whereas clearly they are varying due to the resonance.

Note from Eqs. (6.189)–(6.191) that all the amplitudes contain a divisor of the
form 2n′ − n − ϖ̇ (i.e., the time derivative of the resonant argument 2λ′ −λ−ϖ ).
This implies that the changes in the elements will become even larger as the

4 4 45 8 4 BD,  64 5C 7:8 C: 6 C8 8C D BD, 7  C:  . 2  
/ 4787 9C BD,  64 5C 7:8 C: 6 C8 . C 8 3 8CD 1 5C4C 04 4 , , D 5 86 8 .4 5C 7:8 . C8 8C D 9 D8

Murray & Dermott (1999) Fig. 6.5
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Secular Perturbations of 2 Bodies
∆ ,

a2

a3

Dn ,
dn

d∆n
si , sin

Ii
2(

R̄D

)
sec

=
1

8

(
2∆D + ∆2D2

)
b

(0)
1
2

(
e2

2 + e2
3

)
− 1

2
∆b

(1)
3
2

(
s2

2 + s2
3

)
+

1

4

(
2− 2∆D −∆2D2

)
b

(1)
1
2

e2e3 cos ($2 −$3) + ∆b
(1)
3
2

s2s3 cos(Ω2 − Ω3)

j = 2, 3 p , j − 1 k = 3, 2 q , k − 1

Rj = nja
2
j

(
App
2
e2
j + Apqe2e3 cos($2 −$3) +

Bpp

2
I2
j +BpqI2I3 cos(Ω2 − Ω3)

)
Apq = (−1)1−δpq np

4

m(3−p)

m1 +mp

∆ (∆)2−p b
(2−δpq)
3
2

(∆)

Bpq = (−1)δpq
np
4

m(3−p)

m1 +mp

∆ (∆)2−p b
(1)
3
2

(∆)

New Coordinates to Avoid Singularities ėj
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Laplace-Lagrange Secular Solutionċ2
ċ3

 =

A11 A12

A21 A22


︸ ︷︷ ︸

, A

d2
d3

 ;

ḋ2
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Normalized to Initial Conditions

Free and Forced Elements
Add a particle with orbital elements (a, e, I,$,Ω, n) to the three-body
system. The net disturbing function due to m2 and m3 is:
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Free and Forced Elements (2)[
c
d

]
, e

[
sin$
cos$

] [
u
v

]
, I

[
sin Ω
cos Ω

]
=⇒

Rp = na2

[
Ap
2

(
c2 + d2

)
+
Bp

2

(
u2 + v2

)
+

3∑
j=2

Aj (ccj + ddj) +
3∑
j=2

BjI (uuj + vvj)

]
[
ċ

ḋ

]
=

1

na2

[
∂Rp/∂d
−∂Rp/∂c

]
= Ap

[
d
−c

]
+

[
d2 d3

−c2 −c3

]
︸ ︷︷ ︸

[
A2

A3

]
[

cos(λ1t+ α1) cos(λ2t+ α2)
− sin(λ1t+ α1) − sin(λ2t+ α2)

]
F̄ T[

u̇
v̇

]
=

1

na2

[
∂Rp/∂v
−∂Rp/∂u

]
= Bp

[
v
−u

]
+

[
v2 v3

−u2 −u3

]
︸ ︷︷ ︸

[
B2

B3

]
[

cos(γ1t+ β1) cos(γ2t+ β2)
− sin(γ1t+ β1) − sin(γ2t+ β2)

]
ḠT

Free and Forced Elements (3)c̈
d̈

 = −A2
p

c
d

−
(Ap + λ1) sin(λ1t+ α1) (Ap + λ2) sin(λ2t+ α2)

(Ap + λ1) cos(λ1t+ α1) (Ap + λ2) cos(λ2t+ α2)

 F̄ T

A2

A3


ü
v̈

 = −B2
p

u
v

−
(Bp + γ1) sin(γ1t+ β1) (Bp + γ2) sin(γ2t+ β2)

(Bp + γ1) cos(γ1t+ β1) (Bp + γ2) cos(γ2t+ β2)

