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Guidance, navigation, and control of satellites–especially in the study of rendezvous

and formation flight–relies heavily on methods that leverage local linear approx-

imations of dynamical systems and measurement functions. This thesis focuses

mainly on cases in which linear approximations are insufficient to solve dynamics,

control, or estimation problems. In such cases, we employ tools from numerical

multilinear algebra on tensors arising from higher-order Taylor series. The in-

herently quadratic nature of some quantities, the linear unobservability of some

estimation problems, and the need to quantify the performance of linear methods

make these higher-order techniques useful in the setting of guidance, navigation,

and control.
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CHAPTER 1

INTRODUCTION

The work described in this thesis shares a common setting in addition to a common

set of tools. The setting can be described broadly as the fields of dynamics, con-

trol, and estimation or–in more standard but not exactly equivalent terminology

guidance, navigation, and control (GNC). Guidance, navigation, and control can

be described as the study of how a vehicle understands where it is and gets where

it wants to go. For a more nuanced understanding of the field as a whole, the

Journal of Guidance Control and Dynamics (JGCD) recently published a number

of very worthwhile articles from the deputy editors discussing the meaning of each

term in guidance [88, 87], navigation [25], and control [63] as well as the overall

identity of the field.

Most applications in this thesis will focus on guidance, navigation, and control

specifically for the relative motion of satellites under either two- or three-body

dynamics in the Earth, Sun-Earth, and Earth-Moon systems. Understanding the

relative motion of satellites is important in the context of rendezvous, proximity

operations, and docking (RPOD)–any activities that involve two satellites getting

close together for inspection or in order to make contact for exchange of materials,

personnel, or servicing. Understanding relative motion of satellites is also crucial

for the study of formation flight, a typically longer-term relative motion in which

two or more satellites remain close together for the purpose of some common mis-

sion. Some examples of formation flight include historic scientific missions such as

the Magnetospheric Multiscale Mission (MMS) [103] as well as mission concepts

such as the starshade for directly observing exoplanets [65, 41]. More broadly,

formation flight is important for creating lower-cost, redundant, distributed sys-
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tems of satellites to effectively replace potentially more costly monolithic individual

satellites that require exquisite engineering and testing. Keeping these formation

flight and RPOD applications in mind, each chapter in this thesis will employ a

common methodology that takes advantage of the proximity of the satellites.

Performing the Taylor expansion of dynamics and measurement functions

around the orbit of one satellite or an orbit near both satellites is a standard

approach to simplify the study of relative motion of satellites. When the motion

takes place on a smaller distance scale as compared with the scale of the dynami-

cal system as a whole, low-order Taylor expansions form a good approximation of

the full nonlinear function. Within the GNC field, first-order approximations of

dynamics or measurements are the most common Taylor-expansion. Linearization

of the flow of a satellite orbit dates back at least to the work of Hill and his Lunar

theory [51], but finds its modern setting with artificial satellites during the space

race with the work of Clohessy and Wiltshire [24]. The simplest application of lin-

earized dynamics is to approximately propagate the motion of one satellite relative

to another nearby satellite. However, linear approximations of dynamics are used

for more than propagation in a number of guidance, navigation, and control al-

gorithms that involve applying linear algebraic methods to solve inverse problems

pertaining to the dynamics. This thesis discusses some of these linear methods and

introduces new analysis with them in the first two chapters. Beyond employing

just the first term in the Taylor series, taking additional terms in the expansion can

increase the accuracy of propagation of relative motion. However, the second- and

higher-order coefficients of a Taylor series of a vector-valued multivariate function,

such as the flow of a dynamical system, are third- and higher-order tensors. In

practice, these higher-order Taylor series can be difficult to apply to the solution

of interesting problems in the context of GNC algorithms because techniques from

2



numerical linear algebra cannot be applied directly to the tensors arising in the

higher-order expansion. However, some ad hoc approaches involving slicing these

tensors or linearizing the multilinear operators they represent can be employed

to solve problems that require higher-order methods. These approaches are the

subject of the penultimate two chapters of this thesis as applied to problems in

optimal control and orbit determination. Further, recent advances in the numer-

ical analysis of tensors can be applied to gain new understanding and tools for

the analysis of algorithms for guidance, navigation, and control based on lineariza-

tion or higher-order series reversion. These advances underpin the final chapter of

the thesis which utilizes generalizations of eigenvalues to tensors in order to study

the linearization error introduced by common GNC algorithms. Before developing

these novel methods in the remainder of the thesis, we will begin by reviewing

two- and three-body dynamics, summarizing the tensors arising in GNC, and fi-

nally presenting series reversions methods for vector-valued multivariate functions.

1.1 Dynamics

In the following examples, we will be considering Keplerian two-body dynamics as

well as circular restricted three body dynamics, which we will define here.

3



1.1.1 Two-Body Dynamics

The equations of motion for the two-body problem in an inertial frame are

F(x) =



ẋ

ẏ

ż

−µx
∥r∥3/2

−µy
∥r∥3/2

−µz
∥r∥3/2


(1.1)

where the state vector is x = [x, y, z, ẋ, ẏ, ż]T , an overdot denotes a time derivative,

µ represents the standard gravitational parameter for the central body, and r =

[x, y, z]T is the position vector from the central body to the satellite [126].

1.1.2 Circular Restricted Three Body Dynamics

The equations of motion for the circular restricted three-body problem are given

in the synodic frame as

F(x) =



ẋ

ẏ

ż

2ẏ + ∂U
∂x

−2ẋ+ ∂U
∂y

∂U
∂z


(1.2)

where U(x, y, z) =
1− µ∗

||r1||
+

µ∗

||r2||
+
x2 + y2

2
is the effective potential given the

reduced mass µ∗ =
m2

m1 +m2

for the two primary bodies with mass m1,m2 lo-

cated along the x-axis at [−µ∗, 0, 0] and [1−µ∗, 0, 0] with respect to their common
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barycenter at the origin. r1, r2 give the position of the satellite of interest with

respect to the two primary bodies, respectively [71].

1.2 Tensors in Guidance Navigation and Control

1.2.1 Local Dynamics Tensors

Given an autonomous dynamical system in Rn, the state vector x ∈ Rn evolves

according to the system of ordinary differential equations

d

dt
x = F(x), x(0) = x0 (1.3)

Local dynamics tensors are defined as the partial derivative tensors of the vector

field F(x) evaluated at some point x∗:[(
∂mF

∂xm

) ∣∣∣∣
x∗

]i
j1...jm

=

(
∂F i

∂xj1 ...∂xjm

) ∣∣∣∣
x∗

(1.4)

The mth order local dynamics tensor is a (1,m)-tensor, where an (l,m)-tensor

has m covariant indices and l contravariant indices. An interpretation of this is

that the tensor operates on m vectors or m copies of a single vector to produce

one vector as a result. Since a dynamical system evolves so that x∗ changes over

time, local dynamics tensors are most meaningful on their own at equilibria of that

dynamical system. Analysis of the eigenvalues of these tensors has been discussed

in previous literature [54], and is not expanded upon here. However, local dynamics

tensors are a necessary for calculating partial derivative tensors of the flow of the

dynamical system.
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1.2.2 State Transition Tensors

The first and second-order variational equations associated with a dynamical sys-

tem are derived in Ref. [102]. The notion of state transition tensors is also

explored in Refs. [95, 8]. We will describe commonly known properties of the

state transition matrix in both matrix and component form to build intuition for

properties of the second-order variational state transition tensor which is most

clearly described in component form.

Given an autonomous dynamical system in Rn, the state vector x evolves ac-

cording to the system of ordinary differential equations

d

dt
x = F(x), x(0) = x0 (1.5)

The associated flow map is defined such that

d

dt
φt(x) = F(φt(x)), φ0(x) = x (1.6)

The flow map possesses the semigroup property in time

φt ◦ φs = φt+s (1.7)

The Jacobian of the flow map yields the state transition matrix (STM) Φ(x0; t, 0)

associated with a given flow starting at the reference state x0 from time 0 to time

t. We adopt indexing for the state transition matrix rows i and columns j

Φi
j(x0; t, 0) =

∂φit(x0)

∂xj0
(1.8)

where the upper index i of the flow map refers to the ith component of the output.

When the reference orbit initial state x0 is understood, the state transition matrix

will be abbreviated as simplyΦ(t, 0). Exchanging the order of temporal and spatial
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derivatives (assuming F has continuous spatial derivatives) and applying the chain

rule yields the n2 first-order variational equations

dΦ(t, 0)

dt
=
∂F(x)

∂x
Φ(t, 0), Φ(0, 0) = In (1.9)

where In gives the n by n identity matrix. Alternatively, in components where

summation with respect to l is understood and δij is the Kronecker delta

dΦi
j(t, 0)

dt
=
∂Fi(x)

∂xl
Φl
j(t, 0), Φi

j(0, 0) = δij (1.10)

The cocycle property is most recognizable in matrix form and stems from applica-

tion of the chain rule to the semigroup property

Φ(t2, t0) = Φ(t2, t1)Φ(t1, t0) (1.11)

or, in components

Φi
j(t2, t0) = Φi

l(t2, t1)Φ
l
j(t1, t0) (1.12)

Note that the relationship in Eq. 1.12 is not commutative. Given knowledge of

the STM over the entire time interval and the STM over the initial stage, the STM

over the latter subinterval can be calculated with the inverse matrix Φ−1(t1, t0)

Φ(t2, t1) = Φ(t2, t0)Φ
−1(t1, t0) (1.13)

Moving on to the second-order variational equations, we define the second-order

(2,1)-state transition tensor (STT) Ψ(t, 0)

Ψi
j,k(x0; t, 0) =

∂2φit(x0)

∂xj0∂x
k
0

(1.14)

Again, when the reference orbit initial state x0 is understood, the notation Ψ(t, 0)

will be used to denote the second-order state transition tensor. Applying the

product rule to Eq. 1.10, we find that the n3 equations in Eq. 1.15 depend not

only on the values of Ψ but also Φ

dΨi
j,k(t, 0)

dt
=
∂2Fi(x)

∂xl∂xq
Φl
j(t, 0)Φ

q
k(t, 0) +

∂Fi(x)

∂xl
Ψl
j,k(t, 0), Ψi

j,k(0, 0) = 0 (1.15)
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The second-order generalization to the cocycle conditions come from differentiating

Eq. 1.12

Ψi
j,k(t2, t0) = Ψi

l,m(t2, t1)Φ
l
j(t1, t0)Φ

m
k (t1, t0) +Φi

l(t2, t1)Ψ
l
j,k(t1, t0) (1.16)

Given STTs for the overall time interval and along the initial subinterval, the

second-order STT over the latter subinterval can be calculated after finding the

STM along the latter subinterval with Eq. 1.13

Ψi
j,k(t2, t1) = [Ψi

l,m(t2, t0)−Φi
q(t2, t1)Ψ

q
l,m(t1, t0)](Φ

−1)lj(t1, t0)(Φ
−1)mk (t1, t0)

(1.17)

This relationship is exact but requires one more level of contraction than the ap-

proximate solution presented in [31] by using the STTs associated with the inverse

flow map. With the STM and second-order STT, a second-order approximation of

a perturbation to the flow map is given by a truncated Taylor series:

φit(x0 + δx0) ≈ φit(x0) +Φi
j(x0; t, 0)δx

j
0 +

1

2
Ψi
jk(x0; t, 0)δx

j
0δx

k
0 (1.18)

or, in shorthand to represent the single and double contractions:

φt(x0 + δx0) ≈ φt(x0) +Φ(x0; tf , t0)δx0 +
1

2
Ψ(x0; tf , t0)δx

2
0 (1.19)

Variational equations and cocycle conditions describing the sensitivity of states

with respect to fixed parameters can be derived [92]. However, these are typi-

cally only presented up to first-order, because they become increasingly complex

as mixed partial derivatives of states and parameters appear at higher-orders. To

avoid these complications, we note that parameters are simply state variables from

an augmented dynamical system in which the parameters have zero time deriva-

tives. Thus, sensitivities with respect to these parameters can be handled without

deriving specific equations treating parameters separately from state variables.
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This is potentially less efficient than treating these equations separately, but the

additional cost only comes from additional multiplications and additions of zero

when performing numerical integration or using cocycle conditions. Higher-order

state transition tensors and variational equations can be derived [14], though we

will only deal with the first two state transition tensors in this work. Some ap-

plications of state transition tensors are summarized in the applications section

of this thesis; however, more information on higher-order state transition tensors,

their analytical computation [62], and their applications for dynamics [102, 8, 26],

control [12, 73], and navigation/uncertainty propagation [95, 90, 10, 74] exists

across the literature of the last few decades. Parallel to the state transition tensor

approach, differential algebra (DA) [101] is a technique for computing the Taylor

expansion of an arbitrary function whether it be the flow of a dynamical system

or another arbitrary nonlinear function. While DA is not employed in this pa-

per, computing state transition tensors using higher-order variational equations

becomes increasingly complicated at each order. As such, the DA approach offers

a more convenient and typically efficient approach for computing the Taylor series

up to a given order, from which the coefficients can be trivially collected into the

corresponding partial derivative tensors such as state transition tensors. DA has

been employed for uncertainty propagation [127, 134], filtering [108], orbit deter-

mination [7], and control purposes among others [33, 83]. Many of the algorithms

described in the DA literature leverage efficient computations for manipulating

formal power series and approximating the inverse of a truncated series. These

methods can be used to efficiently obtain tensors related to and arising from the

state transition tensor series such as the inverse flow of the system or the higher-

order Cauchy-Green strain tensors described below.
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1.2.3 Higher-Order Cauchy-Green Strain Tensors

Higher-order Cauchy-Green strain tensors are the coefficient tensors arising in the

series expansion for the squared 2-norm of the final perturbation of a dynamical

system as a function of some initial perturbation. These tensors were introduced

to examine the stretching behavior of a dynamical system around some reference

trajectory as well as the associated nonlinearity index [54, 55].

δxT (tf )δx(tf ) =
∞∑
m=2

C(m)δxm0 =
∞∑

p,q≥1

1

p!q!

(
Ψ(p)δxp(t0)

)T (
Ψ(q)δxq(t0)

)
(1.20)

where C(m) is the mth order Cauchy-Green strain tensor. This series converges

assuming that the flow map is infinitely differentiable. Note that the higher-order

Cauchy-Green strain tensors are covariant and not generally supersymmetric ex-

cept in the case of the first-order 2-tensor. These tensors can be calculated in

component form in terms of the Euclidean metric tensor gi,j = δi,j which is simply

the Kronecker delta:

Ci1...im =
∑

p+q=m;p,q≥1

1

p!q!
Ψj1
i1...ip

δj1,j2Ψ
j2
ip+1...im

(1.21)

The first Cauchy-Green strain tensor is given by the square of the state transition

matrix C(2) = ΦTΦ, where the matrix is understood to represent a covariant

(0,2)-tensorNotably, the singular value decomposition of the state transition matrix

yields right singular vectors that are the same as the eigenvectors of the Cauchy-

Green strain tensor, and singular values that are the same as the square root

of the eigenvalues of the Cauchy-Green strain tensor. In a similar fashion, tensor

eigenvalues of the higher-order Cauchy-Green strain tensors describe the stretching

behavior of the higher-order terms in the state transition tensor series. For study

with tensor eigenvalues, the supersymmetric tensor denoted Ĉ(m) is often used in

calculations and surrounding theory. This is a tensor which produces the same

10



result as C(m) when operating on the same m vectors, but is supersymmetric.

Details about symmetrization, as well as avoiding symmetrization in calculations

can be found in Sec. 6.2.4 and Appendix B.1.

1.2.4 Measurement Partial Derivative Tensors

Given a d-dimensional measurement function h(x) : Rn → Rd, the partial deriva-

tive tensors of this function play a role in some higher-order estimation algorithms

such as the jth-moment Kalman filter [89] as well as in the context of assessing

the error in using linearizations of measurement function for measurement under-

weighting schemes in Kalman filters [89, 138]. The order (1,m) partial derivative

tensors arise in the Taylor series expansion of the measurement function about

some prior estimated state x−

h(x− + δx) = h(x−) +
∞∑
m=1

1

m!

(
∂mh

∂xm

)
x=x−

δxm (1.22)

In this work, we particularly look at the first- and second-order partial derivatives

from the series above.

