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Preface

For my report, I contributed to the working paper “Generation of Energy-Optimal Low-Thrust
Forced Periodic Structures in the CR3BP,” authored by Colby Merrill, Jackson Kulik, and
Dmitry Savransky. I wrote the appendix of the paper, which includes two sections describing my
work during my M. Eng. project. The first section describes a process utilized for projecting 6D
hyper-ellipsoids representing the energy-constrained reachable set of forced periodic trajectories
into 2D space. The second section describes a process for specifying the boundaries of a
projection of a reachable set using tangent lines between consecutive ellipsoidal projections. I
developed code throughout my M. Eng. project that implemented these processes and produced
figures included in the appendix. The mathematical definition of the energy-constrained
reachable set and an explanation of a set’s associated hyper-ellipsoid is described in the sections
prior to the appendix. The entire paper is included in the remainder of this document. The
material outside of the appendix was authored by Merrill, Kulik, and Savransky.
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GENERATION OF ENERGY-OPTIMAL LOW-THRUST FORCED
PERIODIC STRUCTURES IN THE CR3BP

Colby C. Merrill; Jackson Kulik] Dmitry Savransky*

In this work, we investigate trajectories that require thrust to maintain periodic
structure in the circular restricted three-body problem (CR3BP). We produce bounds
in position and velocity space for the energy-constrained reachable set of initial
conditions. Our trajectories are energy-optimal and analyzed via linear analysis.
We provide validation for our technique and analyze the cost of deviating in vari-
ous directions to the reference. For our given reference, we find that it is relatively
expensive to decrease perilune distance for orbits in the Earth-Moon system.

INTRODUCTION

Uncontrolled, periodic structures in the circular restricted three-body problem (CR3BP) have
been well-studied and are often exploited in spacecraft operations. There exist families of these
periodic structures centered around the five equilibrium Lagrange points in a three-body system.
Of particular interest are periodic structures around the L1 and L2 points, as these orbits have
historically been used by spacecraft in the Earth-Sun system and are planned for use in the Earth-
Moon system.

A constant perturbation applied to the CR3BP (e.g., a constant acceleration provided by low
thrust propulsion), will shift the equilibrium points and allow areas beyond the natural space to
be exploited.' Because the equilibrium points have been shifted, the periodic structures around
the equilibria will be shifted as well.® Many previous studies have primarily focused on constant,
low thrust trajectories*® or optimal control in proximity of the shifted equilibria.® Other related
work exists that focuses on forced circumnavigation or controlled loitering trajectories relative to
a spacecraft on some reference orbit in the CR3BP.'” In this work, we also investigate optimally
controlled trajectories relative to a reference orbit. However, the emphasis here is on developing and
characterizing a catalog of forced periodic orbits (trajectories that begin and end at the same state)
under control rather than on the relative motion of two real satellites. Additionally, the lens through
which we examine optimally controlled trajectories in the vicinity of a reference orbit leverages
the analytical aspects of techniques from relative reachable set theory to provide a lower fidelity
but more holistic view of optimally controlled trajectories near a reference orbit. We refer to these
trajectories as forced periodic structures. While not periodic in the natural dynamics, these tra-
jectories expand available options for satellite orbits in the CR3BP beyond naturally periodic or
quasi-periodic structures.
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METHODS

As an initial investigation into this problem, we make use of the linearized model of energy-
optimal control and approximate the energy cost of optimal forced periodic structures near a natu-
rally periodic orbit about the L2 point in the Earth-Moon system. This periodic orbit will serve as
a reference trajectory for our spacecraft and we will work to understand how small perturbations in
the initial and final state from this reference trajectory affect the cost of control.