 ḠT

B2

B3



c = efree sin(Apt+ αp) + c0(t)

d = efree cos(Apt+ αp) + d0(t)

u = Ifree sin(Bpt+ βp) + u0(t)

v = Ifree cos(Bpt+ βp) + v0(t)



[
c0(t)

d0(t)

]
= −

[
sin(λ1t+α1)

(Ap−λ1)
sin(λ2t+α2)

(Ap−λ2)
cos(λ1t+α1)

(Ap−λ1)
cos(λ2t+α2)

(Ap−λ2)

]
F̄ T

[
A2

A3

]
[
u0(t)

v0(t)

]
= −

[
sin(γ1t+β1)

(Bp−γ1)
sin(γ2t+β2)

(Bp−γ2)
cos(γ1t+β1)

(Bp−γ1)
cos(γ2t+β2)

(Bp−γ2)

]
ḠT

[
B2

B3

]
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Free and Forced Element Geometry

286 7 Secular Perturb ations

since the values of h 0, k0, p0, and q0 also depend on the secular solution for the
two perturbing bodies, they will vary with time.

If we define the quantities

eforced =
√

h 2
0 + k2

0, Iforced =
√

p2
0 + q 2

0 (7.82)

then the solutions given in Eq. (7.77) have a simple geometrical interpretation
(Figs. 7.2 and 7.3). In the case of the h –k solution, the values of k and h for the
particle define a point in the k–h plane. The vector from the origin to this point
has a length e and it makes an angle ϖ with the k axis. In the light of our solution
given above, this vector can also be thought of as the vector sum of two other
vectors: The first goes from the origin to the point (k0, h 0); it has a length eforced
and makes an angle ϖforced with the k axis. The second goes from (k0, h 0) to the
point (k, h ); it has a length efree and makes an angle ϖfree = At + β with the k
axis. This implies that the particle’s motion can be thought of as motion around
a circle with centre (k0, h 0) at a constant rate A while this point itself moves in
some complicated path determined by the secular solution for the two perturbing
bodies. This is illustrated in Fig. 7.2. The quantities eforced and ϖforced are derived
from h 0 and k0 and they are called the forced eccentricity and forced long itude of
pericentre of the particle. Their values are determined solely by the semi-major
axis of the particle and the secular solution for the two perturbing bodies. In
contrast, efree and ϖfree, the free eccentricity and free long itude of pericentre of
the particle, are derived from the boundary conditions and denote fundamental
orbital parameters of the particle. These quantities are also referred to as the
proper eccentricity and proper long itude of pericentre of the particle’s orbit.

e

e cos ϖ

e sin ϖ

ϖ
eforced

ϖforced

efree

ϖfree

Fig. 7.2. The geometrical relationship among the osculating, free, and forced eccen-
tricities and longitudes of pericentre for the case efree > eforced.
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I

I cos !

I sin !

!
!forced

Ifree

!free

Iforced

Fig. 7.3. The geometrical relationship among the osculating, free, and forced inclina-
tions and longitudes of ascending node for the case Ifree < Iforced.

It is important to note that the circle shown in Fig. 7.2 need not encompass the
origin. If efree is small enough or the value of eforced for the particle’s semi-major
axis is large enough, the motion of the particle around the circle might be such
that ϖ or ! (the osculating longitudes of pericentre or ascending node) vary over
some fixed range of angles.

The p–q solution is shown in Fig. 7.3, where Iforced, !forced, Ifree, and !free
denote the forced and free inclinations and nodes of the particle. Here we illustrate
a situation where the forced inclination is larger than the free one, such that the
circle does not enclose the origin. As stated above, this is an outcome of the
boundary conditions.

Because the expressions for eforced and Iforced given in Eq. (7.82) depend on
the definitions of h 0, k0, p0, and q0 given in Eqs. (7.78)–(7.81), it is clear that
potentially large values of eforced or Iforced can arise if either of the conditions
A − g i ≈ 0 or B − fi ≈ 0 is satisfied. The g i and fi are the eigenfrequencies of
the system of two interacting bodies whereas, from Eqs. (7.55) and (7.57), the
quantities A and B are functions of the semi-major axis of the test particle. This
implies that at certain locations in semi-major axis there will be singularities in
the forced eccentricities or inclinations. We will consider a specific example of
this in Sect. 7.5.