1.3 Series Reversion

Series reversion or inversion of series is a powerful classical technique for approxi-

mating the inverse of a function. Here, we review the single variable and multiple

variable cases. These methods will feature in the final chapter of the thesis to

describe the Taylor series involved with a certain guidance problem.
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1.3.1 Single Variable Case

Given a scalar-valued formal power series in terms of a single variable

y = f(x) = a1x+ a2x
2 + ... (1.23)

the inverse formal power series can be computed if a1 ̸= 0 such that the composition

of the two series results in the identity mapping

x = g(y) = b1y + b2y
2 + ... (1.24)

The coefficients of the inverse series can be computed by equating coefficients in

the equation

y = f(g(y)) (1.25)

= a1b1y + (a1b2 + a2b
2
1)y

2 + (a1b3 + 2a2b1b2 + a3b
3
1)y

3 + ... (1.26)

where the first coefficient should be unity and all remaining coefficients should be

zero. The first few coefficients of the inverse series are

b1 = a−1
1 (1.27)

b2 = −a−3
1 a2 (1.28)

b3 = 2a−5
1 a22 − a−4

1 a3 (1.29)

1.3.2 Multivariate Generalization

Multivariate generalizations of series reversion and Lagrange inversion theorem

have been discussed generally in the astrodynamics literature [125, 59]. These tech-

niques have been used in particular for higher-order guidance calculations (solving

Lambert’s problem approximately in the vicinity of some reference orbit) in the

state transition tensor and differential algebra literature [49, 83, 139].
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In order to generalize series reversion to multivariate functions F : Rn −→ Rn,

we note the connection to Newton’s method in the process above where we equated

coefficients. First, let the ith component of the output y be defined as

yi = (F(x))i = Aij1x
j1 + Aij1,j2x

j1xj2 ... (1.30)

where the number of lower indices implicitly defines the order in the series for the

given coefficient tensor A(m). We will define the mth order truncated power series

associated with F by

F(x) = F(m)(x) +O(xm+1) (1.31)

If we express the inverse series as

xi = (G(y))i = Bi
j1
yj1 +Bi

j1,j2
yj1yj2 ... (1.32)

then the first-order approximation of G is given by solving for the coefficient tensor

B(1) (matrix in this case) that satisfies

yi = AijB
j
ky

k (1.33)

this is given by

B(1) = (A(1))−1 (1.34)

if the first term is invertible. Thus, the first-order approximation of the inverse

series is given by the inverse of the first-order term in the original series

(
G(1)(y)

)i
=
(
(A(1))−1

)i
j
yj (1.35)

The higher-order approximations of the inverse series can be iteratively obtained

using Newton’s method in the following fashion

(
G(m+1)(y)−G(m)(y)

)i
= −

(
(A(1))−1

)i
l

((
F(G(m)(y))

)(m+1) − y
)l
j1...jm+1

(1.36)
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where
(
F(G(m)(y))

)(m+1)
is the (m + 1)-th order approximation of the residual

from composition of the forward series with the inverse series:

F(G(m)(y)) =
(
F(G(m)(y))

)(m+1)
+O(ym+2) (1.37)

This is the linear polynomial y summed with an (m + 1)-th order homogeneous

polynomial in y, because G(m)(y) is constructed so that the m-th order approxi-

mation of the composition is the identity mapping

(
F(G(m)(y))

)(m)
= y (1.38)

Using this Newton iteration approach, the first couple terms in the general multi-

variate series reversion are given by

Bi
j =

(
(A(1))−1

)i
j

(1.39)

Bi
j,k = −

(
(A(1))−1

)i
l1
Al1l2,l3

(
(A(1))−1

)l2
j

(
(A(1))−1

)l3
k

(1.40)

Implementation of this procedure is easily possible using differential algebra tech-

niques and is a part of many standard packages for differential algebra. For more

than the first few terms in the inverse series, one should fall back to one of these

computational tools [101].
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CHAPTER 2

STARSHADE STATIONKEEPING ANALYSIS VIA

EIGENVECTORS OF THE ACCELERATION JACOBIAN

2.1 Introduction

Given a space-based telescope, nominally along an Earth-Sun L2 Halo orbit, a

starshade located at a fixed distance from the telescope, and a target star, we

analyze the costs and timing metrics associated with maintaining the starshade in a

nominal position, within some tolerance, to block out light from the given star. Our

work is in the same vein as previous analyses from [38, 113, 117]; however, we take

a more approximate analytical approach with the goal of furthering understanding

and speeding up computation. We model the use of impulsive burns to maintain

the starshade within a one meter lateral tolerance of the line of sight between

telescope and target star [107]. Fuel costs and number of stationkeeping maneuvers

required during an observation can serve as important considerations in deciding

between target stars for observation. These stationkeeping metrics may be used

in an objective function that would ideally evaluate quickly as part of a larger

scheduling problem optimization such as those described in [60, 104, 115, 116].

A stationkeeping strategy that maximizes time between impulsive burns is given

by [38]. This strategy for deadbanding assumes constant differential acceleration

between telescope and starshade. The authors of [117] further explored this strat-

egy in a variety of scenarios, analyzing a wider variety of pertinent stationkeeping

metrics. Both papers numerically solved ordinary differential equations (ODEs)

with event driven application of the impulses to find stationkeeping metrics. This

is a computationally expensive operation and it would not be desirable to carry
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out these integrations as part of a larger mission design optimization process, mo-

tivating the need for a fast method to approximate the stationkeeping metrics, and

a comparison of its accuracy with respect to the methods above.

We summarize the work of [38], and then compare their analytical strategy

under ideal conditions against numerical results from [117]. This serves to validate

the use of the inexpensive analytical model for stationkeeping. From there, we

continue the linear analysis of [38] on the lateral differential acceleration, focusing

on the locations of its minima. We present a geometric picture of differential

lateral acceleration, and an analytical expression to approximate these locations

associated with low stationkeeping costs. Among starshade positions constrained

to the surface of a sphere centered about the telescope, minima of differential

lateral acceleration lie on a great circle and its corresponding poles. This intuition

and analytical expression for the minima could be used as a heuristic to reduce

the design space for scheduling of an exoplanet imaging mission.

2.2 Analytical Model of Station Keeping Metrics

We consider the inertial accelerations of the telescope at and starshade as with

respect to the inertially non-accelerating barycenter at an initial epoch, and then

assume that the differences in inertial accelerations between satellites remain con-

stant over the course of the observation. In the inertial frame, this maintains

the direction of the relative position vector rrel between the starshade at rs and

telescope at rt, preserving alignment of the telescope, starshade, and target. For

convenience, consider an inertial frame which happens to be aligned with the circu-

lar restricted three body problem (CR3BP) rotating frame at the initial epoch and
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in units of AU. The frame is depicted in Fig. 2.1 with the Earth-Sun barycenter

located at the origin. Consider all accelerations from this point forward as inertial.

Figure 2.1: The coordinate frame employed in this paper with relevant bodies and
angles depicted.

In the inertial reference frame, the acceleration of satellite j = t, s from two

bodies is given by

aj = aj,1 + aj,2 (2.1)

aj,1 =
(µ− 1)(rj + µ̂i)

||rj + µ̂i||3
(2.2)

aj,2 =
−µ
(
rj + (µ− 1)̂i

)
||rj + (µ− 1)̂i||3

(2.3)

where µ is the mass parameter, subscript 1 refers to the primary body (the Sun),

2 refers to the secondary body (the Earth), î is the unit vector in the Sun-Earth

direction, and r refers to position. The Sun is assumed to be at −µ̂i and the Earth

at (1− µ)̂i.

The differential acceleration between starshade and telescope is given by the

difference in the inertial second time derivatives of position

δa = as − at = r̈s − r̈t. (2.4)
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Starshade position is nominally given by

rs = rt +R(cosϕ cos θî+ cosϕ sin θĵ+ sinϕk̂) (2.5)

where, as seen in Fig. 2.1, R = ∥rrel∥ is the nominal telescope-starshade separation

distance, θ, the ecliptic longitude, is the in-plane angle of the star from the Sun-

Earth vector at the starting epoch, and ϕ, the ecliptic latitude, is the out-of-plane

angle measured from the ecliptic plane as measured with respect to the starshade

location.

Consider the axial and lateral components of the differential acceleration, where

axial denotes the direction of the telescope line of sight to the target star, and lat-

eral denotes the component orthogonal to the line of sight. The lateral differential

acceleration magnitude is given by:

δal = ||δa− (δa · r̂rel)r̂rel|| , (2.6)

where

r̂rel = cosϕ cos θî+ cosϕ sin θĵ+ sinϕk̂

The starshade has a nominal relative position with respect to the telescope

and a lateral tolerance rtol from this position. We consider lateral stationkeeping,

disregarding axial stationkeeping, because axial tolerances are typically larger than

the distances traversed during a typical observation [117].

In the optimal strategy outlined in [38], the starshade begins some nominal axial

distance from the telescope and at the edge of the rtol lateral tolerance disc in the

direction of lateral relative acceleration. The starshade is initialized with lateral

relative velocity chosen in the opposite direction of lateral relative acceleration.
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The magnitude of the velocity is chosen such that the starshade will reach the

exact opposite end of the disk with radius given by the lateral tolerance, and then

come back down to its initial position under the constant lateral acceleration. At

this point, the starshade applies an impulsive burn to repeat the process. The

resulting stationkeeping metrics are given as follows:

T = 4

√
rtol
δal

(2.7)

N = floor

(
τobs
√
δal

4
√
rtol

)
(2.8)

∆v = 4N
√
δalrtol , (2.9)

where τobs is the overall observation/stationkeeping time, T is the amount of time

between impulsive burns, N is the number of burns after the initial epoch (not

counting the initialization of the starshade), and ∆v is the cost in terms of impul-

sive velocity changes to perform the stationkeeping. These results were presented

in nondimensional form in more generality for arbitrary initialization positions on

the tolerance disk [38]. Notice that ∆v is largely independent of the stationkeep-

ing tolerance, and varies as τδal, the product of observation time and acceleration

magnitude. We can obtain various other metrics as a function of these as in [117].

These metrics are relatively simple to evaluate compared to the numerical so-

lution of an ODE that depends on repeatedly evaluating the differential accelera-

tion. As each of these metrics depends simply on differential lateral acceleration,

we study this quantity as a proxy. A plot of lateral differential acceleration is

given in Fig. 8 of [38]. However, only a small region around a maximum is de-

picted as worst case scenarios were the primary focus of the work. The overall

structure of the differential acceleration is not given, and in particular, the minima

are not shown. Fig. 2.2 sheds some light on the structure of differential lateral

acceleration and resembles the color plots seen in Fig. 9 of [117]. Looking at
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Figure 2.2: The differential lateral acceleration in µm/s2 as a function of target
coordinates. The density plot on the left is accompanied by its projection onto the
unit sphere on the right.

the same data plotted over the unit sphere centered about the telescope, we can

understand that the minima of lateral acceleration magnitude lie on a great cir-

cle and its corresponding poles. In Fig. 2.2, the telescope is assumed to be at

(x, y, z) = (1 + 2.5/150, 0, 1/150). The starshade is assumed to be R = 100, 000

kilometers away from the telescope. The existence of the great circle and poles

can be explained by the rejection of the axial component of acceleration: Fig. 2.3

shows a plot of the differential acceleration vector field, demonstrating that the

vector field is orthogonal to the sphere in the axial or anti-axial direction along the

same great circle and at the two corresponding poles. More specifically, the vector

field in Fig. 2.3 points outwards on the far left and right, and then inwards towards

the origin along the circle lying between the two extreme points. We also depict

the cosine of the angle between relative position and differential acceleration in

Fig. 2.3. This gives a less intuitive but more clear representation of the direction

of the differential acceleration vector. Values of −1, 0, 1 correspond to differential

acceleration that is purely anti-axial, lateral, and axial respectively.
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Figure 2.3: On the left, the differential acceleration vector field along the unit
sphere about the telescope. On the right, the cosine of the angle between relative
position and differential acceleration.

Figure 2.4 demonstrates the similarity between the numerically computed and

analytically computed ∆v metric for a telescope 340 days from initialization of

the halo orbit. Analytical computation is described above, while the numerical

computation is carried out with only gravitational effects as in [117]. We see that

the two metrics agree very well except along the minima of ∆v, where they differ

by up to half of the analytical value. The effects of nonconstant differential lateral

acceleration are a plausible explanation of these differences. It is reasonable to

believe that at these minima induced by the direction of differential acceleration,

small changes in differential acceleration direction would have greater effects than

at other locations. However, the overall structure from the two approaches is the

same, with minima in the nearly the same locations.

2.3 Approximate Minima of Lateral Acceleration

The location of one of the poles shown in Fig. 2.2 can be computed by numerical

minimization. Along our six month reference halo orbit depicted in Fig. 2.5, we

give the angular locations of the pole in Fig. 2.6.
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Figure 2.4: Comparison between numerical and analytical models of the average
delta-v to perform a single stationkeeping impulse in mm/s during an observation
at 340 days from the start of the reference halo orbit.

Figure 2.5: The six month period reference halo orbit, with the initial position
labeled in canonical units of the CR3BP.

Employing a poor initial guess can cause numerical methods to identify minima

along the great circle rather than the pole. Serving as an initial guess for numerical

minimization, a quick approximation of the pole’s location can be obtained from

the eigenvectors of the Jacobian matrix D of the inertial acceleration vector of the

telescope.

δa(rt) = a(rt + rrel)− a(rt) ≈ Da(rt) · rrel (2.10)

Equation 2.10 demonstrates that differential acceleration will be completely
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Figure 2.6: Pole location as the telescope moves along the reference halo orbit
trajectory in terms of ecliptic longitude, latitude and location on the unit sphere.

axial in the corresponding linear system precisely when the differential acceleration

δa(rt) is parallel or antiparallel to the offset vector between telescope and starshade

rrel. This is the case when rrel is an eigenvector of Da(rt). Given the structure of

the vector field in Fig. 2.3, the eigenvector corresponding to the pole will be the

one corresponding to a positive eigenvalue. The other two eigenvectors correspond

to points on the great circle. In the case of our reference halo orbit, the difference

in angular position of the pole between the numerical method in Fig. 2.6 and

the linear approximation is on the order of a degree for R = 100, 000km, scaling

linearly with R.

Even with the relatively easy to compute and robust eigenvector interpreta-

tion, we still seek an analytical expression for the pole locations. We begin by

approximating the differential acceleration by a binomial series as in [126] page

391.
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δa = δa1 + δa2 (2.11)

δaj ≈
at,jrrel
rt,j

− 3at,j
rt,j

(ât,j · rrel) (2.12)

δaj,l ≈
3at,j sin θj

rt,j
(ât,j · rrel) =

3Rat,j sin θj cos θj
rt,j

, (2.13)

where j denotes the relevant body (1 for Sun and 2 for Earth), the subscript

l denotes the lateral component of the acceleration and θj the angle between rrel

and at,j or equivalently between rrel and −rt,j. We will use a, r to denote the norms

∥a∥ , ∥r∥ respectively. In order to find configurations that induce axial differential

acceleration, we find values of rrel that balance δa1 against δa2 so that their sum

is in the direction of rrel. This corresponds to when their lateral components δa1l

and δa2l are equal as shown in Fig. 2.7. Since the first term in the approximate

differential acceleration from each body is in the direction of rrel, the problem

reduces to balancing the second terms of Equation 2.12. After dividing by common

terms, axial differential acceleration is equivalent to the following conditions:

δa1,l = δa2,l ⇐⇒ (2.14)

0 =
at,1
rt,1

cos θ1 sin θ1 −
at,2
rt,2

cos θ2 sin θ2 ⇐⇒ (2.15)

0 =
at,1
rt,1

sin 2θ1 −
at,2
rt,2

sin 2θ2 . (2.16)

Defining ψ = θ1+ θ2 as the angle between the vectors from the telescope to the

two bodies, such that:

ψ = arccos

(
r2t,1 + r2t,2 − 1

2rt,1rt,2

)
, (2.17)

equation 2.16 becomes:

0 =
at,1
rt,1

sin 2θ1 −
at,2
rt,2

sin(2ψ − 2θ1) (2.18)
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Figure 2.7: The desired orientation of the telescope to starshade vector (rrel) rela-
tive to differential acceleration vectors from Sun and Earth gravity (δa1, δa2).

Expanding the trigonometric term in equation 2.18, we obtain

θ1 =
1

2
arctan

(
sin(2ψ)a2/r2

a1/r1 + cos(2ψ)a2/r2

)
(2.19)

dropping the subscript t for readability.

To summarize, the location of one of the poles is in the plane of the Earth,

Sun, and telescope, situated between the telescope to Earth vector (rt,2) and the

telescope to Sun vector (rt,1), θ1 in angle away from the telescope to Sun vector,

rt,1. One may rotate a unit vector in the direction from the telescope to the Sun,

r̂t,1, about the −ztĵ + ytk̂ axis by θ1 to obtain a unit vector in the direction of

the pole. Note that the results of this approach are identical to the eigenvector

approach as well as numerical minimization of the approximate linear differential

lateral acceleration. Given the location of a single pole that we have described,

the other pole and the corresponding great circle are also known.