The Energy-Limited Reachable Set

Here, we are interested in finding the reachable set of states for our system in the energy-
constrained problem. This formalism is based on the work in Kulik et al., 202411 where it is
expanded upon further. We specialize results from this work to the context of forced periodic struc-
tures. We assume a dynamical system of the form
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where the state vector x € RY is defined by stacking the position and velocity vectors x = [r!, v1]T
and u is the control acceleration vector. In our system, F(x) gives the natural dynamics for the third

body in the “canonical rotating frame” of the CR3BP
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where z, y, and z are the components of the spacecraft’s position vector, r, and v, vy, and v, are
the components of the spacecraft’s velocity vector, v. The distances of the third body with respect
to the primary and secondary are defined as R; and R», respectively, and are evaluated as

Ry = /(x4 p)2 + 92+ 2° 3)
Ro=+/(z —1+p")2 +y2+ 22 4)

where p* = ma/(m1 +mg) is the mass parameter of the system. Defining a quadratic cost function

of the form
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the optimal control from one state to another is given by solving a two-point boundary value problem
associated with a system of ordinary differential equations. These equations have twice as many
dimensions as the state of the original system and are given by
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where ), is the velocity costate vector given by the last three elements of the costate vector.!? .J
can then be written in terms of the velocity costate vector as

1 [
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The augmented state is given by stacking the states and costates

3
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where r is the position vector from the origin to the spacecraft, v is the velocity of the spacecraft,
and A are the six costates. The state transition matrix (STM) associated with the augmented state
vector and its dynamics yields a linear approximation of perturbations to the final augmented state
Sy (¢ f) at some final time, ¢, as a function of deviations in the initial augmented state:
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where dyo = dy(to) is the perturbed initial state and ®(ty, () is a time-varying STM associated
with the augmented state, reference trajectory, and initial and final times. We adopt the notation

Ob(t)
da(tp)

B0 (t,t0) = (12)

If the time dependence of an STM is omitted in this paper, it indicates that the STM corresponds to
a full period (i.e., ®(tf,t0) = ®). dA,(t) at all times may be evaluated as
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Substituting in to the cost function, we then have
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With the linearized analysis, we explicitly solve for the initial costates that satisfy the linearized
boundary value problem constraints
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which then can be used to find the full, initial, augmented state in terms of the boundary conditions
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We define the matrix
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which can be used to determine the energy-constrained reachable set for our system.!>1# Substitut-

ing in to the cost function, we now have
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Relative reachable set theory considers the set of dx ¢ that can be reached given some fixed starting
condition dx( or some set of potential starting points dxy. Much of this energy-limited reachable
set theory is accomplished using ellipsoidal geometry associated with the quadratic form described
by the matrix E and the eigenvalue decomposition. We will use these same techniques as well as
extensions to generalized eigenvalues and eigenvectors to study the set of state-return trajectories
that satisfy an energy constraint.

State-returning trajectories in the vicinity of a periodic reference orbit satisfy the condition 0x; =
0xXq, so that the final state is equivalent to the initial state after one period of the reference periodic
orbit. To study the set of state-return trajectories that require less than some energy limit, we may
study the following matrix

E'=[ls I)E[ls I (19)

so that the linearized cost function for the state-return trajectory beginning and ending at dxq can
then be written as

1
J = §5X(1;E*5X0 (20)

Now assume that (v;, w;) is an eigenpair of the matrix E* where ~; is some eigenvalue and w;
is its corresponding eigenvector. Since E* is a symmetric positive semi-definite matrix, the set
of possible relative states dx( that cost less than some energy limit J* to begin and end at under
linearized optimal control is given by the hyper-ellipsoid described by the set

{5x0 s.t. ;(sx{E*éxOgJ*} (1)

whose semi-axes are given by the vectors

Wi (22)

Thus, we have defined the set of relative states which can be returned to in a period of the refer-
ence orbit with cost no greater than J*. The ellipsoid described here is in 6-dimensional position
and velocity space.

INVESTIGATION AND ANALYSIS

Our initial investigation involves selecting a reference halo orbit around L2. Because the refer-
ence orbit is naturally periodic, the initial phasing may be chosen at will. Here, we select the initial



condition at apolune. The initial conditions for our chosen orbit are

T i 1.06315768 DU

y 0.000326952322 DU

z —0.200259761 DU

ve | = | 0.000361619362 DU/TU (23)
Uy —0.176727245 DU/TU

(0 —0.000739327422 DU/TU
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with a period of 2.085034838884136 TU and a mass constant of 0.01215059.

