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Orbits in Time and Space

The two-body system is fully integrable, and has an exact solution for all time, but
that doesn’t mean that we can write down an analytical, algebraic solution for the
position and velocity of our orbiting body at any arbitrary time (although we can
express these solutions as infinite series). Much of the history of astrodynamics
has been devoted to coming up with more accurate and computationally efficient
solutions to this problem, which we will explore here.
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The Auxiliary Circle and Mean Anomaly
Eccentric Anomaly:
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M = n(t− tp) = E − e sin(E)

tp = time of periapsis
Kepler’s Time Equation:Mean Motion:
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Solving Kepler’s Time Equation

Kepler’s time equation is still a transcendental one, and so cannot be analytically
inverted to solve for eccentric anomaly (and therefore true anomaly) as a function
of mean anomaly (time). The benefit of this equation is that it is more easily nu-
merically solvable than attempting to find true anomaly directly from time. Much
of the history of astrodynamics has been devoted to coming up with new and better
approaches for inverting Kepler’s time equation. While literally dozens of distinct
methods exist, here we will focus on just one: Newton-Raphson iteration. This ap-
proach has the benefit of being easy to implement in almost any computer language,
is relatively computationally efficient, and, with the proper choice of initial condi-
tions, is typically guaranteed to converge to any desired precision within a finite
number of iterations.
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Newton-Raphson Iteration

• Given: x : f(x) = 0, x ∈ R; f ′(x) =
df

dx

• Iterate: xn+1 = xn −
f(xn)

f ′(xn)

• Until converged (answer stops changing to your desired precision)

Newton-Raphson Iteration for Kepler’s Time Equation
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Eccentric Anomaly

r = r cos(ν)ê + r sin(ν)q̂

= a (cos(E)− e) ê + b sin(E)q̂

v = −aĖ sin(E)ê + bĖ cos(E)q̂

=
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(−a sin(E)ê + b cos(E)q̂)
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n

1− e cos(E)

f and g Functions

r(t+ ∆t) = fr(t) + gv(t)

v(t+ ∆t) = ḟr(t) + ġv(t)
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Series Solutions to f and g Functions
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I d
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f and g to 8th order
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Parabolic Orbits and Barker’s Equation
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Hyperbolic Orbits
Equilateral (right)
Hyperbola

sinh(H) = − r sin(ν)
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Universal Variable
χ̇ ,
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Universal Variable Continued
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Universal Variable Propagation
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Inertial → Perifocal: 3-1-3 (Ω, I, ω) Body Rotation

1. 2.

3.Line of nodes

Longitude of the ascending node

Inclination

Argument of periapsis
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Orbits in 3D

Orbits in 3D (Math Version)

PCI =

 cos (ω) sin (ω) 0
− sin (ω) cos (ω) 0

0 0 1

1 0 0
0 cos (I) sin (I)
0 − sin (I) cos (I)

 cos (Ω) sin (Ω) 0
− sin (Ω) cos (Ω) 0

0 0 1

 =

− sin (Ω) sin (ω) cos (I) + cos (Ω) cos (ω) sin (Ω) cos (ω) + sin (ω) cos (I) cos (Ω) sin (I) sin (ω)
− sin (Ω) cos (I) cos (ω)− sin (ω) cos (Ω) − sin (Ω) sin (ω) + cos (I) cos (Ω) cos (ω) sin (I) cos (ω)

sin (I) sin (Ω) − sin (I) cos (Ω) cos (I)



[
rP/O

]
I = ICP

r cos ν
r sin ν

0


P

= r

cos (Ω) cos (ν + ω)− sin (Ω) sin (ν + ω) cos (I)
sin (Ω) cos (ν + ω) + sin (ν + ω) cos (I) cos (Ω)

sin (I) sin (ν + ω)


I
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Special Cases

• I = 0, Define Longitude of Periapsis:

π ≡ $ , ω + Ω

• e = 0, Define Argument of Lattitude:

u ≡ θ , ν + ω

• e = I = 0, Define True Longitude:

l , $ + ν = Ω + ω + ν

Solar System Reference Planes

Ecliptic Plane

Equatorial Plane

North Pole Direction

ε is known as the obliquity of the ecliptic.
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Solar System Reference Frames

Heliocentric Geocentric

I,G Ecliptic, Inertial; I ′,G ′ Equatorial, Inertial; GB Equatorial, Non-Inertial

Spherical Coordinate Systems

Name Origin Reference 
Plane 

Prime 
Direction 

Azimuth Angle Elevation Angle 

Geographic Geocentric Equator Prime 
Meridian 

Longitude (𝜆) Latitude (𝜑 or L) 

Horizontal 
(Topocentric) 

Observer 
Location 

Horizon North Azimuth (Az) Altitude/Elevation 
(Alt/El) 

Equatorial Geocentric or 
Heliocentric 

Celestial 
Equator 

Vernal 
Equinox 

Right Ascension (𝛼) Declination (𝛿) 