The great circle is of particular interest since it is a higher dimensional object
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than the two poles. Many more stars will be easily observable along the great circle

than on or near the poles. As a result, it becomes important to quantify how low the

differential lateral acceleration is along the great circle. We employ equation 2.19 to

find a unit vector in the approximate direction of the pole and potentially improve

on this by numerical minimization. Upon obtaining the approximate or the exact

pole location, the corresponding great circle consists of all of the unit vectors

orthogonal to the pole vector. We may parameterize this great circle arbitrarily

with a parameter τ . Figure 2.8 presents the differential lateral acceleration along

the great circles corresponding to the exact and approximate pole locations at

each point along the halo orbit. Position of the telescope along the halo orbit is

given along the x-axis by the time t from the initial epoch when the telescope is

located at r0 as shown in Fig. 2.5. At each of these values of t, the position of the

telescope leads to a direction for a pole given by equation 2.19, which correspond

to the values in Fig. 2.6. Each time t maps to a pole location, which in turn

maps to a single corresponding great circle. Position along the great circle is given

on the y-axis by τ , the arbitrarily chosen phasing parameter. Note that time

values near 0 and π lead to generally higher differential lateral accelerations as

the two satellites are closer to the Earth at this point in the halo orbit. One can

see that as the telescope moves along its halo orbit, even at its closest point to

Earth, the differential lateral acceleration along the corresponding great circle is

consistently one to two orders of magnitude below the highest values shown in

Fig. 2.2. Using equations 2.7-2.9, with a lateral position tolerance of 1 meter,

this translates to a difference between six stationkeeping maneuvers per hour in

the worst case and fewer than one interruption per hour for observations along

the great circle. Considering both the exact or approximate great circle effectively

determines convenient choices of stars for more fuel efficient and less frequently
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interrupted observations.
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Figure 2.8: Differential lateral acceleration in µm/s2 is depicted along the great
circle for a telescope moving along the reference halo orbit. Exact (left) and ap-
proximate (right) pole positions describe the great circle.

2.4 Conclusion

We have explored trends involving station keeping metrics for observation of exo-

planets with a telescope and starshade pair. Differential lateral acceleration proved

to be an effective proxy for metrics such as time between interruptions for starshade

orbit maintenance and delta-v. Using this metric as a proxy enables mission de-

sign software to estimate stationkeeping costs with a simple analytical calculation

rather than a numerical integration as has been previously done.

Additionally, understanding of trends in stationkeeping costs has increased as a

result of this analytical approach. For a fixed position of the telescope, differential

lateral acceleration as a function of the line-of-sight vector from telescope to target

star proved to possess minima along two poles and their corresponding great circle.

We derived an analytical approximation for the location of these minima, and
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demonstrated that for a design reference mission, observing stars along the great

circle yields magnitudes of differential lateral acceleration that are one or two

orders of magnitude lower than if the target were chosen indiscriminately. We

advocate cognizance of this great circle of easy to observe targets during design

of exoplanet missions. By considering targets as they cross this great circle, one

may potentially pare down the large design space for scheduling problems related

to exoplanet imaging missions.
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CHAPTER 3

SINGULARITIES IN LINEAR GUIDANCE METHODS AND

ORBITAL DEBRIS PINCH POINTS

3.1 Introduction

Approaches to problems in relative satellite dynamics, control, and estimation vary

in the variables used for analysis, from relative Cartesian state to any number of

relative or differential orbital element sets. While simple and well-studied, linear

analysis with Cartesian states still offers insights to be explored and connected

at the intersection of distribution propagation, collision avoidance, uniqueness of

solutions to boundary value problems, and reachable set theory.

Reachable set theory applied to reconfiguration problems has been explored by

[23, 131, 129]. Pinching points at which the reachable set over time collapses to

a lower dimensional manifold are described by [37, 131, 129], and attributed to

singularities in the associated linear variational equations. The reduced dimension

reachable set appears at a singular transfer time, and can be given in terms of

the null space of a block of the state transition matrix. Through another lens,

this dimension reduction can be seen as the presence of non-unique and impossible

relative transfers depending on the specific boundary values. The existence of

non-unique transfers warns of potential threats for collision in the deployment of

subsatellites, or of secondary collisions after the creation of a debris field from a

collision.

Closely related to reachable set theory, the relative Lambert problem, includ-

ing its singularities, has been explored by [22, 56, 93, 130]. Transfer singularities
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were first explored in Cartesian state variables by [118] and later independently

by [93], while [22, 130] explore the problem in relative orbital elements. [22] links

these transfer singularities to the minimum time, multi-revolution Lambert solu-

tion through numerical computation, and [118] makes the connection by relating

the state transition matrix and the sensitivity of transfer ellipse semimajor axis

with respect to time of flight. We offer an alternative proof using the work of [119]

to prove the relationship between transfer singularities in the linearized model and

unique multi-revolution transfers in the Lambert problem. From here, we leverage

the work of [109] to generalize this relationship to two point boundary value prob-

lems associated with arbitrary second-order differential equations with sufficient

smoothness properties. This extends the result’s applicability to the three body

problem and beyond.

Finally, we explore the two impulse formation reconfiguration problem with

variable transfer duration and initiation epoch. Using singular value decomposi-

tion, we present a description of the magnitude of the final impulse as a function of

duration and the difference between the initial actual and desired relative states.

The effects of transfer singularities appear in this general example, and the ∆v for

the final impulse of the reconfiguration is optimized as transfer time approaches

the singularity.

3.2 Singular Transfers in the Clohessy-Wiltshire Equations

Consider the motion of a deputy satellite in the rotating reference frame of some

chief (reference) satellite in a nearly circular orbit. The chief is assumed to be at

the origin of a coordinate system associated with a non-inertial frame travelling
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along the chief’s orbit, and the position of the deputy with respect to the chief is

given in radial, in-track, and cross-track coordinates as xr̂ + yŝ + zŵ, where r̂ is

defined as the direction from Earth center to chief satellite, ŵ is in the direction

of specific angular momentum of the chief satellite, and ŝ = ŵ × r̂ completes the

right-handed system. In the case of a circular reference orbit, ŝ corresponds to the

direction of the velocity vector of the reference satellite.

The Clohessy-Wiltshire equations describe relative motion of a deputy satellite

in close proximity to a chief satellite in a nearly circular reference orbit [24, 93].

The equations are given in matrix form as

x =

[
x, y, z, ẋ, ẏ, ż

]
(3.1)

xt = Φt
0x0 (3.2)

Φt
0 =



4− 3c 0 0 s/n 2/n− 2c/n 0

−6nt+ 6s 1 0 −2/n+ 2c/n 4s/n− 3t 0

0 0 c 0 0 s/n

3ns 0 0 c 2s 0

−6n+ 6nc 0 0 −2s −3 + 4c 0

0 0 −ns 0 0 c


(3.3)

Φt
0 =

Φrr Φrv

Φvr Φvv

 (3.4)

where s = sin(nt) and c = cos(nt) and n is the mean motion of the reference orbit

with units consistent with the spatial units from x and temporal units from t. The

state transition matrix Φt
0 maps an initial Cartesian relative state to a final relative

state at some time t in the future. Each block of Φt
0 is a three by three matrix

giving the sensitivity of the final state of the first variable listed (relative position

or velocity), with respect to the initial state of the second variable listed.
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A standard problem in the study of relative motion is calculating impulsive

transfers to send a deputy satellite at an initial position r0 at the initial epoch to

some desired position rt at the final epoch t. When the inverse of Φrv exists, the

unique initial velocity to achieve the given transfer is given as:

v0 = Φ−1
rv (rt − Φrrr0) (3.5)

More interesting is the case when Φrv is singular. Clearly, this can occur

when the third column of Φrv is all zeros, which corresponds to s/n = 0 meaning

that nt is a multiple of π. Geometrically, this refers to the fact that a half or

full period from an impulsive plane change maneuver, the satellite will be along

the intersection of the new plane and the old plane, regardless of the plane change

magnitude. An impulse cannot change the cross-track location of a deputy satellite

at multiples of half a reference period from the impulse. Since the cross-track

dynamics are uncoupled from the in-plane dynamics, we move on to just examining

the in-plane component of the transfer problem, and singularities arising therein.

Let τ = nt and

Θτ
0 =

1

n

 sin τ 2− 2 cos τ

−2 + 2 cos τ 4 sin τ − 3τ

 (3.6)

We see that when τ is a multiple of 2π, Θτ
0 has only −3τ in the last entry, and zeros

everywhere else. So, Θ2πk
0 is a singular matrix for integer k. This indicates that

only the in-track location of the deputy changes at exactly one reference period

later, regardless of the initial velocity of the deputy.

Further, the determinant of Θτ
0 is zero when τ satisfies the transcendental

equation
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Figure 3.1: A plot showing the zeros of the determinant of Θτ
0.

3

8
τ sin τ + cos τ − 1 = 0 (3.7)

We plot the determinant of Θτ
0 in Fig. 3.1. The first three nontrivial roots (not

multiples of 2π) occur at approximately 1.4067, 2.4453, and 3.4612 periods.

The eigenvectors of Θτ
0 give the active and inactive spaces of the initial velocity

for a deputy satellite in this system. Table 3.1 shows that the inactive space is

radial for full reference periods, and nearly radial otherwise. At these singular

transfers times, any trajectory that began at the origin at time zero, will have

in-plane component orthogonal to the inactive space regardless of initial velocity.

Figure 3.2 shows the evolution of a swarm of trajectories which all begin at the

origin with random initial velocities inside the unit square in the non-dimensional

form of the problem. The swarm is displayed at .5, 1, 1.25, and approximately

1.4067 reference periods. At time 0, the swarm begins on a 2-dimensional manifold

in the x, y, ẋ, ẏ radial, in-track phase space. At .5 and 1.25 reference periods,

we see the general case in which the swarm occupies a 2 dimensional manifold

when projected into x, y space. Finally, at 1 reference period, and 1.4067 reference

periods, the swarm collapses to occupy only a 1-dimensional manifold in x, y space.

This corresponds to the notion of a pinch point as outlined in [37].
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Figure 3.2: Four snapshots of a cloud of particles which begin at the origin at
the initial epoch, and evolve to occupy a one or two-dimensional manifold in their
in-plane projection. The legend gives the number of reference revolutions from the
initial epoch for the given snapshot. Equation 3.6 is used for propagation with
n = 1. A different choice of n or units scale results.

This implies that the boundary value problem associated with relative motion

transfers at these singular time values does not have unique solutions. Boundary

value problems where the end point is not along the active eigenspace will not have

any solution, while an endpoint orthogonal to the image of the inactive space gives

rise to infinitely many solutions.

Figure 3.3: Null transfer trajectories, which begin and end at the origin after the
given number of reference periods.

Figure 3.3 shows null transfers for the first three nontrivial singular transfer

times (the roots of equation 3.7 shown in Fig. 3.1). These are trajectories which

begin at the origin and end at the origin, but are not the fixed point solution at

the origin. The initial velocity is in the direction of the eigenvector corresponding

to zero. Multiplying this initial velocity by a constant gives rise to infinitely many

scaled versions of the same null transfer.
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Figure 3.4: Five of the infinitely many trajectories which begin and end at a
common location around 1.4067 reference periods later with differing initial velocity
in the linear model of relative motion.

Figure 3.4 shows the non-uniqueness of a more arbitrary transfer with transfer

time corresponding to the first nontrivial root. Each of these transfers shares the

same active initial velocity component, but varies in the orthogonal component

whose corresponding eigenvalue is zero.

The singularities we have presented arising from boundary value problems in

the Clohessy-Wiltshire equations suggest a number of interpretations. From a

probabilistic standpoint, they imply that there are times where initial certainty

in position implies some level of certainty of position in the future regardless of

uncertainty in initial velocity. That is, under the action of the Perron-Frobenius

operator [40] associated with the Clohessy-Wiltshire equations, the support of a

distribution projected into a subspace of the phase space changes dimensions at

times when blocks of the state transition matrix are singular. This phenomena

invites exploration in other linear systems, as well as its approximate effects in

non-linear systems.

From a practical standpoint, there are two other important implications of this

exploration of singularities. The first implication is in explaining trends in the

cost and feasibility of relative transfers that we will explore in section 3.6. The
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second implication is in understanding situations in which multiple objects leave a

single satellite at the same time. Example situations include modeling a collision

or other breakup of a satellite, as well as the deployment of multiple objects from

one single vehicle. In the case of debris modeling when a collision time is well

known, these singular transfer times may give important opportunities to image

and catalog debris, when it is known that objects will all approximately lie in

a lower dimensional manifold and be less likely to obscure one another. These

times are also likely candidates for observing secondary collisions given the non-

uniqueness of the transfer problem. On the other hand, this analysis can be used

in planning the deployment of satellites from a single vehicle. Satellites deployed

with the same active component of initial velocity at the same time will collide

under the Clohessy-Wiltshire equation model of relative dynamics at the singular

transfer time corresponding to that active component of initial velocity. Thus,

the null space of Θτ
0 becomes important to avoid deployments that could cause

collisions at singular transfer times. The unit vectors in the nullspace of Θτ
0 for

the first three nontrivial singularity times are given in table 3.1. Objects deployed

with differences in initial velocity in the direction of vectors from this table are at

risk of colliding at the relevant singular transfer time.

Table 3.1: The inactive components of initial velocity corresponding to singular
transfer times.

τ/2π ẋ ẏ
1 1 0

1.4067 0.9888 -0.1492
2.4453 0.9962 -0.0865
3.4612 0.9981 -0.0612

These inactive velocity vectors are in the direction of (3τ,−4). This inactive

component results in the final relative position coming to some multiple of (4,−3τ),

perpendicular to (3τ, 4) as identified by [37] where the ordering of the in-track and
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radial coordinates in reversed in their notation.

3.3 Singular Transfers in the Tschauner-Hempel Equations

Following much the same procedure as the previous section, we may examine the

same block of the Yamanaka-Ankersen state transition matrix [29, 123, 136] solu-

tion to the Tschauner-Hempel equations. In doing so, we see that transfer singu-

larity times become dependent on reference eccentricity, and the initial chief true

anomaly. Figure 3.5 gives combinations of initial true anomaly θ0 and change in

mean anomaly ∆M or change in true anomaly ∆θ of the reference orbit that yield

transfer singularities for various values of the reference eccentricity. In the right

pane, the change in chief true anomaly serves as a proxy for the transfer time,

while in the left pane, change in reference mean anomaly is directly proportional

to the transfer time. While the zero reference eccentricity case agrees with our

previous results, we see that for other reference eccentricities the singular transfer

times are no longer independent of initial reference true anomaly. Further, the

singular transfer time varies very quickly when the initial chief anomaly is near

apogee. A wide variety of transfer times (proportional to ∆M) are singular, and

so there is not one single time that a mission designer may avoid.

3.4 Relation to Unique Solutions of the Multi-Revolution

Lambert Problem

An important question is how well the infinitely non-unique linear behavior out-

lined above imitates the actual nonlinear behavior of satellite relative motion in
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Figure 3.5: Singular relative transfers of various reference orbit eccentricities and
initial reference true anomaly. The transfer time is measured in revolutions of
reference mean anomaly on the left (periods), and revolutions of reference true
anomaly on the right.

Figure 3.6: The same swarm as Fig. 3.2, but specifically about a geosynchronous
reference orbit, with propagation performed using the full two-body dynamics.
The labeled times are still in periods of the geosynchronous orbit and units are in
kilometers.

the two-body problem. Figure 3.6 presents a replication of Fig. 3.2 in the two-

body dynamic model without linearization. The dimension reduction of the swarm

seems to approximately carry over to the two-body model with curvature of the

nearly one-dimensional manifold as the only immediately discernible difference.

Regardless of Fig. 3.6 and its similarity to 3.2, we know that there are quali-

tative differences in the number of solutions to the boundary value problems from

the approximate linear and full nonlinear models. While we have established the
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existence of zero or infinitely many solutions to the boundary value problem in

the approximate system, it is well-known that multi-revolution Lambert problems

have either zero, one, or two prograde solutions [3, 119].

Thus, the approximately one-dimensional manifold in Fig. 3.6 cannot be one-

dimensional since the flow map of the two-body dynamics is continuous in the state

vector and the inverse of a point in the codomain has at most two values. If there

were a function from a two-dimensional manifold to a one-dimensional manifold

that had this property, removing two points from the domain (R2) would result

in the function taking a connected set to a disconnected set (the one-dimensional

manifold missing a point). No continuous function can do this, and so the image

of the full two-body flow map at a singular transfer time is not actually one-

dimensional as it appears to be and is in the linearized dynamics case.

While the general case is the existence of two prograde solutions, we will show

that the singularities in the transfers of the linearized relative motion equations

correspond to the unique minimum time multi-revolution transfers in the Lambert

problem: trajectories which represent a sort of bifurcation point in the Lambert

problem. We offer here a proof for the circular case.