Propagation of our states and STMs is performed numerically in canonical units with an explicit
8th order Runge-Kutta integrator with absolute and relative error tolerances set to le-13. All com-
putation is handled through precomputed STMs for the reference trajectory, as used in previous
studies. !

Validation

In order to validate our method, we use a Newton-Raphson iteration scheme to find the true
energy-optimal cost of our target orbits. We first determine the “inherent cost” to maintain the
periodic reference orbits that we select. Although in theory these naturally periodic orbits should
require no cost to maintain, there is typically some inherent numerical error in the initial conditions.
Thus, the “true” cost includes error from the imperfect initial conditions. This is important for the
validation analysis because the cost found by the Newton-Raphson scheme is inaccurate for cases
where the cost would be lower or near the orbit’s inherent cost. Therefore, we only consider the
costs of orbits that are at least an order of magnitude greater than this inherent cost. Our reference
trajectory’s inherent cost is ~ 3.5e-14 DU%/TU3.
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Figure 1: The difference between the estimated and computed costs (left) and the estimated and
computed costs (right).

In Figure 1, we see that the cost to maintain a periodic orbit follows a quadratic form and that the
linear analysis provides a good approximation of the full nonlinear analysis. In the range of Figure
1, the error is at least 3 orders of magnitude below the true cost value (corresponding to < 0.1%



error). The error grows as §xg increases, as expected in this analysis. For deviations less than that
shown in Figure 1, the linear analysis should be a good approximation of the true cost, although the
inherent cost does begin to dominate the error.

Addition of Thrust Constraint

We now introduce a thrust constraint to analyze the extents of the energy-limited reachable set.
For a given spacecraft with maximum acceleration from thrust um.x and with the assumption that
the spacecraft will thrust for the entire orbital period, we can find

1
J* = 5uﬁlax(t 5 —to) (24)

where ¢y —1 is the time required to complete a single period. As itis written, J* may be understood
as the maximum specific power expended during a single orbit. With this constraint, we can solve
for the extents of the semiaxes of the energy-limited reachable set. For a base design, let us assume
a representative spacecraft with an initial mass of 1000 kg and thrust of 50 mN, translating to wmax
= 5E-5 m/s?> ~ 0.0184 DU/TU? and J* = 3.51E-4 DU?/TU?®. This cost constraint is selected, in
particular, because it falls in the range of costs with < 1% error and is a currently achievable thrust
level for a propulsion system. Thus, it makes for a good example of this analysis.

Table 1: The extents and corresponding directions of the semiaxes for the cost, J* = 3.51E-4
DU?/TU3. The directions are given by the eigenvectors of E*. The extents are listed from largest to
smallest, corresponding to least expensive to most expensive directions to deviate from the reference
in.

Extent [DU] Direction [DU, DU, DU, DU/TU, DU/TU, DU/TU]

15918.250  [0.00075547 -0.36919333 -0.00154457 -0.40833012 -0.00219097 0.83483833]
0.01984495  [-0.4073362 -0.00359944 -0.29024187 -0.00429968 0.86591161 -0.00159068]
0.00892213 [ 0.00166912 -0.0949137 0.00474959 -0.87702446 -0.00323734 -0.47093912]
0.00460856 [ 0.58703528 -0.00312857 0.64311054 0.00223334 0.4917122 0.00165787]
0.00244912 [ 0.69940335 0.02398051 -0.70835806 -0.00809316 0.09164505 0.00494355]
0.00051309  [-0.01727422 0.92416983 0.01929803 -0.25299333 0.00145136 0.28501156]

Using the thrust constraint paired with the linear analysis, we can study the reachable set. The
reachable set takes the shape of a 6-dimensional hyper-ellipsoid with extents and semi-axes direc-
tions specified by the thrust constraint and eigenstructure of EE*, as listed in Table 1. The directions
of the semi-axes are given by the eigenvectors of E* and the extents of the semi-axes can be found
by taking the magnitude of Equation 22. The eigenvector associated with the smallest eigenvalue
corresponds to the least expensive direction to deviate from the reference trajectory, which presents
itself as the largest semi-axis extent. In this case, the largest extent should be infinite, as it corre-
sponds to the zero eigenvalue. However, there is numerical error and so the first eigenvalue has a
finite length here. For this reason, we do not present results that correspond to deviations in the
direction of the first eigenvector.