Ecliptic Geocentric or 
Heliocentric 

Ecliptic Vernal 
Equinox 

Ecliptic Longitude (𝜆) Ecliptic Latitude (𝛽) 

Galactic Heliocentric Galactic 
Plane 

Galactic 
Center 

Galactic Longitude (𝑙) Galactic Latitude (𝑏) 
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International Celestial Reference System (ICRS)

ICRF3: 4,356 Extragalactic Sources, 303 defining.
http://hpiers.obspm.fr/icrs-pc/newwww/icrf/index.php

ICRS is the standard by which the reference frame is defined. ICRF1-3 are
realizations fo the standard based on updated measurements. ICRS attempts
to approximate equatorial coordiantes, with a coordinate origin at the solar
system barycenter, a pole direction approximating the north pole direction,
and an equinox direction approximating à.

Topocentric-Horizon Coordinate System
Earth-Centered-Inertial (ECI) Topocentric-Horizon (SEU)
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The Reference Geoid
A surface point
O at Lon/Lat
(λ, L) is at
some height h
above the
reference geoid

World Geodetic System (WGS) 84
ωe = 7.292115× 10−5 rad/s
ae = 6,378,137 m
1

f
= 298.257223563

f ,
a− b
a

be ≈ 6,356,752.314245179 m

λ = 0 at IERS
Reference Meridian
∼5.3 arcsec(102.5 m)
East of original Greenwich

Center at center of mass
of the Earth

Finding Where You Are
A surface point O at
Lon/Lat (λ, L) is at
some height h above the
reference geoid

Geoid described by ae
and ee where:
e2e = 2f − f 2

[
rO/G

]
G′ =

x cos θLST
x sin θLST

z


G′

x =

(
ae√

1− e2e sin2 L
+ h

)
cosL

z =

(
ae(1− e2e)√
1− e2e sin2 L

+ h

)
sinL
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Solar vs Sidereal Time

To Sun at Noon

To Sun at Noon

Orbital MotionAxial
Rotation

To “Fixed” Star
At Midnight

To “Fixed” Star
At Midnight

• Mean Solar Day (d):
24 SI hours = 86400 SI
seconds
• Solar (Tropical) Year:

365.242190402 d
• Mean Sidereal Day:

23h56m4.09054s
• Sidereal Year:

365.256363004 d

Hour Angles and Sidereal Time

Vernal Equinox Direction or
 Mean Equinox at Epoch (inertially fixed)

Observer Meridian
(rotating with the Earth)

To Sun
(rotating with orbit)

Prime (Greenwich) Meridian
(rotating with the Earth)

0o

60o East

120o

180o

240o

300oObserver East
Longitude

Greenwich Mean
 Sidereal Time

Right Ascension of the Sun

Greenwich Hour Angle
of the Sun

Local Hour Angle
 of the Sun

Local Mean
 Sidereal Time

Hour Angle
is defined as the
time from when an
object was directly
overhead. Negative
hour angles imply
that the object is
approaching.
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Time Measurements

• Local Hour Angle and Greenwich Hour Angle: LHA = GHA+ λE
• Local Solar Time (local midnight is 0 hours): LHA� + 12h

• Greenwich Solar Time: θGMST − α� + 12h where θGMST is the location of
the Prime (Greenwich) Meridian with respect to the vernal equinox
• There are two different ‘suns’: The apparent sun (where the sun

actually is) and the fictitious mean sun (a sun moving uniformly along
the celestial equator). We can define apparent and mean solar times.
• The mean solar time at Greenwich is defined as Universal Time:

UT0 = GHA� + 12h = LHA� + 12h − λE
• The motion of Earth’s pole affects all these measurements. Correcting

for this gives you UT1 (|UT1− UT0| ≈ 30 ms)

Finding When You Are

θLST = θg0 + ωe(t− t0) + λE

Reference Value at Epoch

OR

CALENDAR, 2019 17

JULY AUGUST SEPTEMBER OCTOBER NOVEMBER DECEMBER

Day Day Day Day Day Day Day Day Day Day Day Day Day
of of of of of of of of of of of of of

Month Week Year Week Year Week Year Week Year Week Year Week Year

1 Mon. 182 Thu. 213 Sun. 244 Tue. 274 Fri. 305 Sun. 335
2 Tue. 183 Fri. 214 Mon. 245 Wed. 275 Sat. 306 Mon. 336
3 Wed. 184 Sat. 215 Tue. 246 Thu. 276 Sun. 307 Tue. 337
4 Thu. 185 Sun. 216 Wed. 247 Fri. 277 Mon. 308 Wed. 338
5 Fri. 186 Mon. 217 Thu. 248 Sat. 278 Tue. 309 Thu. 339

6 Sat. 187 Tue. 218 Fri. 249 Sun. 279 Wed. 310 Fri. 340
7 Sun. 188 Wed. 219 Sat. 250 Mon. 280 Thu. 311 Sat. 341
8 Mon. 189 Thu. 220 Sun. 251 Tue. 281 Fri. 312 Sun. 342
9 Tue. 190 Fri. 221 Mon. 252 Wed. 282 Sat. 313 Mon. 343