Following [119], define the nondimensional variables X, Y :

X2 = 1− r1 + r2 + |r2 − r1|
4a

(3.8)

Y 2 = 1− r1 + r2 − |r2 − r1|
4a

(3.9)

where r1 and r2 are the initial and terminal points of the Lambert transfer with

respect to the central body, and a is the semi-major axis associated with the

transfer between the two points. We now turn our attention to determining the
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number of solutions to the Lambert problem when the solution is constrained to

revolve around the central body at least n times. Sun [119] gives the necessary

conditions for the solution of the multi-revolution Lambert problem to be unique:

1

3

(
(2 +X2)

√
1−X2

X
− (2 + Y 2)

√
1− Y 2

Y

)
−
(
cot−1

(
X√

1−X2

)
− cot−1

(
Y√

1− Y 2

))
= nπ

(3.10)

If a trajectory satisfies equation 3.10 (equation 12 from [119]), then it is the

unique minimum time n-revolution Lambert transfer between the initial and ter-

minal points r1, r2. Given the duration between these two points t∗, there are no

n-revolution transfers between the initial and terminal points in less than t∗ time,

there is only the single n-revolution transfer in the given time t∗, and higher trans-

fer times t∗ give rise to two n-revolution transfers. When transfer time t is viewed

as a bifurcation parameter, the trajectory satisfying equation 3.10 is a bifurcation

point among the trajectories which solve the Lambert problem between two given

points.

To assess trajectories arising from circular orbits to see if they are minimum

time multi-revolution Lambert transfers, we let r1 = r = r2 = a, and let ψ ∈ [0, π]

be the angle between the two vectors. From the law of cosines we obtain

|r2 − r1| = r
√

2(1− cosψ) = 2 sin(ψ/2) (3.11)

X2 =
1

2
(1− sin(ψ/2)) = sin2

(
ψ + π

4

)
(3.12)

Y 2 =
1

2
(1 + sin(ψ/2)) = cos2

(
ψ + π

4

)
(3.13)

Defining an intermediate variable ξ = ψ+π
4

, and choosing X as positive in the
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region of interest to give rise to the low transfers Sun predicts in the minimum

time case [119], we have

X = sin ξ (3.14)

Y = ± cos ξ (3.15)

Substituting this into equation 3.10, we obtain

±1

3

(
(2 + sin2 (ξ)) cot(ξ)− (2 + cos2(ξ)) tan(ξ)

)
∓
(
cot−1 (tan ξ)− cot−1 (cot ξ)

)
= nπ =⇒

(3.16)

±2

3
(cot ξ − tan ξ)± ψ/2 = nπ =⇒ (3.17)

±4

3
(cotψ − cscψ)± ψ/2 = nπ =⇒ (3.18)

3

8
(ψ ∓ 2nπ) sinψ + cosψ − 1 = 0 (3.19)

Note, the inverse cotangent identity used above is valid for ψ in our given range,

and stems from the inverse cotangents being symmetric about π/4. Thus, their

difference is twice the difference of ξ and π/4, or simply ψ/2.

Thus, given τ = ψ+2nπ, solutions to equation 3.7 are also solutions to equation

3.19, and so the combinations of reference trajectories and transfer times at which

the Clohessy-Wiltshire singularities appear are also unique minimum time transfers

in the two-body dynamics. This means that the infinitely many null transfers of

the Clohessy-Wiltshire equations are not representative of the nonlinear dynamics.

One may determine whether a trajectory is a minimum time transfer between

two points by checking that Equation 11 from [119] is satisfied for the given tra-

jectory. In this manner, we produced plots identical to Fig. 3.5 which are not pre-
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sented here to avoid redundancy, suggesting that reference trajectories for which

the upper right block of the Yamanaka-Ankersen state transition matrix is singular

are also minimum time Lambert transfers among elliptical orbits.

Another more elegant proof of the correspondence of singularity in the upper

right block of the inertial state transition matrix and the minimum time solution

of the multi-revolution Lambert problem appears in [118] where the relationship

between semimajor axis of the transfer ellipse and the transfer time is leveraged.

This proof is general in its application to elliptical orbits. We keep our proof of the

circular orbit case above as it ties back to [119] and offers a different perspective.

In the next section, we present a proof that is even more general than [118] in that

it applies not only to elliptical orbits in the two-body problem but also to systems

beyond the two-body problem. We go on to relate the singularity of the upper right

block of the rotating frame Yamanaka-Ankersen state transition matrix with the

inertial state transition matrix, tying together existing literature from [118, 119]

and our own work.

3.5 Generalized Bifurcation in Number of Solutions

This relationship between the state transition matrix and bifurcation in number

of solutions to a boundary value problem is not unique to two-body motion, the

associated Lambert problem, and the Yamanaka-Ankersen state transition matrix.

There are other dynamical systems for which singularity of the upper right block

of the state transition matrix solution to the first-order variational equations in-

dicates a bifurcation in the number of solutions to a two point boundary value

problem with the value of the independent variable at the second boundary as the
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bifurcation parameter.

Following [109], we may generalize to arbitrary k-dimensional second-order or-

dinary differential equations for which the right hand side f(x, t) is twice differ-

entiable with all continuous second partial derivatives. This is a notable specific

case of the general problem discussed in [109] since this may be represented as

2k-dimensional first-order system with continuous first-order partial derivatives.

In order to bring the bifurcation parameter into the dynamics rather than the

boundaries, the boundary value problem

r̈ = f(r, t) (3.20)

r(0) = r0 (3.21)

r(tf ) = rf (3.22)

may be reframed by a time change as

r′′ = tf f(r, τ) (3.23)

r(0) = r0 (3.24)

r(1) = rf (3.25)

where ′ denotes the derivative with respect to τ .

Consider the corresponding 2k dimension first-order system, x′ = F , as well as

Φ(τ), the state transition matrix solution to the first-order variational equations

associated with these dynamics

43



Φ′ =
∂F

∂x
Φ,Φ(0) = I2k (3.26)

x =

r
v

 ,F =

v
f

 (3.27)

and the boundary conditions represented as

0 = g(x(0),x(1)) =

r(0)− r0

r(1)− rf

 (3.28)

Then, [109] tells us that a sufficient condition for a branch point is that a

trajectory solves the boundary value problem, and in addition,

det

(
∂g

∂x(0)
+

∂g

∂x(1)
Φ(1)

)
= 0 =⇒ (3.29)

det


Ik 0

0 0

+

 0 0

Ik 0

Φ(1)

 = 0 =⇒ (3.30)

det


 Ik 0

Φrr(1) Φrv(1)


 = 0 =⇒ (3.31)

det(Φrv(1)) = 0 (3.32)

here Ik is the k-dimensional identity matrix.

To conclude, for a sufficiently smooth vector field corresponding to a second-

order ordinary differential equation and a two point boundary value problem with

boundary conditions only on the state variable (and not its derivative), we have
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found a test function for branch/bifurcation points in the number of solutions.

When the upper right block of the state transition matrix to the associated first-

order variational equations about the trajectory, det(Φrv), is zero, a change in the

number of solutions to the boundary value problem occurs when the bifurcation

parameter is varied around the value at the branch point.

We specifically were interested in the value of the independent variable at the

second boundary as the bifurcation parameter, but note that this assumption was

never used in proving the sufficiency of det(Φrv) = 0 to indicate the trajectory

is a branch point. The bifurcation parameter may be a more general part of the

dynamics or boundaries and this result will still apply.

We now apply this general result to prove that when the upper right block of

the Yamanaka-Ankersen or Clohessy-Wiltshire state transition matrix is singular,

the reference trajectory is a minimum time multi-revolution Lambert solution (a

branch point of the bifurcation problem depending on transfer time as a bifurcation

parameter).

Since the Yamanaka-Ankersen and Clohessy-Wiltshire state transition matrices

are given in a rotating coordinate system, the determinant of the upper right block

of the state transition matrix is invariant under a change of coordinates from an

inertial frame to the rotating RSW frame. The upper right block of the rotating

frame STM Φ′
rv in terms of the inertial frame STM Φrv is

Φ′
rv = T−1

f ΦrvT0 (3.33)

where T is the rotation transformation of position vectors from the inertial to

the rotating frame at the given epoch (final or initial). Since T is given by an
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orthogonal matrix, the determinants of the two STMs will be equal. Note that

preservation of the determinant does not necessarily hold for the other three blocks

from the STM. The change of coordinates yields products with skew symmetric

matrices from the velocity coordinate change in each of these [28].

Thus, the general theory of branch points in bifurcation problems for two point

boundary value problems applies to the specific problems we have encountered

here.

3.6 Two Impulse Formation Reconfiguration

We turn our attention to an application problem. Rather than attempting to target

a specific final relative position at a specific final time, it is of common interest to

attain or maintain some relative orbit. This is often specified in terms of differential

orbital element [27, 45, 72, 105] or relative orbital element set [86]. However, we

may equivalently consider the full Cartesian desired state of the deputy at some

reference epoch, as this will uniquely correspond to any of the relative or differential

orbital element sets. We employ the epoch of the initial impulse as our reference.

This is to say, we will be looking for a two impulse reconfiguration (∆v0,∆vf ) of

a deputy satellite beginning at x0 which will arrive at a final relative state xf that

also evolves from the ”desired” initial state x0 + δx0 without control. We study

the problem of determining ∆vf in the following equation:

Θ

(
x0 +

[
0 ∆v0

]T)
+

[
0 ∆vf

]T
= xf = Θ(x0 + δx0) (3.34)

In the reconfiguration problem, the terminal ∆v can be characterized solely by
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the transfer time and the difference in initial position of the actual and desired

states. In contrast, the initial ∆v depends on the relative initial velocities at the

initial time. We consider here only the terminal impulse and demonstrate the

appearance of transfer singularities in the analysis of its magnitude. The initial

relative position will affect the final velocity as mapped through Θvr, and the

relative velocity after the initial impulse (conveniently given by Θ−1
rv Θrrδr0) will

affect the final velocity as mapped through Θvv. Thus, the final impulse can be

given as

∆vf = (Θvr +ΘvvΘ
−1
rv Θrr)δr0 (3.35)

with the singular value decomposition of the mapping given by

(Θvr +ΘvvΘ
−1
rv Θrr) = UΣV T (3.36)

Figure 3.7 shows the singular values σi associated with the mapping in equation

3.35. The two singular values differ greatly in magnitude, and avoiding singular

transfer times is important in keeping the final impulse value low. Initial relative

positions that are multiples of the right singular vector v2 corresponding to the

lower singular value, σ2, are generally very close to exclusively in-track. To char-

acterize the direction of v2, we define the quantity β, the angle of v2 from the

radial axis, oriented such that β is 90 degrees at the positive in-track axis. We

plot β as a function of τ in Fig. 3.7. It is only at the singular transfer times

that the orientation changes and moves to the nullspace vectors from table 3.1.

Generally, the direction of the relative position vector at the first impulse is key in

determining the cost of the final impulse. Unless the transfer time is one for which

Θrv is singular, low cost final impulses are associated with in-track only initial

position differences. If achieving this is impossible without a high initial impulse,
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then choosing transfer times which minimize σ1 becomes important. Numerical

minimization demonstrates these transfer times are always approximately 0.062

reference periods away from a whole period.

Figure 3.7: On the left, the singular values of the mapping in equation 3.35 for
various transfer times. On the right, the angle from the radial axis of the vector
v2.

3.7 Conclusion

We have explored the probabilistic and debris/collision based interpretations of the

singularities in the relative motion transfer problem, finding a reduction in dimen-

sion of the support of a probability distribution or swarm of satellites at singular

times. This may have consequences in space situational awareness after a collision

as well as planning for the safe release of sub satellites from a single original vehicle.

Plots depicting singularities of transfers associated with elliptical reference orbits

warned mission designers of the possibility of encountering transfer singularities

for a wide variety of transfer times depending highly on the reference true anomaly

at the start of the transfer. When performing optimization of transfers, calculation

of the location of these singularities can be used to avoid infeasible transfers a pri-

ori. Next, we demonstrated the correspondence between infinite non-uniqueness

and uniqueness of transfers in the linear dynamics and nonlinear dynamics respec-
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tively. This is mainly of theoretical interest, but may yield an alternative method

of calculating how many multi-revolution Lambert solutions to expect in certain

cases. We framed the connection between the Clohessy-Wiltshire equations and

the multi-revolution Lambert problem in terms of general theory on the singularity

of the upper right block of a state transition matrix with branch points in the num-

ber of solutions to a two point boundary value problem associated with a system of

second-order ordinary differential equations. In doing so, we expanded the general

theory of bifurcations in boundary value problems by simplifying a general result

when applied to boundary value problems coming from second-order differential

equations. Finally, singularities in the upper right block of the Clohessy-Wiltshire

state transition matrix appeared in a singular value decomposition approach to

analyzing the magnitude of the final ∆v in a two impulse reconfiguration problem.

We showed two important heuristics for transfer duration and transfer initiation

in determining transfers which are optimal in the final ∆v. Future work lies in

exploring the possibility that these heuristics can make for a simple and effective

strategy to achieve nearly optimal two impulse reconfiguration in the total ∆v. It

is also possible that this work may offer inspiration in developing new methods to

quickly find the minimum time Lambert transfer.
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CHAPTER 4

FAST COMPUTATION OF LOCAL ENERGY OPTIMAL CONTROL

4.1 Introduction

With this chapter, we begin our study of higher-order approximations of the flow

of a dynamical system, and their use for optimal control purposes. Here, the use of

higher-order approximations is motivated to increase accuracy of a local model of

dynamics and optimal control as well as to represent energy, which is an inherently

quadratic quantity.

Trajectory and mission design problems often require bilevel optimizations to

determine optimal trajectories that balance mission goals with operational con-

straints. For example, Refs. [70, 116] deal with doubly bilevel optimizations of

formation flight behavior to determine the optimal observation schedule that max-

imizes science yield while minimizing control costs for coordinated flight of a tele-

scope and starshade in Sun-Earth space. In order to meet these objectives, a

traveling salesman type problem is posed to determine which stars to observe and

on what schedule. A proposed itinerary is judged partially on the basis of the

fuel costs to maneuver the starshade accordingly. The fuel cost for one leg of

the journey may be assessed by solving a continuous-thrust, optimal control prob-

lem. Thus, computation of multiple continuous-thrust optimal control problems

is just one step in evaluating the objective function for one proposed itinerary

when considering the overall scheduling problem. Efficient algorithms to solve

continuous-thrust, optimal relative control problems in the context of three-body

dynamics are necessary to facilitate solutions of this variety of bilevel optimization

problems. In particular, this work will primarily focus not only on computing the
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optimal control, but on quickly approximating the fuel cost of that optimal control.

The continuous-thrust optimal control of one satellite relative to another has

been extensively studied in the context of the two body problem [35, 19, 20, 17,

18, 21, 78]. These methods generally rely on the analytical form of the state tran-

sition matrix solutions to the Clohessy-Wiltshire or Tschauner-Hempel equations,

which are not available in the context of the three-body problem. On the other

hand, relative impulsive control of formations in the three-body problem has also

been well studied [36, 52, 53, 99] with some recent advances in continuous optimal

control. Franzini et al. [39] examined continuous-thrust control applied to relative

motion in the elliptical three-body problem using an adjoint method. While this

methodology improves fidelity and speed of computation, numerical integration is

still required each time a new optimal control problem is posed and may be un-

suitable for applications in which high computational speed of this subproblem is

required to render some overarching problem tractable. Park et al. [94] presented a

method using generating functions to solve optimal continuous-thrust rendezvous

problems, which generalizes well for use in the three-body problem where no an-

alytical form of the state transition matrix is known. While this approach allows

for solution of the problem with arbitrary boundary conditions after a single com-

putation of the generating function, the generating function must be recomputed

from scratch whenever the time of flight or initial epoch of the problem is adjusted.

Similarly, Boone et al. [11] achieved solutions of low thrust problems by differen-

tial dynamic programming with state transition tensors to obtain feedback control

laws for arbitrary motion near a reference orbit and over a specified time of flight.

Their more recent work on impulsive maneuvers has allowed for this method to

be extended to not just calculate for a single time of flight, but a neighborhood

of time of flight using one of two methods that store temporal derivatives or use
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Taylor approximations in time [12, 13]. However, these methods still do not work

for arbitrary initial epoch and arbitrary time of flight outside of some small region.

We aim to approximately solve continuous-thrust optimal relative control prob-

lems with arbitrary initial epoch, time of flight, and boundary conditions without

performing numerical integration online. We also seek to limit storage require-

ments from precomputed data, and to obtain fitness metrics related to fuel use

without numerical integration. In order to accomplish these goals, we begin by

reviewing the properties of the first and second-order variational equations. From

there, we will formulate a basic optimal control problem. Finally, we outline an

algorithm to precompute and interpolate variational data associated with a refer-

ence trajectory in the dynamical system of states and costates. Our interpolation

scheme is specially motivated by power series solutions of differential equations

and employs a variable order for each entry of the state transition tensor being

interpolated. The interpolated linear variational data yields initial costates which

approximately solve the optimal control problem after only a few matrix products

and the solution of a linear system twice the size of the initial state space. The

second-order variational data then allows for approximation of metrics related to

fuel use with another product involving the state transition tensor. Additionally,

the second-order variational data may be used in a Newton iteration scheme to find

more accurate solutions of the optimal control problem than would be available

with just the linear variational information. Examples of motion around a refer-

ence Halo orbit are used to evaluate the approximation error for these approaches

in a rendezvous setting.