Figure 2 shows the physical extents in position space of the trajectories. We sample from the
boundaries of the six-dimensional reachable set 100,000 times and solve the linearized boundary
value problem for each set of initial deviations to obtain initial costates. We then linearly propagate
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Figure 2: The reachable sets in position space via sampling with J* = 3.51E-4 DU?/TUS3,

the augmented state deviations and costates and plot all the resulting trajectories in some lower-
dimensional space. Due to the constraints of sampling, the reachable bounds in Figure 2 are not
solid and display some gaps and asymmetries. These are products of incomplete sampling and the
true reachable set does not display these phenomena. In Figure 2, the greatest deviation in the
x direction is found at apolune, where the orbit is initialized. This can also be seen in Figure 3,
where deviations in the x and z directions are maximized when at apolune. Likewise, the smallest
deviations are found at perilune, our half-period. The size of the bounded region is a function of J*,
as increasing the cost will expand the reachable set.

Notice in Figure 3 that the orbits begin and conclude at the same point, as expected of periodic
trajectories. However, the costates and thus the thrust do not necessarily begin and end at the same
values. Thus, the augmented state is not necessarily periodic but the state that strictly includes
the position and velocity vectors is periodic. Figure 3 is particularly insightful in how deviations
in the initial condition can cascade through the orbit. For example, assume we wish to decrease
perilune distance for our spacecraft in order to obtain better images of the Lunar surface. In order
to achieve this, the spacecraft should deviate such that dx < 0, §z < 0, and dy = 0 at perilune.
From inspection of Figure 3, deviations along the direction of the fifth eigenvector will achieve this,
as it fulfills these three qualities. The fifth eigenvector corresponds to the second most-expensive
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Figure 3: The difference between the reference trajectory and deviations in the final five eigenvec-
tors.
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Figure 4: The thrusting magnitude over a single orbit for deviations in the final five eigenvectors.

direction to deviate from the reference, so this also indicates that reduction in perilune distance is
relatively expensive.

CONCLUSIONS

With this analysis, we have specified bounds on forced periodic structures in the CR3BP. These
structures are likely to provide unique observation and operational opportunities for satellites. We
analyzed these forced periodic structures via linear analysis and we determine that for the energy-
optimal case, the full augmented state is not periodic but the state that only includes position and
velocity is periodic. The linear analysis also allows us to determine the least and most costly direc-
tions that deviations to the state may be made. In particular, deviations along the fifth eigenvector
listed in Table 1, corresponding to the second-largest eigenvalue, will reduce the perilune distance
of a spacecraft for our reference orbit.
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APPENDIX
2D Projections of Hyper-Ellipsoids Describing the Energy-Constrained Reachable Set

This paper develops a mathematical description of the reachable set of states relative to a reference
trajectory. The ellipses in Figure 5 are 2-dimensional projections of 6-dimensional hyper-ellipsoids
calculated for various states along the reference trajectory. These hyper-ellipsoids describe the
energy-constrained reachable set of forced periodic trajectories. The matrix E from Eq. 17 can be
utilized to determine the energy-constrained reachable set of the system. This matrix is then used
to produce E*, as shown in Eq. 19. The first step needed to generate a 2-dimensional projection of
the reachable set is to solve the eigenvalue problem in Eq. 25.
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Figure 5: Sample of XY-plane projections of hyper-ellipsoids along a reference trajectory

E'w = yw (25)

A diagonal matrix of eigenvalues of E* can be written as

v 0 0 0 0 0
0 % 0 0 0 0

{0 0 4 0 0 0

=10 0 0 w o o (26)
0 0 0 0 ~ O
0 0 0 0 0 )

with eigenvalues listed in ascending order. A 6x6 matrix of eigenvectors corresponding to the
eigenvalues is written as

W:[Wl W2 W3 W4 Wj WG]. (27)