Another important point concerns the limiting values of eforced and Iforced as
the orbit of either of the two perturbers is approached. Since the A, Aj , B, and
Bj in Eqs. (7.55)–(7.58) as well as the definitions of the νi and µi in Eq. (7.76)
involve the Laplace coefficients b (1)

3/2(αj ) or b (2)

3/2(αj ), which all approach infinity
as αj → 1, it is not obvious that there are finite limiting values for eforced and
Iforced at the orbits of the perturbers. Let us assume that we are considering the
behaviour of eforced in the vicinity of a perturbing body denoted by subscript

4 4 45 8 4 BD,  64 5C 7:8 C: 6 C8 8C D BD, 7  C:  . 2  
/ 4787 9C BD,  64 5C 7:8 C: 6 C8 . C 8 3 8CD 1 5C4C 04 4 , , D 5 86 8 .4 5C 7:8 . C8 8C D 9 D8

Murray & Dermott (1999) Figs. 7.2-7.3

eforced ,
√
c2

0 + d2
0 $free = Apt+ αp

Iforced ,
√
u2

0 + v2
0 Ωfree = Bpt+ βp

Resonant Perturbations

A

B

C

D

Pericentre

Apocentre

Fr

Ft

Fr

Ft

Based on Murray & Dermott (1999) Fig. 8.5

n2

n1

=
p

p+ q
p, q ∈ Z≥ qTc = pT2 = (p+ q)T1

Tc =
2π

n1 − n2

=
p

q

2π

n2

=
p

q
T2 =

p+ q

q
T1
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Resonance in the CR3BP
R =

Gm2

a2

[
1

8

(
2∆D + ∆2D2

)
b

(0)
1
2

e2 + fd(∆)e|c4| cos (c1λ2 + c2λ+ c4$)︸ ︷︷ ︸
]

∆ ,
a

a2

, Dn ,
dn

d∆n
, φ

fd =


1
2

(−2j −∆D) b
(j)
1
2

c1 = j, c2 = 1− j, c4 = −1

1
8

(−5j + 4j2 − 2∆D + 4j∆D + j2D2) b
(j)
1
2

c1 = j, c2 = 2− j, c4 = −2

ṅ = 3c2crne
|c4| sinφ $̇ = 2cs + |c4|cre|c4|−2 cosφ

ė = c4cre
|c4|−1 sinφ ε̇ = cse

2 +
|c4|cr

2
e|c4| cosφ

cr ,

(
m2

m1

)
n∆fd(∆)

cs ,

(
m2

m1

)
n∆

8

(
2∆D + ∆2D2

)
b

(0)
1
2

Libration
φ = c1λ2+c2λ+c4$ ⇒ φ̇ = c1n2+c2(n+ε̇)+c4$̇ ⇒ φ̈ = c2ṅ+c2ε̈+c4$̈

ε̈ = 2cseė+ |c4|cr
(

d
de

(
e|c4|

2

)
ė cosφ−

(
e|c4|

2

)
φ̇ sinφ

)
$̈ = |c4|cr

(
d
de

(
e|c4|−2

)
ė cosφ−

(
e|c4|−2

)
φ̇ sinφ

)
 φ̈ ≈ 3c2

2crne
|c4| sinφ
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CR3BP 2:1 Resonance Exact
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CR3BP 2:1 Resonance Medium Libration
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CR3BP 2:1 Resonance Large Libration
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CR3BP 2:1 Resonance Outer Circulation

0 100 200 300 400 500 600
0.6

0.62

0.64
Numerical Integration

1st Order Lagrange Eq

2:1 Exact

0 100 200 300 400 500 600

Time (TU)

0

0.05

0.1

0.15

0.2

-0.75 -0.7 -0.65 -0.6 -0.55 -0.5 -0.45

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

0.25

14



Chaos in the CR3BP
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