A similar approach to precomputation and interpolation was taken by the au-

thors in a previous work considering only impulsive maneuvers applied to the rela-
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tive motion dynamics of a space-telescope working in conjunction with a starshade

[75]. Another recent approach to interpolating state transition tensors uses regular-

ization methods to distribute interpolation points effectively and then Chebyshev

polynomials to perform the interpolation [31]. This Chebyshev interpolation ap-

proach was used to propose a relative motion model for the Gateway mission, but

not employed in the context of calculating continuous-thrust maneuvers. Much of

the work in the present paper could be performed within the Chebyshev interpo-

lation framework; however, we explore interpolation leveraging cocycle conditions

and the form of series solutions to variational equations. The resulting interpola-

tion scheme is designed to work quickly and with low memory requirements when

generating coarse approximations of the cost to perform optimal control. We would

like to emphasize before deriving our approximation procedure that this work is

intended primarily for analysis and itinerary development on the ground and not

tailored for performing control onboard a satellite.

4.2 Interpolating Short Time State Transition Tensors

We examine the problem of approximatingΦ(αt, 0) with α ∈ [0, 1] given knowledge

of Φ(t, 0). The most straightforward way to approach this is entrywise linear inter-

polation between the state transition matrix over zero time, Φ(0, 0) (the identity

matrix), and the original state transition matrix being interpolated from, Φ(t, 0).

Φi
j(αt, 0) ≈ In + α(Φi

j(t, 0)− In) (4.1)

Error from the approximation in Eq. 4.1 will be quadratic in the time span t.

Here, we present a method for interpolating state transition tensors with the same

number of operations as entrywise linear interpolation, but with greater accuracy.
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This method exploits the structure of state transition tensors and the underlying

variational equations that produce them. We may approximate the first-order

variational equations over small spans of time by assuming that the Jacobian of

the dynamics stays approximately constant along the reference trajectory

dΦ(t, 0)

dt
≈ ∂F(x0)

∂x
Φ(t, 0), Φ(0, 0) = In (4.2)

The solution to this related equation is given by the matrix exponential

Φ(t, 0) ≈ eAt =
∞∑
k=0

tk

k!
Ak (4.3)

where we define A =
∂F(x0)

∂x
and A0 = In for convenience. Here, Ak denotes the

kth power of the matrix A. The STM along a subinterval is approximated by

Φ(αt, 0) ≈ eAαt =
∞∑
k=0

(αt)k

k!
Ak (4.4)

In components, as for small t

Φi
j(αt, 0) ≈ In + αP

i
j (Φi

j(t, 0)− In) (4.5)

where

P i
j = min{p ∈ N | (Ap)ij ̸= 0} (4.6)

That is, the terms of the STM along the subinterval are the original terms multi-

plied by powers of α where the power of α is determined by the first nonzero power

of A for which the given term in the matrix is nonzero. For example, energy op-

timal control in the circular restricted three-body problem as described later by

Eqs. 4.17 and 1.2 has a Jacobian that consists mostly of zeros. As the Jacobian is

multiplied with itself repeatedly, fewer and fewer terms remain zero. Figure 4.1 de-

picts the matrix P for energy optimal control in the circular restricted three-body

problem with generic initial conditions in the states and zero initial conditions in

the costates (corresponding to a reference trajectory undergoing natural motion).
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White regions in the graphical representation of P are those for which the matrix

exponential has zero values and the values of P are undefined and unnecessary.

Figure 4.1: The matrix P represents the lowest power of the Jacobian A where
the corresponding entry is non-zero.

Next, we considerΨ(t, 0) andΨ(αt, 0). The solution to Eq. 1.15 can be written

in power series in terms of unknown coefficient tensors BN as

Ψi
j,k(t, 0) =

∞∑
N=0

tN

N !
(BN)

i
j,k (4.7)

For small t

Ψi
j,k(αt, 0) ≈ αQ

i
j,kΨi

j,k(t, 0) (4.8)

where

Qi
j,k = min{p ∈ N | (Bp)

i
j,k ̸= 0} (4.9)

One could solve for the power series solution of Ψ and determine the unknown

coefficient tensors BN ; however, the simplest method to obtain the tensor Qi
j,k

is by numerically integrating Ψ for some short t and also t/2 and rounding the
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logarithm of their quotient

Qi
j,k = round

(
log2

(
Ψi
j,k(t, 0)

Ψi
j,k(t/2, 0)

))
(4.10)

We term this scheme entrywise leading order interpolation. Note that we have

written expressions for Φ(αt, 0), but assuming that the Jacobian of the dynamics

stays nearly constant over a short time interval, Φ(t0 +αt, t0) = Φ(αt, 0) for some

arbitrary t0 if t0 + αt ≤ t. The same is true for Ψ. The primary benefit of this

form of interpolation is that Eq. 4.5 only requires a single multiplication per entry

of the matrix. This means that we take almost as little time as entrywise linear

interpolation, but manage higher-order approximations for most entries. Only the

powers of α need to be calculated online when the desired value of α is known.

Note that P and Q need only be computed one time for a given dynamical system,

regardless of the reference orbit.

We emphasize that most terms in the STM and STT are well approximated

for small t by higher-order polynomials and not by linear functions. Thus, we

expect leading order interpolation to significantly outperform linear interpolation

of the STM and STT. To compare short time interpolation approximations using

entrywise linear interpolation (Eq. 4.1) with entrywise leading order interpolation

(Eq. 4.5), we refer to Fig. 4.7 which depicts the results of using either approx-

imation in the prediction of maneuver costs in the circular restricted three-body

problem. The resulting errors are two orders of magnitude lower when leading

order interpolation is used instead of linear interpolation.
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4.3 Optimal Control Problem

We examine the energy optimal unconstrained thrust problem as outlined in [16,

70]. While energy is not the most applicable metric for fuel use, this problem is

more tractable for treatment with variational equations than the fuel optimal and

bounded thrust problems, which possess discontinuous derivatives in the mass or

costate equations stemming from the switching function in the bang-bang control

[16].

The governing dynamical system without control is given by Eq. 1.5. For

example, later in this paper, we will specifically analyze optimal control in the

circular restricted three body problem given by Eq. 1.2, though we emphasize

that the dynamical system employed can be as arbitrary as that given by Eq.

1.5. We seek to satisfy twelve boundary conditions on the initial and final states

which are each six dimensional vectors consisting of three dimensional position and

velocity x = [rT vT ]T

x(t0) = x0, x(tf ) = xf (4.11)

Simultaneously, we seek to minimize the quadratic integral in the control vector u

J =

∫ tf

t0

1

2
uTu dt (4.12)

The Hamiltonian corresponding to this problem and the dynamical system given

by Eq. 1.5 is

H =
1

2
uTu+ λTF+ pTu (4.13)

where λ is a six dimensional collection of costates and p = (λ4, λ5, λ6)
T . The

resulting system of twelve ordinary differential equations is given by Eq. 1.5 aug-

mented with the control u on the last three components and

d

dt
λ = −

(
∂F(x)

∂x

)T
λ (4.14)
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A two-point boundary value problem arises from Eqs. 1.5 and 4.14 along with

the boundary conditions from Eq. 4.11. Solution of this system yields the optimal

control effort u = −p as a function of the initial costates after integration of the

system. From these, Eq. 4.12 can be integrated and the performance metric can be

evaluated. Typically, repeated numerical integration as a part of a shooting method

is required for the solution of this indirect optimal control problem. Note that the

solution of the two-point boundary value problem gives only necessary conditions

for an optimal trajectory and that the generalized Legendre–Clebsch conditions

along the trajectory should be checked as an additional necessary conditions for

local optimality,

∂2H

∂u2
> 0 (4.15)

We attempt to perform numerical integration of variational equations ahead of time

to avoid numerical integration each time a new optimal control problem needs to

be solved online. By using the variational equations, we assume that our optimal

control occurs in a neighborhood of some reference trajectory.

4.4 Approximate Optimal Relative Control

Assume an uncontrolled reference trajectory with initial conditions x(0) = x0,

following the dynamics given in Eq. 1.5 until it reaches state x(tf ) = xf at some

final time tf . This reference trajectory represents the natural motion of some chief

satellite under a given set of dynamics. We are interested in controlling another

nearby deputy satellite with initial state x0 + δx0, so that it arrives at the final

desired state xf + δxf at some time tf . δx(t) is the relative state at time t and

gives the difference in state between the deputy and chief satellite states.
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We now turn to the approximation of solutions to our optimal control problem

and the performance metric. Consider the augmented state vectors for the reference

trajectory

y = [xT λT ]T , z = [xT λT J ]T (4.16)

We may calculate the solutions to the first and second-order variational equa-

tions as described in Section 1, applied to the augmented system for z

d

dt
z = G(z) =

[(
F(x)T +

[
0 uT

])
−λT

(
∂F(x)

∂x

)
1

2
uTu

]T
(4.17)

In particular, the variational equations can be solved about the reference trajec-

tory without control applied. In this case, the initial costates of the reference orbit

are all set to zero (λ0 = 0). The resulting state transition matrix Φ and tensor

Ψ can be used to approximately describe natural and optimally controlled motion

in the vicinity of the reference trajectory. Note that even though the costates of

the reference trajectory will stay zero over the entire trajectory, the sensitivity of

states to variations in the initial costates reflected in the STM and STT will not

be zero since the first six components of the dynamics G(z) depend linearly on the

control u which is given by the last three costates. The optimal control problem

of relative motion given a specified initial relative state δx0 and final relative state

δxf can then be solved up to first-order in the following manner:

δλ0 ≈ (Φx
λ(tf , t0))

−1 (δxf −Φx
x(tf , t0)δx0) (4.18)
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where

Φa
b(tf , t0) =

∂a(tf )

∂b(t0)
(4.19)

However, the performance metric J(tf ) = Jf cannot be approximated by the

first-order variational equations given that it is defined by a quadratic term (it can

be approximated, but only trivially as zero). For this, we require the second-order

variational equations:

Jf ≈
1

2
ΨJ

y,y(t0, tf )δy0δy0 (4.20)

with

Ψa
b,c(tf , t0) =

∂2a(tf )

∂b(t0)∂c(t0)
(4.21)

Since J is an inherently quadratic quantity, ΦJ
a = δJa where δJa is the Kronecker

delta. A consequence of this fact is that the generalized cocycle conditions (Eq.

1.16) for the energy component of the second-order state transition tensor are

independent of other components of the second-order state transition tensor:

ΨJ
j,k(t2, t0) = ΨJ

l,m(t2, t1)Φ
l
j(t1, t0)Φ

m
k (t1, t0) +ΨJ

j,k(t1, t0) (4.22)

Additionally, we may improve the approximation of δλ0 from Eq. 4.18 by using

Newton’s method to numerically solve Eq. 4.23 for δλ0 given δx0 and δxf :

δxf ≈ Φx
yδy0 +

1

2
Ψx

y,yδy0δy0 (4.23)

where the Jacobian Φx
λ is used as the derivative in the Newton iteration scheme.

Note that the reference trajectory is trivially the globally optimal solution of the en-

ergy minimal control problem with boundary conditions x(0) = x0 and x(tf ) = xf

given that it satisfies the boundary conditions without any control effort. The

generalized Legendre–Clebsch condition is satisfied along the reference trajectory,
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and further, ∂2H
∂u2

> 0 on a neighborhood around the reference trajectory. For suf-

ficiently small δx0 and δxf as well as nonsingular Φx
λ(tf , t0), the generalized Leg-

endre–Clebsch condition will also be satisfied along the controlled deputy satellite

trajectory, ensuring that the control is a local minimum for the cost function in

Eq. 4.12.

To summarize: given an initial time t0, final time tf and a reference trajectory

we can compute the STM and STT associated with energy optimal control around

that reference orbit by integrating Eqs. 1.9 and 1.15 with the vector field given

by Eq. 4.17. In the case of an original dynamical system that is 6-dimensional,

the resulting system will be 13-dimensional consisting of states, costates, and the

energy cost. Given a relative motion boundary value problem where initial relative

state δx0 and final relative state δxf are specified, Eq. 4.18 or Eq. 4.23 allow for

a solution of δλ0 directly or by Newton iteration, respectively. This solves our

optimal relative motion control problem, up to first or second-order. The states,

costates, and energy can be propagated from this initial solution by using the

second-order approximation of the dynamics. In particular, the maneuver cost is

given by Eq. 4.20. In this manner, we can approximately solve for the cost of any

relative optimal control problem with arbitrary boundary conditions sufficiently

close to a reference orbit given a fixed initial epoch and time of flight for the

reference trajectory.

4.5 Precomputation of Variational Data

In order to expand our methodology to solve optimal relative control problems with

arbitrary boundary conditions as well as arbitrary initial epoch and time of flight
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along a reference orbit, we turn to cocycle conditions and develop a methodology

to interpolate variational data.

We detail an algorithm consisting of a precomputation and storage phase, along

with a second online phase in which specific optimal control problems are solved.

The precomputation assumes a given reference orbit, specified by initial conditions

as well as a time range. For a periodic orbit, the time range can be assumed

infinite. A discretization size of 2m given m ∈ N is chosen and the time range

or period is broken into 2m intervals of equal length. Along each interval, the

reference trajectory variational equations are integrated, and the first and second-

order state transition tensors Φ(∆m,j),Ψ(∆m,j) along the intervals ∆m,j are stored

with

∆m,j =

(
T0 +

Tf − T0
2m

j, T0 +
Tf − T0

2m
(j + 1)

)
(4.24)

where T0 and Tf give the initial and final epochs of the reference trajectory under

consideration. For a periodic orbit T0 is assumed to be zero, and Tf is the period

of the orbit.

The cocycle property and generalized cocycle property in equations 1.12 and

1.16 can be used to calculate and store Φ(∆i,j),Ψ(∆i,j) for decreasing values of i

from m−1 to 0. This yields precomputed variational data at m+1 different levels

of discretization, all the way from our original finest discretization on up to state

transition tensors for the entire reference trajectory (or periodic orbit) at i = 0.

Figure 4.2 depicts the multi-level discretization of a periodic orbit. In it, ∆i,j is

shown for various indices along the first half of the orbit up to the mth level of

discretization. While our method is depicted with a periodic orbit, it will work for

finite time horizons on non-periodic orbits without modification. This can be useful

when modeling in a higher fidelity model where the reference satellite performs
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Figure 4.2: A notional multi-level discretization of a periodic orbit with the halfway
point in time labeled.

trajectory correction maneuvers, and the reference trajectory can be recomputed

and used between each of these. This concludes the precomputation step of the

algorithm, which requires approximately 2m+1(2n)2 floating point entries of data

to be stored for the first-order state transition tensor, an additional 2m+1(2n)2

entries for the second-order sensitivity of the performance metric J , and optionally

2m+1(2n)3 entries for Ψy
yy where n is the dimension of the state variables and 2n

is the dimensions of the combined states and costates. Note that in order to use

second-order terms to find an improved set of initial costates, Ψx
y,y is all that

is required for Eq. 4.23. However, unlike the STT associated with energy J , an

STT associated with the states over a given time interval Ψx
yy(t2, t0) depends on

the STT associated with costates along a smaller subinterval Ψλ
yy(t1, t0) in the

generalized cocycle conditions from Eq. 1.16. Thus, the STTs for the states and

costates must be stored along intervals even if the STTs for costates do not need

to be known for their own sake. For a relatively fine discretization (m = 7 giving
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slightly less than single day precision on a six month Sun-Earth L2 Halo orbit),

and storage of all first and second-order variational information in double precision

format, storage requirements amount to approximately 4 megabytes which fits

manageably within the RAM of a modern desktop computer. Cutting second-

order variational information that does not pertain to fuel usage (since Eq. 4.22

only relies on portions of the second-order state transition tensor), leads to memory

usage on the order of hundreds of kilobytes. In the future, a method of storing

sparse directional variational data rather than the whole variational system could

cut storage requirements by orders of magnitude at some cost to accuracy [14]. A

Fourier representation of the variational data along a periodic orbit may also be

a possible way to reduce storage costs though we do not explore that further here

[50]. A cubic spline interpolation framework has also been suggested [31].

For the online stage of the algorithm, many optimal relative control problems

may be solved in succession. Given arbitrary t0, tf in the time range corresponding

to the precomputed reference trajectory, Φ(tf , t0),Ψ(tf , t0) are computed with the

cocycle conditions by piecing together precomputed state transition tensors.