The actual values in these matrices are calculated for the reference trajectory in Figure 5 using the
eigh function in the linalg submodule of Python’s NumPy library.!® ~; and w are the eigenvalue
and eigenvector associated with the hyper-ellipsoid’s axis of infinite extent. They must be removed
from their respective matrices in order to develop projections like those seen in Figure 5. Removing
them leads to a new 5x5 diagonal matrix of eigenvalues

10



2 0 0 0 O
0 3 0 0 O
I'=(0 0 v 0 O (28)
0 0 0 ~ O
0 0 0 0 ~
and 6x5 matrix of remaining eigenvectors
W = [Wg W3 W4 Wj W6] . 29)

Once the eigenvector and eigenvalue matrices are modified to disregard the axis of infinite extent,
a second eigenvector problem is formulated to determine the characteristics of the ellipse represent-
ing the projection of the 6D hyper-ellipsoid onto 2D space. A 2-dimensional projection requires a
2x6 matrix A that specifies the desired projection space. Each of the six columns of A is associated
with a corresponding entry of the state vector x. For example, a matrix specifying a projection onto
the XY-plane is written as

0000
00 0 ol (30)

1 0
A%y = 1 0

0
A new eigenvector problem incorporating the projection matrix A is formulated as

WTATAW'z = \I'z 31

The eigenvalues and eigenvectors that satisfy the above equation are described by the diagonal
matrix of ascending eigenvalues

A 0 0 0 0
0 X 0 0 O
0 0 X3 0 O (32)
0 0 0 XN O
0 0 0 0 X
with corresponding eigenvectors
(21 2o 23 24 25 (33)

Information needed to describe the directions of the semi-axes of the projection are stored in z4
and z5. The eigenvector associated with the small extent z; and the eigenvector associated with the

large extent z, are
Zp = Z4 (34)

Zq = Z5 (35

These vectors are then normalized using

11



Zq

Zq = (36)
1Za |

Zy = i 37)
[

In the 2D projection space, the direction of the larger semi-axis of the projected-energy ellipsoid
is specified by the 2x1 unit vector

a=AW/'z, (38)

The direction of the smaller semi-axis is specified by the 2x1 unit vector
b=AW'z, (39)

The energy limit J* included in the cost function of the optimal control is reintroduced to obtain the
lengths of the ellipse’s semi-axes. The semi-axis length a is given by

a = /2J*Xs (40)

and the semi-axis length b is given by

b=+v2J*\ 41)

Lastly, the center-coordinates of the ellipse are equal to the center-coordinates of the 6-dimensional
hyper-ellipsoid that are associated with the projection space. Using the process above, all the char-
acteristics needed to describe a 2D projection of a 6D hyper-ellipsoid are determined. These char-
acteristics are the ellipse’s center-coordinates, lengths of semi-axes, and directions of semi-axes.

One ellipse representing the projection of a single hyper-ellipsoid does not capture the energy-
constrained reachable set of orbits along the entire reference trajectory in a single image. Every
state along the reference trajectory is associated with its own 6D hyper-ellipsoid describing the set
of reachable forced periodic trajectories relative to that state. Figure 5 displays 2D projections for
a sample of 260 states, each corresponding to its own ellipse. To obtain these ellipses, the cocycle
conditions for state transition matrices and state transition tensors (STTs) were utilized to calculate
a full-period STM and STT for each sampled point along the reference trajectory. As shown in Eq.
17, the state-transition matrices used to calculate E correspond to a full period. Starting from time
to = 0, STMs for the reference trajectory are precomputed and used to propagate the initial state
specified in Eq. 23. These STMs can be stored in a 3-dimensional array such that each layer of the
array stores an STM ®(¢;, to) associated with a time ¢; at index ¢ and an initial time ¢(. To generate a
hyper-ellipsoid centered at the initial conditions in Eq. 23, the full period STM ®(t, o) is inserted
into the matrix E. Projecting this hyper-ellipsoid into 2D space results in an ellipse with center-
coordinates corresponding to the relevant initial conditions in the state vector. For example, the first
ellipse created in the XY projection in Figure 5 is centered at (1.06315768 DU, 0.000326952322
DU).