10 Wed. 191 Sat. 222 Tue. 253 Thu. 283 Sun. 314 Tue. 344

11 Thu. 192 Sun. 223 Wed. 254 Fri. 284 Mon. 315 Wed. 345
12 Fri. 193 Mon. 224 Thu. 255 Sat. 285 Tue. 316 Thu. 346
13 Sat. 194 Tue. 225 Fri. 256 Sun. 286 Wed. 317 Fri. 347
14 Sun. 195 Wed. 226 Sat. 257 Mon. 287 Thu. 318 Sat. 348
15 Mon. 196 Thu. 227 Sun. 258 Tue. 288 Fri. 319 Sun. 349

16 Tue. 197 Fri. 228 Mon. 259 Wed. 289 Sat. 320 Mon. 350
17 Wed. 198 Sat. 229 Tue. 260 Thu. 290 Sun. 321 Tue. 351
18 Thu. 199 Sun. 230 Wed. 261 Fri. 291 Mon. 322 Wed. 352
19 Fri. 200 Mon. 231 Thu. 262 Sat. 292 Tue. 323 Thu. 353
20 Sat. 201 Tue. 232 Fri. 263 Sun. 293 Wed. 324 Fri. 354

21 Sun. 202 Wed. 233 Sat. 264 Mon. 294 Thu. 325 Sat. 355
22 Mon. 203 Thu. 234 Sun. 265 Tue. 295 Fri. 326 Sun. 356
23 Tue. 204 Fri. 235 Mon. 266 Wed. 296 Sat. 327 Mon. 357
24 Wed. 205 Sat. 236 Tue. 267 Thu. 297 Sun. 328 Tue. 358
25 Thu. 206 Sun. 237 Wed. 268 Fri. 298 Mon. 329 Wed. 359

26 Fri. 207 Mon. 238 Thu. 269 Sat. 299 Tue. 330 Thu. 360
27 Sat. 208 Tue. 239 Fri. 270 Sun. 300 Wed. 331 Fri. 361
28 Sun. 209 Wed. 240 Sat. 271 Mon. 301 Thu. 332 Sat. 362
29 Mon. 210 Thu. 241 Sun. 272 Tue. 302 Fri. 333 Sun. 363
30 Tue. 211 Fri. 242 Mon. 273 Wed. 303 Sat. 334 Mon. 364

31 Wed. 212 Sat. 243 Thu. 304 Tue. 365

MEAN SIDEREAL TIME, 2019

Greenwich mean sidereal time at 0h UT
h h h h

Jan. 0 6·6250 Apr. 0 12·5389 July 0 18·5185 Oct. 0 0·5638
Feb. 0 8·6620 May 0 14·5102 Aug. 0 20·5555 Nov. 0 2·6008
Mar. 0 10·5019 June 0 16·5472 Sept. 0 22·5925 Dec. 0 4·5721

Greenwich mean sidereal time (GMST) on day d of month at hour t UT

= GMST at 0h UT on day 0 + 0h.065 71 d + 1h.002 74 t

Local mean sidereal time = GMST + east
� west longitude

HA371/009/008/-01 : Astronomical Phenomena, 2019 TEX aph19 30/08/2016 PLEASE REMOVE

https://aa.usno.navy.mil/publications/reports/ap19_for_web.pdf

ωe = 7.292115× 10−5 rad/s (WGS84)

θg0 = 100.4606184◦+36, 000.77005361TUT1 +0.00038793T 2
UT1−2.6×10−8T 3

UT1

TUT1 = number of Julian centuries from J2000.0
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Julian Date
• Days since January 1, 4713 BCE, 12h UT

JD =367Y − int

7

(
Y + int

(
M + 9

12

))
4

+ int

(
275M

9

)
+ D + 1721013.5 +

UT

24

− 1

2
sgn (100Y + M− 190002.5) +

1

2

int(x) =

{
bxc x ≥ 0

dxe x < 0
sgn(x) =

{
1 x ≥ 0

−1 x < 0

• 1 Julian year is exactly 365.25 days, 1 Julian century is 100 Julian years
• Define: MJD = JD -2,400,000.5

More Time Systems

• Coordinated Universal Time (UTC) is an approximation to UT1
defined such that |UT1− UTC| < 0.9 seconds

• UTC is based on International Atomic Time (TAI), a weighted
average of >400 atomic clocks in over 50 national laboratories worldwide

• Leap seconds are added to TAI to get UTC. In 2021, TAI is 37 seconds
ahead of UTC, with the last leap second added on 12/31/2016 23:59:60
UTC

• GPS time is UTC as of 1/16/1980. As of 2021, GPS - UTC = 18
seconds. TAI - GPS will equal 19 seconds forever.

16


	Mean and Eccentric Anomaly
	f and g Functions
	Open Orbits
	Universal Variables
	Orbits in 3D
	Solar System Reference Frames and Coordinates
	Earth Shape and Coordinates
	Time