Specifically, the lowest index i∗ is found where there exists j∗ such that ∆i∗,j∗ ⊆

(t0, tf ). From here, the process is repeated on the left and right disconnected

portions of the original interval with the inner interval removed, (t0, tf ) \ ∆i∗,j∗ .

A running approximation of the state transition tensors is kept using the cocycle

conditions. This continues until i = m, at which point O(m) operations have taken

place and the state transition tensors approximations are Φ(t′f , t
′
0),Ψ(t′f , t

′
0) where

0 ≤ t′0 − t0, tf − t′f ≤ (Tf − T0)2−m.

We approximate Φ(t′0, t0),Ψ(t′0, t0) as well as Φ(tf , t
′
f ),Ψ(tf , t

′
f ) and then use

the cocycle conditions to augment Φ(t′f , t
′
0),Ψ(t′f , t

′
0) and come up with our final

64



approximation of Φ(tf , t0),Ψ(tf , t0). We may use the entrywise leading order

interpolation scheme from equations 4.5 and 4.8 where α =
t′0−t0
∥∆m,j∥ given that

(t0, t
′
0) ⊆ ∆m,j or α =

tf−t′f
∥∆m,j∥ given that (t′f , tf ) ⊆ ∆m,j.

With approximations for Φ(tf , t0) and Ψ(tf , t0) obtained in O(mn3) and

O(mn4) operations, respectively (due to matrix and tensor multiplication in the

cocycle equations), we may solve Eq. 4.18 with cost dominated by a single solution

of an n dimensional linear system with O(n3) complexity. Any future boundary

value problems with the same boundary times can be solved in O(n2) time as long

as the relevant LU factorization is stored from the first solution of Eq. 4.18. The

estimate of the performance metric in Eq. 4.20 also only requires O(n2) operations.

A relevant question is how to choose the level of discretization m. This choice

will vary based on the dynamical system, specific reference orbit, and the relative

tolerance for error. In order to tune m, one can examine each of the smallest

subintervals, approximating the STM and STT along one half of the subinterval

by entrywise leading order interpolation. These approximations can be compared

against the true value of the STM along the half subinterval. The norm of their

difference normalized by the norm of the true STM gives an approximation for

the relative error in forward computations involving the STM. The level of dis-

cretization, m, can be increased until this relative error approximation is at an

acceptable level. To check whether a given m satisfies specific absolute tolerances

for computations with bounded relative states over bounded control time horizons,

one can perform comparisons of full fidelity calculations against their approximate

counterparts when the control time windows are chosen to begin and end at mid-

points of the smallest subintervals. The largest distances within that region of

application, and the longest time horizons for control should be used as these will
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generate the highest absolute errors. See Fig. 4.5 and Fig. 4.6 as well as relevant

discussion for an example of this process.

It is worth emphasizing that the computation of the STM and STT ahead of

time could need to be repeated if for any reason the reference orbit of interest

changes over time. In this situation, the computation of the STM and STT along

each subinterval takes the same amount of time as it would to calculate one single

sweep of the STM and STT over the whole period of interest. In the case of a

periodic orbit, this would amount to around one to two orders of magnitude more

computation time than the very standard operation of numerically integrating the

STM to find the monodromy matrix of the original six-dimensional dynamical

system.

4.6 Applications

4.6.1 Controlled Circular Restricted Three Body Problem

The equations of motion for the circular restricted three-body problem are given

in the synodic frame as

F(x) =



ẋ

ẏ

ż

2ẏ + ∂U
∂x

+ ux

−2ẋ+ ∂U
∂y

+ uy

∂U
∂z

+ uz


(4.25)
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where the state vector is x = [x, y, z, ẋ, ẏ, ż]T , u = [ux, uy, uz]
T denotes the control

acceleration, an over dot denotes time derivative, and U(x, y, z) =
1− µ∗

||r1||
+

µ∗

||r2||
+

x2 + y2

2
is the effective potential given the reduced mass µ∗ =

m2

m1 +m2

for the

two primary bodies with mass m1,m2 located along the x-axis at [−µ∗, 0, 0] and

[1 − µ∗, 0, 0] with respect to their common barycenter at the origin. r1, r2 give

the position of the satellite of interest with respect to the two primary bodies

respectively [70].

Figure 4.3: The reference Sun-Earth L2 Halo orbit in canonical distance units.

We present an example around a Sun-Earth L2 Halo orbit with initial out-of-

plane position of 986,000 km shown in canonical units in Fig. 4.3. Note that all

numerical integration from this point forward is performed with an Adams/BDF

adaptive step method with absolute local truncation error kept below 10−8 in

canonical units, though fixed time step methods are typically recommended for

STM and STT computation [97]. We show the cost for a deputy satellite to ren-

dezvous with the reference orbit after two weeks when the deputy begins on a

10,000 km radius sphere centered at the reference orbit initial position with the

same rotating frame velocity as the reference satellite. While our methodology al-
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lows for computation of transfers to and from arbitrary relative states, we chose the

rendezvous problem from a sphere to the origin in order to reduce the dimensions

of the space for visualization and demonstration purposes. A radius of 10,000 km

was chosen to stress the method, and because this value is on the order of distances

proposed in starshade mission design [70]. In that application, the starshade nom-

inally transfers between points on some baseline sphere around the telescope while

maintaining zero relative inertial velocity at the boundaries to enable observation

of exoplanets. However, the cost of transfers between arbitrary points on the sphere

in this application setting is difficult to visualize given the four-dimensional design

space. Figure 4.4 shows eight examples of energy optimal rendezvous trajectories

from points on the 10,000 km sphere to the reference trajectory at the origin. Ini-

tial costates for the rendezvous were solved with Newton iteration on Eq. 4.23,

and then the states and costates were propagated with the same equation. Note

that the out-of-plane rendezvous trajectory stays approximately rectilinear.

Figure 4.4: Eight examples of the two week rendezvous trajectories from the 10,000
km sphere around the reference orbit.

The control cost J from Eq. 4.12 is given in Fig. 4.5, where initial position on

the sphere is parameterized by the ecliptic longitude θ, measured counterclockwise
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from the x-axis, and the ecliptic latitude Φ, measured from the ecliptic. This

figure takes less than a second to generate using the second-order approximation

to the initial costate solution and the second-order approximation to the cost

J . We see that the optimal control cost varies by about 25% of its maximum

value depending on the initial location, with lowest cost starting relative positions

roughly orthogonal to the reference orbit to Sun vector. This feature was found

in almost no computation time at all; however, we are more interested in the

methodology and how it performs.

Figure 4.6 shows the error in the final position in kilometers of the deputy

satellite given the control derived in two different ways: first, by solving for a

second-order approximation in Eq. 4.23 using Newton’s method (with a 10−8 tol-

erance), and second by the first-order approximation in Eq. 4.18. These errors

are calculated by direct numerical integration of the initial states and costates

calculated by the two approximation methods. Errors in the final position are

on the order of 0.01% and 0.1% of the distance traversed for the second-order

and first-order approximations, respectively. In simulations below 1,000 km dis-

tances, negligible difference in the position error between the two approximations

is achieved, while the error from the linear approximation varies linearly with the

distance. As relative distances increase beyond 10,000 km and exceed 100,000

km, the final position error rapidly increases, as the approximated optimal con-

trol problem becomes increasingly far removed from the actual optimal control

problem.

Figure 4.5 also shows that errors in the estimated control cost from Eq. 4.20 are

on the order of 0.1% percent of the actual cost computed by numerical integration

along the approximately computed trajectory. This means that the second-order
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state transition tensor gives a reliable indicator of the performance metric of the

optimal control that we can calculate without online numerical integration. In-

terestingly, the error is zero seemingly along a great circle on the sphere of initial

locations of the deputy satellite. This great circle also happens to correspond to

the locations of minimal cost rendezvous.

J(cm2/s3) |δJ |(cm2/s3)

Figure 4.5: The rendezvous control cost approximated by second-order state tran-
sition tensor and the error in its approximation versus numerical integration.

||δrf ||(km) ||δrf ||(km)

Figure 4.6: The error in final position due to the approximation of the rendezvous
optimal control by second-order and first-order methods respectively.

We examine the worst-case error when computing the energy cost J using STTs

at the m = 7 level of discretization (the finest level of granularity is a little over

a day) for 5,000 randomly generated transfers from the 10,000 km sphere around

the chief satellite to the chief satellite. This test is conducted over time spans
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from 1 to 30 days. Worst-case error is achieved by employing approximated STTs

at the end points of the transfer with exactly half the time span of the finest

discretization. We see in Fig. 4.7 that error in approximations of cost due to

interpolation for 1 to 30 day rendezvous remains below around 0.1 percent of the

actual value of the maneuver cost when leading order interpolation is used in the

approximation of the STTs at the endpoints. There exists a small bias in the error,

such that energy cost of a maneuver tends to be slightly overestimated. On the

other hand, when linear interpolation is used for the STTs at the endpoints, we

witness up to 30 percent errors in the maneuever cost. In this case the bias in the

calculation dwarfs the support of the distribution of the 5000 points, so that each

distribution appears only as a point relative to the scale of the graphs. This serves

as evidence of the efficacy of leading order interpolation of linear interpolation

for our present problem. The nominal 0.1% effect of the error at the scale of

Figure 4.7: Distribution plot of rendezvous cost error from leading order (left) and
linear (right) STT interpolation.

single-day transfers may be sufficient as it is on the same level of fidelity as the

use of the STT approximation in the first place as seen in Fig. 4.5. Fidelity may

be additionally tuned to desired levels by refining the discretization. Accuracy

needs will vary by application, but discretizations with minimum times around

one day or m = 7 are reasonable in the approximately 0.1 percent error created

during interpolation. Any reduction in this error will be balanced by increased
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memory costs and very small increases in online computational costs due to the

number of matrix multiplications required to form the state transition tensors from

precomputed components. Dynamical systems that are more sensitive to initial

conditions magnify the approximation error in short time STMs as they are used

to form a longer time STM. This means that finer discretizations may be required

when computing approximate models of relative motion and optimal control in the

vicinity of near rectilinear Halo orbits in the Earth-Moon system.

4.6.2 Sensitivity to Earth’s Eccentricity

We have presented an application of the STT indirect optimal control interpolation

methodology in the circular restricted three-body problem approximation of the

Sun-Earth system, but the question remains whether results yielded from this

approach on a low fidelity model are valid in higher fidelity models of this system.

To answer this question, we examine the sensitivity of our results to the eccentricity

in the equations of motion for the elliptical restricted three-body problem (ER3BP)

[120].

F(x) =



ẋ

ẏ

ż

2ẏ + ∂U
∗

∂x
+ ux

−2ẋ+ ∂U
∗

∂y
+ uy

∂U
∗

∂z
+ uz


(4.26)

where the state vector in pulsating coordinates is x = [x, y, z, ẋ, ẏ, ż]T , u =

[ux, uy, uz]
T denotes the control acceleration, an overdot denotes time derivative,
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and the effective potential is given by

U
∗
(x, y, z) =

(
1− µ∗

||r1||
+

µ∗

||r2||
+
x2 + y2 + z2

2

)
1

1 + e cos ν
− z2

2
(4.27)

where ν is the true anomaly of the secondary in its elliptical orbit around the

common barycenter. r1, r2 give the position of the satellite of interest with respect

to the two primary bodies respectively in pulsating coordinates.

For optimal control in the ER3BP, it is important to scale the cost function so

that acceleration in a non-pulsating coordinate frame is considered, leading to the

energy integral.

J =

∫ tf

t0

(1 + e cos(ν))2

2(1− e2)2
uTu dt (4.28)

The differential equation for the costates remains the same as in Eq. 4.14, but the

control law is given in pulsating coordinates by

u = −
(

1− e2

1 + e cos(ν)

)2

(λ4, λ5, λ6)
T (4.29)

We may examine sensitivity to eccentricity by including the parameter in our

augmented state vector and describing the parameter as evolving with a zero time

derivative. As noted before, this is not the most efficient method for computing the

sensitivities, but is easy to implement in the current STM and STT computational

framework with the cost being unnecessary multiplications with the value zero

during numerical integration.

z∗ = [xT λT J e]T (4.30)

d

dt
z∗ = G∗(z∗) =

[(
F(x)T +

[
0 uT

])
−λT

(
∂F(x)

∂x

)
(1 + e cos(ν))2

2(1− e2)2
uTu 0

]T
(4.31)

When taking the Jacobian and Hessian of the vector field given in Eq. 4.31, the

first and second partial derivatives of ν with respect to e evaluated at e = 0 are
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required. These may be obtained from the series expansion for the equation of

center [114]. They are

∂ν

∂e

∣∣∣
e=0

= 2 sin(t) (4.32)

∂2ν

∂e2

∣∣∣
e=0

= 5/2 sin(2t) (4.33)

In the second-order Taylor expansion of z∗ with respect to initial states, costates,

and the eccentricity of the system, a change in the eccentricity parameter manifests

itself in energy cost changes through the mixed partial derivative with respect to

e and y. As a result, the second-order approximation of relative position becomes

dependent on the STM and STT associated with G∗ integrated around the original

trajectory with e = 0 as the nominal value of the parameter.

δxf ≈ (Φx
y +Ψx

y,ee)δy0 +
1

2
Ψx

y,yδy0δy0 (4.34)

while Eq. 4.20 for the performance cost remains the same up to second-order.

Given an eccentricity value of 0.01671 for the Earth, we quantify the effects of

modeling eccentricity on energy costs by comparing the second-order approxima-

tion of energy cost from solving Eq. 4.34 and employing Eq. 4.20 versus solving

Eq. 4.23 instead. Figure 4.8 shows that the energy cost calculated using Eq. 4.34

and Eq. 4.20 is indistinguishable to the eye when compared with Fig. 4.5 ex-

cept for a nearly constant increase in the value. The relative changes (neglecting

the constant increase) in the energy cost from eccentricity effects are on the or-

der of less than one part in one hundred with respect to the cost anticipated by

the CR3BP model. This suggests that the CR3BP model is useful for comparing

the cost of relative motion optimal control between different relative states in the

vicinity of Halo orbits in the Sun-Earth system. In this simulation, the Earth was

assumed to be at perihelion at the initial epoch.

The sensitivity approach taken above to incorporating eccentricity effects allows
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J(cm2/s3) |δJ |(cm2/s3)

Figure 4.8: The ER3BP rendezvous control cost approximated by second-order
state transition tensor and its difference with that calculated using the CR3BP.

one to avoid the problem of finding a corresponding reference orbit in the ER3BP.

We present in Fig. 4.9 and Fig. 4.10, the calculation of optimal control costs and

errors around an explicit orbit in the ER3BP system. The corresponding orbit

we chose was found by taking the initial conditions for the previous Halo orbit,

scaling to pulsating coordinates, and performing differential correction to find an

orbit which kept the same original out-of-plane amplitude that would intersect the

x, z-plane with velocity perpendicular to the plane. With these initial conditions,

we used Eq. 4.31 (without the tracking the last zero term corresponding to the

eccentricity parameter in this case) with Earth’s eccentricity value of e = 0.01671

to generate Fig. 4.9 and Fig. 4.10 in exactly the same manner that Eq. 4.17 was

used to generate 4.5 and Fig. 4.6. This shows that the approximation error from

using the STM and STT in the ER3BP is almost identical to the CR3BP case,

though the energy cost is larger by a constant shift than either the CR3BP or

the CR3BP with eccentricity sensitivity calculations predicted. The larger, almost

constant, shift in the energy cost in this calculation versus the calculation using

Eq. 4.34 could come from the specific choice of orbit corresponding to the original

Halo, or also from the fact that by not examining sensitivities up to 3rd order
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in z∗, the sensitivity of energy cost to eccentricity showed up only indirectly in

the Eq. 4.34, and not explicitly in a correction to Eq. 4.20. Note that in both

simulations, we considered the same 10,000 km sphere of initial conditions, and

needed to scale the distances to pulsating coordinates so that the true distances

would match between the CR3BP test case and the ER3BP test cases.