Cocycle conditions are introduced to obtain the other full-period STMs and STTs for the sampled
points along the reference trajectory. The semigroup property of STMs is written as

B(to, tg) = P(t2,t1)P(t1,t0) (42)

12



As previously stated, the STMs utilized to create the projections in Figure 5 are stored in a 260-
layer array. Using this array and the semigroup property above, a full period STM associated with
the state at a sampled time ¢; in the reference trajectory is described by

D(t;,t; — (ty —to)) = ®(t;, t0)®(ts, t0)@ (i, t0) 43)
For notational purposes, the above full-period STM can be written as
D; = ®(t;,t; — (ty —to)) (44)

with ¢ ¢ representing the time associated with the last index of the 3D array that stores STMs prop-
agated from tg. The above equation reflects that the trajectory of the spacecraft is periodic. The
position-velocity state at the first time-index of the orbital period matches the state at the final time-
index of the orbital period. Similar to the STMs, the STTs associated with propagating the initial
conditions from Eq. 23 can also be stored in a 3D array. A full-period STT asscociated with a given
index 7 in the array is written as

W, = (®(tf,10)®  (ti,t0)) W (ti, t0) (®(t 7, t0)® (k4 to))
+ (®(ti, t0)") (T (ty,to) — T(ti, t0)) @ (ti, o).

with ¥, following the same notational standard as ®; in Eq. 44.

(45)

From any given ¥, in the array, a matrix E; that is used to describe a hyper-ellipsoid centered at
a particular state along the reference trajectory can be formed. E; is constructed as
T

IG Og I6 06
-1 -1 ¥, —1 —1 (46)
—(ex) e (o) |- (en) e (e%)

Using the above equations, it is possible to construct the E matrix for any point along the refer-
ence orbit using only the STMs and STTs propagated for the initial conditions in Eq. 23. Increasing
the sample size of points used to produce Figure 5 to an infinitely large number of points along the
reference trajectory would result in an image that fully captures the energy-constrained reachable
set for the entire reference trajectory. This would eliminate visible gaps between ellipses on the
perilune-side of the orbit (the left side of the XY projection). Generating STMs and STTs for a
large number of points along the reference trajectory is computationally costly, so a cubic spline
interpolation method is utilized to fill in the gaps between ellipses seen in Figure 5. This method
generates more ellipses between sampled points based on the center-coordinates, semi-axes lengths,
and rotation angles of nearby ellipses, resulting in the projections in Figure 6.

E; =

Tangent Line Method for Specifying Reachable Set in Projection Space

After projecting a set of hyper-ellipsoids into 2D space using the method in the previous section,
it is possible to specify the boundaries of the reachable set using tangent lines between consecutive
ellipses. An ellipse is described by the coordinates of its center (h, k), its semi-axes a and b, and
the rotation angle r between its long semi-axis and the horizontal axis of the projection space. For
every set of two overlapping ellipses, there are two lines that are tangent to both ellipses. These
lines are determined by solving the system specified in Eq. 47 for p1, p2, 1, 2, Y1, Y2, and m.
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Figure 6: The reachable sets via sampling and interpolation with .J* = 3.51E-4 DU?/TU3.
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x1 = (h1 + a1 cos(py) cos(r1) — by sin(py) sin(r1))
y1 = (k1 + a1 cos(pi) sin(ry) + by sin(p1) cos(r1))
29 = (hg + ag cos(p2) cos(r2) — be sin(pz) sin(r2))

Y2 = (k2 + az cos(pz) sin(rz) + b sin(p2) cos(rz2))
= @2 “47)
(r2—21)

a—l cot(p1)+tan(ry)

_ (-
(1 —cot (p1) tan(ry)
(-2

t(p2)+tan(ra)

L (1+— cot(p2) tan(rz)

(z1,y1) and (x4, y2) are the coordinates in the projection-space where the tangent line collides with
the first and second ellipse, respectively. p; and ps are angles used in the parametric equation for an
ellipse that correspond to (1, 1) and (2, y2).!7 Lastly, m is the slope of the tangent line.

