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The Three-Body Problem and N-Body Problem

As soon as any additional body is added to the two-body problem, we lose the ability to write down a
fully analytical solution. We have previously dealt with this by treating additional bodies as perturbers
to a two-body system, slowly modifying the Keplerian elements of the two-body orbit. There are cases,
however (e.g., when operating near the boundaries of spheres of influence) where this model ceases being
useful, as the two-body elements evolve rapidly and significantly over the course of a single orbit. Here, we
must explicitly deal with (at least) three co-orbiting bodies, which drives us towards numerical integration
in order to accurately predict how an orbit evolves. However, in the case of three bodies, if we make certain
additional assumptions, we can still find a conserved quantity that allows us to predict some of the system’s
behavior (although not the exact trajectories). Study of the three-body problem is incredibly important in
modern astrodynamics, as three-body orbital design allows us to create incredibly fuel-efficient trajectories
in cases where our spacecraft are in close proximity to multiple bodies (for example, the moon systems of
Jupiter and Saturn). Three-body analysis also opens the possibility of creating stable, periodic orbits about

empty points in space!



The Circular Restricted Three Body Problem (CR3BP)
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CR3BP Dynamics
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Remember that, just as in the Clohessy-Wiltshire equations, x, y, z are rotating frame
coordinates.



A New Potential
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The Jacobi Constant
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Hill Curves (u* = 0.3)
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CR3BP Equilibrium Points
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y = 0: On-Axis Equilibrium Points
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The Lagrange Points
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Perturbation of L,/5 Points

Consider a small displacement ae, + €y from one of the equilibrium points
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Stability of Ly/5 Points

o If \? is complex, then at least one root will have a positive real part

® For Ly to be stable, we therefore require A2 to be strictly real:
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® This imposes the condition: 1 — 27u*(1 — ©*) > 0 which requires:
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Perturbation of L 3 Points

Consider a small displacement ae, + €y from one of the equilibrium points
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Stability of L 3 Points

& L1: >0 r<nr
Lo: >0 ro<nr
Ly: <0 ri<ry

We again require A2 to be strictly real and negative for stability

D is positive by definition and we require 9D > 8 and D < 1

However, none of the three co-linear Lagrange points allows for D < 1

L. 3 are inherently unstable



Earth/Moon (u* = 1/s2.3)
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CR3BP Poincaré Maps
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CR3BP Poincaré Maps

xo = 0.18,C = —1.586 xo = 0.9,C = —1.586

L5

. El
I
—
(9]
T

2%

o
.3
-t

Vs e
AR v Ve JF0
“w o

-

0.5}

Rl -2 41
ey,

Vo ”

X
(e}
ey
Tl -
29,3 da
.b N A TR
y3

e

2 R
€.

3
PRIFEIR o .t'.m:".':'.'..

4

1
e}
n
5
HaR
ke X
e T 2

1
—
.o ‘Tf'rj'
s
1
—
\

.. e,

R

.

-1.5 ¢ ] -1.5¢

Stable Structures About Lo
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Stable Structures About Lo
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The Tisserand Criterion
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The Tisserand Criterion and Trajectory Design

Tisserand’s Criterion can be used as a trajectory design tool:
® The conditions of the approximation (small z* and ;' —r;*) apply
when planning deep-space flybys.
e (Can therefore match a,e, I pre- and post- flyby allowing for rapid
iteration on flyby trajectories

® The Tisserand criterion was explicitly used in initial TESS orbit design
when modeling lunar flybys. See Gangestad et al. (2013) and Dichmann
et al. (2016) for details
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Comet Oterma

Jupiter's orbit Oterma's orbit
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Koon et al. (2001) Fig. 1

Flows about Equilibrium Points
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Invariant Manifolds
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