J(cm2/s3) |δJ |(cm2/s3)

Figure 4.9: The rendezvous control cost approximated by second-order state tran-
sition tensor and the error in its approximation versus numerical integration in the
ER3BP.

||δrf ||(km) ||δrf ||(km)

Figure 4.10: The error in final position due to the approximation of the rendezvous
optimal control by second-order and first-order methods respectively in the ER3BP.
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4.7 Conclusion

We have presented an algorithm for solving any continuous-thrust energy-optimal

relative transfer sufficiently close to a given reference trajectory regardless of

boundary times or values. Our treatment is agnostic of the specific dynamical

system, and the choice of reference orbit; however, ‘sufficiently close’ amounts to

deviations approximately 1 percent of the extent of the reference orbit in the Sun-

Earth L2 Halo orbit cases tested. This algorithms consists of a precomputation

phase, in which the state transition matrix and second-order state transition ten-

sor associated with energy optimal control of the dynamical system are stored over

subintervals of the reference orbit at various levels of discretization size. During

the online portions of the algorithm, state transition matrices and state transition

tensors are composed using cocycle conditions and are interpolated at the end

points of the time interval of interest using a novel interpolation method that ex-

ploits the structure of variational equations over short time periods. This leading

order interpolation method takes as many operations as linear interpolation but

with higher-order accuracy in some terms of the matrices and tensors, depending

on the placement of zeros in the Jacobian of the dynamical system. The algo-

rithm requires on the order of megabytes of memory for precomputed variational

data in nominal Sun-Earth L2 Halo orbit cases tested, and requires only a small

number of matrix/tensor multiplications and solutions of linear systems during the

online segment of the algorithm. Importantly, there are no numerical solutions of

either ordinary or partial differential equations during the online segment of the

algorithm. This leads to fast approximation of solutions which may enable the

solution of future problems involving bilevel optimizations. Starshade observation

schedule optimization for exoplanet direct imaging missions is one such applica-

tion in which a bilevel optimization could be necessary. For this application or
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others, it is important to validate that solutions to the unconstrained optimal con-

trol problem do not violate operational constraints on thrust magnitude. Error

analysis dependent on the extent of the relative motion in the given system is

also important to assure that this algorithm can reasonably be applied in a given

situation with either linear or second-order approximations.

A drawback in this method is that only control that is locally optimal about

the reference trajectory is considered and the globally optimal control may not

be described by the variational equations. Some of this methodology will also

fail when the sensitivity of states to costates is singular along a given reference

trajectory. Another fundamental limit of this method is its inability to be ap-

plied to fuel optimal control problems which lack the requisite smoothness and

under which uncontrolled trajectories are singular in some variational sense. Our

precomputation method excels when a periodic orbit is known ahead of time, as a

finite amount of data can be used to represent the trajectory for all time. However,

this methodology can be applied as is to non-periodic orbits over finite horizons.

STTs must be recomputed and stored again once that finite time horizon has

been passed. While keeping these limitations in mind, the precomputation and

interpolation approach taken in this paper is a valuable tool to speed up trajec-

tory optimization and optimal control cost estimation in the vicinity of a known

reference orbit.
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CHAPTER 5

APPROXIMATE SOLUTION OF THE PASSIVE ANGLES-ONLY

ORBIT DETERMINATION PROBLEM

5.1 Introduction

It is a well-known problem that the range between two satellites is unobservable in

passive (without maneuvers from the observer or observed satellite), angles-only,

relative orbit determination when using a linearization of the dynamics about a sin-

gle sensor [135]. On the other hand, recent works have determined the scale of rel-

ative motion from angles-only measurement by employing nonlinear models of the

dynamics. A few works solve polynomial equations arising from second and third-

order approximations of the nonlinear dynamics. Some of these methods employ

homotopy continuation methods from algebraic geometry or successive approxima-

tions to solve the multivariate systems of polynomial equations [85, 132, 133], while

another performs approximations to obtain an up to 15th order polynomial in a

single variable that can be solved by standard methods for polynomial root finding

[98]. Another recent work determines the minimum rate of change of the observa-

tion angle over time to determine the scale of certain relative orbits in the 2-body

problem, using this technique to perform orbit determination when high frequency

arc-second-level accuracy measurements are available [137]. Other methods rely

on solving a nonlinear least squares problem. In order for nonlinear least squares

algorithms to converge consistently, the initial guess of the scale of the orbit must

be close to the true scale. Current algorithms employ bisection methods over the

initial scale guess as a means to guarantee convergence at the cost of inefficiency in

A previous version of this work was presented at the January 2023 Spaceflight Mechanics
Conference in Austin, TX as AAS paper 23-161.
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the nested optimization [6, 5]. Other approaches use an iterative method to solve

the problem on an observable subspace, while using a sampling method to solve

the problem in the orthogonal subspace [64]. Additionally, much work has been

performed in solving for the scale of a relative orbit when the camera is offset from

the center of mass of a satellite [42, 44, 47, 48], or when multiple cameras are used

with a known relative positioning [77].

In this work, we will fuse the approach of solving a nonlinear least squares

problem with the use of quadratic models of the relative motion to solve the pas-

sive, angles-only, relative orbit determination problem without camera offsets or

multiple cameras. Rather than performing nested optimization to make the solu-

tion of the nonlinear least squares problem feasible, we provide a fast method for

approximating the scale of the relative orbit, which allows a standard, nonlinear

least squares solving algorithm such as Gauss-Newton to successfully converge to

a solution. Our initial guess generation involves solving an overdetermined eigen-

value problem and relies on state transition tensors as a theoretical underpinning,

but can be implemented with only state transition matrix calculations. We will

begin by briefly reviewing the theory behind state transition matrices and higher-

order state transition tensors. From there, we will present the nonlinear least

squares problem associated with passive, angles-only, relative orbit determination

as well as the range-ambiguous linear least squares solution for the relative state.

Since the direction of the initial relative state vector is known approximately, we

will demonstrate that an overdetermined eigenvalue problem naturally arises to

determine the unknown scale. The main contributions of this paper lie in devel-

oping two algorithms for approximating the scale of the relative of orbit. The

first method approximately minimizes a least squares problem associated with

the overdetermined eigenvalue problem in a novel manner involving the Moore-
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Penrose pseudo-inverse. The second method also gives a novel means of solving

the overdetermined eigenvalue problem in a least squares sense, but performs the

minimization exactly by constructing an equivalent quadratic eigenvalue problem

and solving this by forming the equivalent linear eigenvalue problem in twice as

many dimensions. We assess the performance of this method for a Geostationary

observer orbit, as well as the proposed NASA Gateway Earth-Moon Near Recti-

linear Halo Orbit. Finally, we present an error covariance study of solutions as

a function of number of observations, observation window duration, and relative

orbit geometry.

5.2 Methodology

5.2.1 Problem Statement

We pose the following nonlinear least squares problem to find the six-dimensional

inertial state x0 = [rT0 vT0 ]
T consisting of position and velocity for the observed

satellite at the initial time t0:

min
x0

∑
i

∥li × δri∥22 (5.1)

where li is the unit vector in the direction of the observation at ti, and δri is the

position of the observed satellite relative to the sensor at the time ti as a function

of x0. The measurement unit vectors li throughout this paper will be modeled with

additive measurement error wi modeled with the QUEST measurement model:

E(wi) = 0, E(wiw
T
i ) =

σ2

2

(
I3 − lil

T
i

)
= Σi (5.2)

given a sensor noise standard deviation σ and the 3 by 3 identity matrix denoted

as I3 [110].
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5.2.2 Initial Guess Generation

The main novelty of this work lies in the method to generate an approximate solu-

tion to the nonlinear least squares problem from Eq. 5.1. We begin by examining

the solution to the linearization of Eq. 5.1:

min
δx0

∑
i

∥[li]×Φr(x0; ti, t0)δx0∥22 (5.3)

where Φr(x0; ti, t0) is the submatrix consisting of the upper three rows of the STM

Φ(x0; ti, t0) associated with the sensor orbit, δx0 is the initial state of the observed

satellite relative to the observer satellite, and

[l]× =


0 −l3 l2

l3 0 −l1

−l2 l1 0

 (5.4)

is the skew-symmetric, cross-product equivalent 3 by 3 matrix. Due to well-known

linear observability issues, the solution to the linear least squares problem in Eq. 5.3

is not unique [135]. However, by definition of the singular value decomposition and

its connection to constrained optimization of a linear function, the unique solution

up to a sign with unit norm is given by the right singular vector corresponding to

the smallest (sixth largest) singular value of the following 3n by 6 matrix:

A =


[l1]×Φ

r(x0; t1, t0)

...

[ln]×Φ
r(x0; tn, t0)

 (5.5)

We denote this range ambiguous (unit-normed) linear solution to the relative orbit

determination problem x̄0. With this linear approximation in hand, we move on to

considering a second-order approximation of the nonlinear least squares problem

in Eq. 5.1:

min
δx0

∑
i

∥∥∥∥[li]×(Φr(x0; ti, t0)δx0 +
1

2
Ψr(x0; ti, t0)δx

2
0

)∥∥∥∥2
2

(5.6)
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where we define the 3 by 6 by 6 rank (1,2)-tensor that gives second-order sensitiv-

ities of the final position to the initial full state (a block of the full second-order

state transition tensor)

Ψr(x0; tf , t0) =
∂2rt
∂x2

0

(5.7)

The problem defined in Eq. 5.6 is not a linear least squares problem, and is generally

difficult to solve. However, given that δx0 is small relative to the sensor orbit state

x0 in a relative motion context (on the order of 1/100th or less the scale of the

reference orbit), the quadratic term should be much smaller than the linear term

for any such small δx0. With this information, the solution to the quadratic least

squares problem is in approximately the same direction as the solution to the linear

least squares problem x̄0, so

min
δx0

∑
i

∥∥∥∥[li]×(Φr(x0; ti, t0)δx0 +
1

2
Ψr(x0; ti, t0)δx

2
0

)∥∥∥∥2
2

≈ min
δx0

∑
i

∥∥∥∥[li]×(Φr(x0; ti, t0)δx0 +
∥δx0∥2

2
Ψr(x0; ti, t0)x̄0δx0

)∥∥∥∥2
2

(5.8)

Treating−∥δx0∥2/2 as an unknown constant λ, we obtain an overdetermined eigen-

value problem in δx0 [30]. To find an approximation for the vector δx0, we solve

the overdetermined eigenvalue problem:

min
δx0,λ
∥Aδx0 − λBδx0∥2 (5.9)

where B ∈ R3n×6 is given by:

B =


[l1]×Ψ

r(x0; t1, t0)x̄0

...

[ln]×Ψ
r(x0; tn, t0)x̄0

 (5.10)

given matrices (Ψr(x0; tf , t0)δx)
i
j = (Ψr)ijk(x0; tf , t0)δx

k and A defined as in

Eq. 5.5. We call this linear approximation of the (1,2)-tensor Ψr a quasi-

linearization about the vector x̄0. By performing a single contraction, Ψrx̄0 yields
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a matrix that gives an approximation of Ψr as it acts on vectors in the vicinity

of x̄0. In general, when A and B have more rows than columns, there are no

generalized eigenvectors [30]. Instead, as justified in the section A.1, we approxi-

mately solve the problem in a least squares sense by solving the standard eigenvalue

problem with a Moore-Penrose pseudo-inverse term A†. We choose to apply the

pseudo-inverse to the A matrix rather than B, as B is only a linear approximation

of a quadratic term, while A contains no approximations. Numerical experiments

show that the formulation with the pseudo-inverse of A tends to decrease error

over performing the pseudo-inverse on B in the orbit fit arising from the solution

of the eigenvalue problem. In the subsequent examples, inversions of the B matrix

exhibited worse error in the orbit fit in all cases tested and have been omitted.

Our approximate reformulation of Eq. 5.9 becomes

A†Bδx0 = λ∗δx0 (5.11)

where λ∗ = 1/λ. The quadratic approximation for δx0 becomes the eigenvector of

A†B closest to the original vector x̄0 (up to a sign), multiplied by −2/λ∗. Note that

care should be taken to ensure the sign of the solution agrees with the direction of

the line of sight vector observations and not their opposites. Additionally, there

are no guarantees that the computed eigenvectors will be real-valued, since the

matrices are not strictly real symmetric or positive definite. As a result, numerical

error may manifest itself in the form of complex values. The imaginary components

of these solutions should be ignored by considering the real part of vectors denoted

by Re(·) since the orbit fit must be real and these imaginary components are small

in practice. Finally, note that A† can be computed easily from the singular value

decomposition of A that was performed in an earlier stage of the algorithm [46].

A summary of the details of the algorithm solving Eq. 5.11 and addressing sign

and complex value concerns can be found in Alg. 1. While an approximation is
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made to go from the overdetermined eigenvalue problem in Eq. 5.9 to the standard

eigenvalue problem in Eq. 5.11, we can also solve the original problem exactly.

The least squares problem in Eq. 5.9 can be reframed as a generalized eigenvalue

problem in twice as many dimensions by the linearization of an associated quadratic

eigenvalue problem as outlined in Sec. A.2. Alg. 2 provides details on using the

quadratic eigenvalue problem approach to the overdetermined eigenvalue problem

to solve Eq. 5.9 directly. Note the multiplication rather than division by the

eigenvalue in the final solution as compared to Alg. 1

Note that Eq. 5.9 depends on the second-order state transition tensor. Com-

putation of the second-order state transition tensor is nowhere near as commonly

implemented as computation of state transition matrices in astrodynamics soft-

ware. We demonstrate that the second-order state transition tensor need not be

directly computed, and only some information from the tensor is required. Rather

than directly computing the second-order state transition tensor and then perform-

ing the contraction with x̄0, we can employ a forward finite difference to compute

the directional derivative of the STM:

Ψr(x0; ti, t0)x̄0 ≈
Φr(x0 + hx̄0; ti, t0)−Φr(x0; ti, t0)

h
(5.12)

for small h. This can speed up computation and save programming time, since

state transition tensor computations are implemented much less commonly than

state transition matrix computations. Also, extraneous information in the state

transition tensor is not computed when using this approach as the second-order

sensitivity is only required along the single direction x̄0.

Both Alg. 1 and Alg. 2 rely only on standard methods from numerical linear

algebra to approximate the relative orbit initial state. Average timing results run

on a standard laptop computer for both algorithms applied to data with varying
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Algorithm 1: The pseudo-inverse eigenvalue algorithm to obtain an ini-
tial guess for the passive angles-only relative orbit determination problem.

1: Input: li, x0

2: Compute Φr(x0; ti, t0)
3: Compute A from Eq. 5.5
4: Compute the SVD of A
5: x̄0 ← v6(A) the sixth right singular vector (unit vector)
6: x̄0 ← x̄0 ∗ sign(lT1Φr(x0; t1, t0)x̄0)
7: Compute Ψr(x0; ti, t0)x̄0 ▷ directly, or with Eq. 5.12
8: Compute B from Eq. 5.10
9: Compute A†B ▷ where A† can be computed from the known SVD of A

10: Compute the eigenvectors of A†B.
11: Select the eigenpair (x̂i, λ

∗
i ) s.t. i = argmaxj|x̂j · x̄0|

12: Let δx0 ← Re(−2x̂i/λ∗i )
13: δx0 ← δx0 ∗ sign(lT1Φr(x0; t1, t0)δx0)
14: Return δx0

Algorithm 2: The quadratic eigenvalue algorithm to obtain an initial
guess for the passive angles-only relative orbit determination problem.

1: Input: li,x0

2: Compute Φr(x0; ti, t0);
3: Compute A from Eq. 5.5;
4: Compute the SVD of A;
5: x̄0 ← v6(A) the sixth right singular vector (unit vector);
6: x̄0 ← x̄0 ∗ sign(lT1Φr(x0; t1, t0)x̄0);
7: Compute Ψr(x0; ti, t0)x̄0 ▷ directly, or with Eq. 5.12
8: Compute B from Eq. 5.10;
9: Compute the eigenvectors and eigenvalues (yi, λi) of the generalized linear

eigenvalue problem in Eq. A.10;
10: Calculate the normalized eigenvalues of the quadratic eigenvalue problem

(x̂i, λi) from Eq. A.11 and A.12;
11: Select the eigenpair (x̂i, λi) s.t. i = argmaxj|x̂j · x̄0|;
12: Let δx0 = Re(−2λix̂i);
13: δx0 ← δx0 ∗ sign(lT1Φr(x0; t1, t0)δx0);
14: Return δx0
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numbers of observations are presented in Fig. 5.1. Both algorithms take on the

order of milliseconds to compute. The two algorithms take roughly the same time

to compute, though Alg. 2 based on the quadratic eigenvalue problem approach

requires a few more tenths of milliseconds to compute. The time complexity of

both algorithms is linear in the number of observations since the singular value

decomposition used in both has computational complexity O(MN2 + N3) for a

matrix with M rows and N columns, and because N = 6 is fixed for the matrix

A regardless of the number of observations [46]. The computational complexity of

the eigenvalue computations are independent of the number of observations, since

the matrices whose eigenvalues are being found maintain the same dimensions

regardless of the number of observations. The constant shift of the two timing

curves comes from the fact that Alg. 2 solves an eigenvalue problem that is twice

the dimension of the eigenvalue problem solved in Alg. 1.

Figure 5.1: Timing results as a function of number of observations.
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5.2.3 Solving the Nonlinear Least Squares Problem

With the initial guess for a solution in hand, we employ optimal linear orbit de-

termination (OLOD) to find the final solution [111]. This method can be phrased

as Gauss-Newton applied to the problem from Eq. 5.1, and could be extended to

a Levenberg-Marquardt algorithm [79, 91], but we make no such attempt here.