The above set of nonlinear equations can be solved using an optimizer. The tangent lines in Fig-
ure 7 are determined using the minimize function in Python’s scipy.otpimize module. The optimiza-
tion algorithm used to produce the figure is the Sequential Least Squares Programming algorithm
(SLSQP).'® Seven constraints matching the above equations and a trivial objective function were
introduced to solve for each tangent line. The seemingly continuous boundary lines in Figure 7 actu-
ally consist of many independent tangent lines determined from solving 518 nonlinear optimization
problems. Reasonable initial guesses and solution boundaries for each problem are critical for the
optimizer to converge to a solution all 518 times. Even if these conditions are reasonable, it is often
difficult for the optimizer to converge to a solution, particularly in areas where tangent lines have
high slopes (such as the left side of the XY projection in Figure 7). To aid the optimizer in these
areas, it is useful to rotate the pair of ellipses that form the system of equations so that the optimizer
solution will have a low slope. To accomplish this for a particular set of ellipses, the angle of the line
connecting ellipses’ centers relative to the horizontal axis is determined using the equation below.

ko — ky
ho — hy
It is reasonable to assume the tangent line to both ellipses will have a slope similar to the slope of
the line connecting ellipses’ centers. For this reason, it is useful to rotate each ellipse so that the

slope of the line connecting their centers is zero. This is achieved by rotating the center coordinates
of each ellipse and modifying each rotation angle according to the following equations:

I | cosgp sing| |h
[k’/} B [— sing cos gb} [k] (49)

r=r—¢ (50)

¢ = arctan

(48)

The new variables A, k’, and 7’ can then be utilized in place of the original variables in the
nonlinear system of equations describing a tangent line to both ellipses. The unknown variables in
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the rotated version of the problem are referred to as p!, ph, 2, 5, v}, v, and m’. Once a solution
is obtained, (x],y}) and (2, y5) can be rotated using the transpose of the rotation matrix in Eq. 49
to achieve the original desired solutions (x1,y;) and (x2,y2). These coordinates can then be used
to determine p1, p2, and m. The process for rotating each set of ellipses significantly increased the
number of solutions found for each set of projections. Before the rotation method was implemented,
the optimizer only determined 476 of 518 tangent lines in the XY projection shown in Figure 7.
After applying rotations in cases where the optimizer failed to solve the unmodified system of
equations, all 518 solutions were found. All 518 solutions in the YZ projection in Figure 7 were
also found after implementing the rotation method.
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Figure 7: Boundaries of reachable set projection with J* = 3.51E-4 DU%/TU? determined using
tangent line method.

TEXT FOR JOURNAL

We compare the first through fourth semi-axes to the center eigenspace of the monodromy matrix.
We find that the direction of the first semi-axis is consistent with the along-track direction of the
monodromy matrix. In fact, we find that they are only separated by an angle of § ~ 0.00004°. The
second semi-axis is relatively similar to the direction that corresponds to the orbit families with an
angle of § =~ 4.607°. However, the third and fourth semi-axes do not tend to correspond to directions
defined by the center eigenspace of the monodromy matrix. However, the third eigenvector is
0 =~ 48.992° from the closest portion of the center eigenspace whereas the fourth eigenvector is
0 ~ 81.653° from the center eigenspace. We find that for more costly deviations to the reference
trajectory, there is less consistency with the center eigenspace of the monodromy matrix.

Analyzing the Subspace of Least Expensive forced periodic structures

We conjecture that state deviations within the center eigenspace of the uncontrolled periodic ref-
erence trajectory will be likely to exhibit lower costs when control is employed to achieve a forced
periodic structure beginning and ending at that deviation as compared with deviations that have
components lying in the stable or unstable eigenspaces. This is reasonable to expect because state
deviations in the stable and unstable eigenspaces will have a tendency to shrink or grow exponen-
tially, respectively, in time in a manner that control will need to counteract to return to the same
state at a later time. Thus, deviations into the stable and unstable eigenspaces should necessarily be
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more expensive rather than deviations of the same magnitude within the center eigenspace of the
reference trajectory.

In order to validate this conjecture we may employ principal/canonical angle analysis on sub-
spaces.'?20 Here, we introduce the monodromy matrix, which is the matrix that results from prop-
agating ®X for a single period. We then compare the four-dimensional center eigenspace of the
monodromy matrix and the space spanned by the four eigenvectors of E* associated with the four
smallest eigenvalues (and thus the lowest cost forced periodic structures). Let W & R%% be the
matrix whose columns are given my the eigenvectors w; associated with the smallest eigenvalues of
E*. Given that E* is a symmetric positive definite matrix, the columns of W are mutually orthogo-
nal. Let C € R%* consist of an orthogonal column basis of the center eigenspace of the monodromy
matrix associated with the reference periodic orbit. The center eigenspace of the monodromy ma-
trix is given by taking the two pairs of complex conjugate eigenvectors c;, = C;, associated with
unit modulus eigenvalues of the monodromy matrix and constructing the span of the following real
vectors: ¢;, + ¢;, (the real part of both eigenvectors) and i(c;, — ¢;,) (the imaginary part of both
eigenvectors). Given these four real vectors spanning the center eigenspace that are not necessarily
unit normed or orthogonal, we can construct C with orthonormal columns that form a basis for the
center eigenspace by taking C equal to the matrix Q from the skinny QR decomposition of the
matrix with columns given by the four not necessarily orthogonal or unit-normed real vectors we
found to span the center eigenspace.

Given W which gives an orthonormal basis for the 4-dimensional subspace of least costly state
deviations for a controlled forced periodic structure, as well as C which gives an orthonormal basis
for the center eigenspace of the periodic reference trajectory, we can analyze the difference in the
two subspaces. From Stewart’s Corollary 2.6,% the sine of the largest angle between subspaces is
given as the induced 2-norm (largest singular value) of the difference in the projectors onto both
subspaces:

SN Opax = [WWT — CCT |, 51)

Intuitively a maximal principal angle between subspaces of 90° indicates that there are elements of
one subspace that orthogonal to the other subspace. On the other hand, a very small angle indicates
close alignment between the two subspaces. In the example case, we see a principal angle difference
between these subspaces of... which indicates that these two subspaces align very closely.

Changes to the Period

So far, we have examined forced periodic structures that return to their original state at the same
time as the period of the reference orbit about which we conduct our analysis. We may analyze
forced periodic structures with an additional small deviation in the return time from the reference
period. First, note that if we consider Eq. 14 expanded in terms of variations dt ; in the terminal time
t ¢, the next term will be third-order overall in ot ¢ and dyo- As such, we will neglect the first-order
contribution of 4t ;, and maintain the energy cost quadratic form based on dyq from Eq. 14 without
modification. On the other hand, the final state of the system at time ¢ + 6t up to first-order in
5y0, ot f is

d
(5Xf = q)i(tf, t0)5X0 + q:’))c\(tf, t0)5)\0 + £X(tf)5tf (52)

where the additional term can be interpreted as an Euler approximation of the motion at the terminal
location of the reference orbit using the vector field at that point. Given this linear approximation,
we can solve for the initial costates for a forced periodic structure that starts and ends at offset dx
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from the reference periodic orbit over a time-of-flight equal to the reference periodic orbit plus the
variation in time 0% s:

o = (@3(15,10) " [fo — @3(ep.t0) —xten)] [0 (53)

So, the energy cost of a forced periodic structure with a small variation from the reference period
can be described using the following 7-dimensional quadratic form:

J = [(;St);] ot < /t tf (@y)T (2) dt) G [gt’;] (54)

0

Et
where
I O6x1 ]
|:((I)}\) T - ®%) —(BX) T gx(ty)
Alternative Definition
We now enforce the relationship dx(t + dt) = 0x(to) and
d
0x(ty +0t) = B (ty, t0)oXo + PX(ty. t0)dAo + - (9x(ty)) Ot (56)
g —_———
Propagates to ¢ ¢ Euler approx.
We then must evaluate what % [0x(ts)] is
d d
— [0x(tf)] = — [ PI(ts,t0)| Oy (¢ 57
The derivative of ®J(ty,to) satisfies the equation
d X X
= [®3(ty.t0)] = Altp)@y(t. to) (58)

and A () is given by linearizing the equations of motion of the reference trajectory at time ¢ ;. This
linearization is then
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