5.3 Results

We conducted randomized numerical experiments to test the two scale approxi-

mation algorithms presented here. In order to capture a wide variety of relative

motion behavior in the vicinity of the chief satellite, we selected initial and termi-

nal points uniformly at random from a cube centered about the chief satellite and

solved for the initial velocity to achieve that transfer. This initial state was then

propagated forward in time with observations made uniformly spaced in the time

interval. The QUEST measurement error model from Eq. 5.2 was then used to

perturb the exact observations [110]. Then, two predictions of the scale were made

based on Alg. 1 and Alg. 2. We conducted 1000 trials with 10 observations equally

spaced over the observation period for each of the following scenarios: no measure-

ment error, σ = 10−3, 10−4, and 10−5 radian level measurement error. Note that

σ = 10−4 rad corresponds to an approximate 1 arc minute 3σ level of error (the

capability of a modern commercially available star-tracker) [96].
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5.3.1 Geostationary Orbit

In Fig. 5.2, we present test cases with a Geostationary reference orbit propagated

with Keplerian dynamics over a 2.3 day time period (chosen to avoid cross-track

motion transfer singularities when constructing the test relative orbit). The cube

that the deputy satellites end and begin within is centered at the chief satellite

with 200km side lengths. The performance of both algorithms is roughly the same

for cases with low sensor noise. However, in the σ = 10−3 rad case, Alg. 2, which

solves the true overdetermined eigenvalue problem in a least squares sense, has

around half as much scale error as the pseudo-inverse approach, and maintains

much lower maximum errors, staying below the actual scale of the relative orbit.

With σ < 10−4 rad, the error in the scale of the predicted orbit is, on average,

within about one percent of the true value in all cases tested and always below ten

percent.

Further, in the case from Fig. 5.2 with no observation error, optimal linear

orbit determination converges in a few iterations to the true solution for all 1000

randomized relative orbits when provided with guesses from either algorithm. In

the case where uninformed guesses of the scale were provided to OLOD rather

than using either initial guess generating algorithm developed here, guesses below

10 km never converged to the true solution. We examine a stressing case for the

relative orbit determination problem with a short observation arc and few mea-

surements. Specifically, test cases are generated in the same manner as Fig. 5.2

but with σ = 10−5 rad and only three observations over one quarter of an orbit.

This corresponds to availability of a sensor with an order of magnitude higher

accuracy than modern, commercially available star-trackers, but in a case with

minimal observations over a small time window. We use Alg. 1 in red and Alg. 2
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(a) Algorithm 1, 2 estimates σ = 10−3 rad
error.
Geometric mean 0.152, 0.089

(b) Algorithm 1, 2 estimates σ = 10−4 rad
error.
Geometric mean 0.010, 0.011

(c) Algorithm 1, 2 estimates σ = 10−5 rad
error.
Geometric mean 0.006, 0.006

(d) Algorithm 1, 2 estimates no error.
Geometric mean 0.005, 0.005

Figure 5.2: Relative error in scale for 1000 initial relative orbits in a 200km cube
centered about the Geostationary reference orbit. Alg. 1 in Red, Alg 2. in Blue.

in blue to provide an initial guess for OLOD. The error in solutions estimated by

three iterations of OLOD to convergence under the above circumstances is given

in Fig. 5.3. In this case, OLOD improves on the initial estimates from both al-

gorithms below some error threshold, but sends estimates with high error to the

trivial or divergent solutions as can be seen from the gap between around 10 per-

cent and 100 percent error. Note that OLOD applied to estimates from Alg. 1

diverged or converged to the trivial solution in around 5 percent of cases tested.

The error in solutions converging near the true solution is large in some cases even

going above ten percent; however, this likely stems from the observability of the

problem and not poor performance of the nonlinear least squares solution proce-

dure as increasing the number of iterations of OLOD does not change the results

substantially, indicating convergence to local minima of the nonlinear least squares

problem. We will study the covariance of state estimates expected from solving the
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relative orbit determination problem as a function of observation time and number

of observations in Sec. 5.4. However, in the case of OLOD applied to the estimate

from Alg. 2, around half of cases tested converged to the trivial solution rather

than the true solution. The underperformance of Alg. 2 as compared to Alg. 1

occurs only in cases with very few observations, and the opposite trend is seen in

the case of poor quality measurements when many observations are taken as in

Fig. 5.2. This seems to point to ill-conditioning of Eq. A.10 in the case where

only around three observations are taken. In these cases with low numbers of ob-

servations, Alg. 1 is preferable to use. It is also worth noting that without initial

guess generation from either algorithm developed here, OLOD will not converge

to the true solution in any of the 1000 cases above when an uninformed scale guess

of 10 km or lower is provided. This means that the approach of starting OLOD

with uninformed guesses of the scale will not ever lead to convergence unless that

uninformed guess of the scale is within around an order of magnitude of the true

scale. One could perform trials of many magnitudes of the scale guess, and this

may be a good fall back in the small number of cases where OLOD converges to

the trivial solution given our initial guess algorithms. This approach would fall

into a very similar category as an existing method using bisection on scale guesses

[6].

Figure 5.3: Relative error in scale for OLOD applied to relative orbits in the short
arc Geostationary case.
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5.3.2 Near Rectilinear Halo Orbit

In Fig. 5.4, we present test cases with a Near Rectilinear Halo Orbit (NRHO)

reference propagated with Earth-Moon Circular Restricted Three Body Problem

dynamics over 0.8 of one orbital period. The cube that the deputy satellites end and

begin within is centered at the chief satellite with side lengths that are 2/1000th

the scale of the out-of-plane component of the NRHO at apolune (approximately

140 km). The reference orbit used comes from the proposed NASA Gateway

orbit [1, 31]. Initial conditions for the orbit are µ = 1.0/(81.30059 + 1.0), x0 =

1.022022, z0 = −0.182097, ẏ0 = −0.103256 with other initial coordinates equal

to zero. The period of the orbit is 1.511111 nondimensional time units where

2π time units is equivalent to the revolution period of the Earth-Moon system.

Again, Alg. 2 demonstrates half the error, on average, in the high sensor noise

case, though the two methods are indistinguishable in the lower noise cases. For

the σ < 10−4 rad cases, the scale error is, on average, below two percent and

almost always below ten percent. The high sensor noise case (σ = 10−3 rad) in

this NRHO scenario exhibits much higher scale error with either algorithm than for

the two-body example presented in Fig. 5.2. This may stem from the sensitivity

of dynamics in the three-body system as compared with two-body dynamics.

We examine a stressing case for the NRHO relative orbit determination prob-

lem with a short observation arc and few measurements. Again, test cases are

generated in the same manner as in Fig. 5.2, but with σ = 10−5 rad and only three

observations over one quarter of an orbit. We use Alg. 1 to provide an initial guess

for OLOD. The error in solutions estimated by three iterations of OLOD under

the above circumstances is given in Fig. 5.5. Note that OLOD converges to the

trivial solution in about 10 percent of cases, and diverges in less than one percent

92



(a) Algorithm 1, 2 estimates σ = 10−3 rad
error.
Geometric mean 0.559, 0.235

(b) Algorithm 1, 2 estimates σ = 10−4 rad
error.
Geometric mean 0.018, 0.018

(c) Algorithm 1, 2 estimates σ = 10−5 rad
error.
Geometric mean 0.005, 0.005

(d) Algorithm 1, 2 estimates no error.
Geometric mean 0.004, 0.004

Figure 5.4: Relative error in scale for 1000 initial relative orbits in a 140 km unit
cube centered about the NRHO reference orbit. Alg. 1 in Red, Alg 2. in Blue.

of cases. The cases converging to the trivial solution are represented by the peak

at relative error of 1, while divergence is indicated by relative error greater than

1. The performance of OLOD in combination with Alg. 1 for initial guess genera-

tion developed here is inferior to that observed in the Geostationary case, but still

exhibits convergence to solutions around the true solution in around 90 percent

of cases. In general, at shorter distances and with longer observation periods and

numbers of observations, convergence around the true solution is more common.

The same poor performance of Alg. 2 due to the low number of observations takes

place as in the case of Fig. 5.3.

93



Figure 5.5: Relative error in scale for OLOD applied to relative orbits in the short
arc NRHO case.

5.3.3 Choosing an Algorithm

Performance differences in Figs. 5.2, 5.4 indicate that Alg. 2 performs better

in terms of error than Alg. 1 in cases where there are many more than three

observations and high sensor noise. However, Figs. 5.3, 5.5 indicate that Alg. 2

may be solving an ill-conditioned problem when the number of observations is

close to three. This means that for low numbers of observations, Alg. 1 should

be preferred. It is also worth noting that for these small numbers of observations,

Alg. 1 is about twice as fast to compute as Alg. 2, making it perform overall

better in cases with low numbers of observations.

5.4 Covariance Analysis

Covariance studies have been performed before using cylindrical coordinates to

assess the error covariance of solutions to relative orbit determination in the two-

body problem [43]. To build on this, we offer a formulation in terms of cartesian

coordinates, and perform covariance analysis on three-body problem relative orbit

determination. Sinclair and Lovell’s paper on optimal linear orbit determination

provides covariance analysis that applies trivially to our application [111]. To
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summarize, once OLOD converges to a solution, the solution is unbiased up to

first-order, with a covariance described by the position vectors of the observed

satellite relative to the observer satellite at the observation times, δri, as well as

the measurement covariance Σi, and the STM blocks Φr(x0+δx0; ti, t0) associated

with the solution orbit. Let

M =
∑
i

−(Φr(x0 + δx0; ti, t0))
T [lti ]×[lti ]×Φ

r(x0 + δx0; ti, t0) (5.13)

Then, the error covariance for the solution is

P = M−1

(∑
i

||δri||2(Φr(x0 + δx0; ti, t0))
TΣiΦ

r(x0 + δx0; ti, t0)

)
M−T (5.14)

We can perform studies of the solution covariance of the least squares problem

from Eq. 5.1 using Eq. 5.14. By setting up a scenario including the reference

orbit for the sensor x0, the initial relative state of the observed satellite δx0, the

number of observations n, and the duration of the observations window ∆t, we can

evaluate the error covariance in Eq. 5.14. The induced 2-norm of the upper left

3 by 3 block Pr of the covariance matrix P provides a good metric for the level

of uncertainty in the final solution. In particular, ∥Pr∥2 provides the maximal

variance of the solution distribution when marginalized to any one dimensional

subspace. Given that the weakly observable part of δx0 is its scale, ∥Pr∥2 is

approximately the variance in the estimated initial distance ∥δr0∥. We assess the

variance in estimated initial distance for various circumstances in a Geostationary

orbit and the proposed NASA Gateway Near Rectilinear Halo Orbit.

5.4.1 Geostationary Orbit

The position covariance 2-norm or approximate variance in distance is plotted for

a number of different scenarios with a Geostationary observer orbit in Figs. 5.6-5.7,
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given a σ = 10−4 rad sensor noise level for all of the following scenarios. In Fig. 5.6,

the relationship between number of observations and error covariance is studied

with an e = 0.001 eccentricity satellite orbit being observed as it circumnavigates

the observer orbit over the course of a single period. Observations are equally

distributed across the one period observation window. The error variance of the

final distance appears to vary inversely with the number of observations, though

some nonmonotonicity is observed for small numbers of observations where the

times of the uniformly spaced observations change dramatically from each scenario

to the next. Also in Fig. 5.6, the number of observations n is fixed at 10, while

the observation window is varied from 0 to 3 periods. Large decreases in the error

covariance are observed as the observation period increases between 0 and 0.25

periods, as well as around one half of one period. The error covariance varies

much less dramatically in the region between 0.25 orbits and 0.4 orbit as well as

following 0.6 orbits. In Fig. 5.7 the relative motion geometry is studied. A single

period with 10 observations is employed with relative motion geometries of varying

size. Each observed satellite is circumnavigating the Geostationary orbit observer

(which is assumed to be perfectly circular) with a nonzero eccentricity, but the

scale of that eccentricity is varied. The error covariance stays nearly constant

though slightly decreases as a function of increasing differences in the eccentricity

of the observer and observed satellites. This approximately constant level of range

error in the estimated orbit indicates that the range error of a circumnavigating

satellite in practically independent of the size of the relative motion geometry.

Also in Fig. 5.7, the same number of observations and observing time are used,

but with a leader-follower formation geometry with varying offsets in the mean

anomaly difference of the two Geostationary satellites. The covariance significantly

increases as a function of the spacing of the leader-follower formation. In particular,
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the increase appears to follow a quadratic curve, indicating that the range error

standard deviation increases linearly with the distance from the observer satellite.

Between these two trends we can say that the character of the relative motion

(being oscillatory as a result of differences in the eccentricity of the two satellites

or being static in a leader-follower geometry) has a bearing on the behavior of the

error in the estimated range as a function of the true range/size of the relative

motion. Non-oscillatory motion leads to linear increases in the range error as

the offset between the two satellites increases, while oscillatory motion leads to a

largely constant level of error regardless of the actual size of that relative geometry.
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Figure 5.6: The variance in estimated distance as a function of number of obser-
vations and observation time in the Geostationary orbit.
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Figure 5.7: The solution covariance norm as a function of the relative eccentricity
of the two orbits and the leader-follower mean anomaly difference respectively in
the Geostationary orbit.
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5.4.2 Near Rectilinear Halo Orbit

We experimented with the error covariance of solutions in the same manner as

before with the Geostationary orbit but with the Gateway NRHO as an observer

orbit instead. Just as for the Geostationary analysis, sensor noise is set to σ =

10−4 rad. For the initial conditions of the relative motion, a unit vector given in

canonical units as (−0.361, 0,−0.136, 0, 0.922, 0) in the center eigenspace of the

monodromy matrix associated with the sensor orbit NRHO is used. We choose

a relative orbit approximately in the center manifold of the reference orbit as

an example of a meaningful relative motion that ensures boundedness over the

observation window. This initial relative state vector is scaled so that the initial

relative distance is one kilometer. In Fig. 5.8, a quarter period of the NRHO is

used for the observation window, and the number of observations is varied. The

resulting trend is a decrease in the error covariance as the number of observations

increases. However, this decrease in the error covariance is slower than in the

Geostationary case for high values of n. In the study of the observing duration,

the same relative orbit geometry is used. Ten observations are employed while

the observation window duration is varied. A very similar structure is revealed as

in the Geostationary case from Fig. 5.6, where diminishing returns are observed

over time, with flat areas between one tenth of an orbit to around a quarter of

an orbit, as well as past a little over half an orbit. Finally, Fig. 5.9 takes the

same ten observations over a quarter period of observation of the same relative

motion geometry scaled between 1 km and 10 km initial distance. Increasing the

separation between the observer and the observed satellites increases the error

covariance. Similar to the case of a leader-follower orbit in the two-body problem,

this scenario also exhibits what appears to be linear growth of the error standard

deviation as the range of the orbit increases. To summarize, in the case of the
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NRHO and the Geostationary orbit, the variance in scale tends to increase with

distance of the relative orbit, decrease steadily but with diminishing returns as the

number of observations increases, and decrease very quickly as overall observation

time increases within the first half period, but exhibits diminishing returns after

that point.
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Figure 5.8: The variance in estimated distance as a function of number of obser-
vations and observation time in the NRHO.
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Figure 5.9: The solution covariance norm as a function of the initial relative dis-
tance of the two orbits in the NRHO.

5.5 Conclusion

We have presented two algorithms for solving the passive angles-only relative orbit

determination problem using an eigenvalue problem approach. Throughout this

whole process we have only employed standard linear algebraic operations that

are fast and widely implemented. By framing the solution with the state tran-
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sition tensor model of dynamics, we have abstracted to the point where we may

employ any dynamics model as long as we can numerically calculate the state

transition tensors associated with those dynamics. In particular, this yields the

first algorithm, to our knowledge, for solving the passive angles-only relative or-

bit determination problem under three-body dynamics without camera offsets or

multiple cameras. An open question is how performance is degraded when state

transition tensors from a lower fidelity model are used to fit observations com-

ing from an underlying higher fidelity model of the dynamics, or when the state

transition tensors of a nearby reference orbit are used due to estimation error of

the reference orbit state. Additionally, the use of state transition tensors gives

rise to an inherently local approximation of the dynamics, making this method

unsuitable for large distance scales between satellites over which the third and

higher-order dynamics play a significant role in the relative dynamics. However,

we have shown that this methodology is appropriate at least as far out as 200km

separation distances for satellites near Geosynchronous orbit for example. Even

with these limitations and remaining questions, the algorithms presented here offer

promising accuracy, robustness to noise, flexibility in the number of measurements,

high computational efficiency, and easy implementation. This methodology may

enable future onboard angles-only relative navigation for satellites with limited

sensing, maneuvering, and computational capabilities within Earth orbit and ad-

ditionally opens the door to angles-only relative orbit determination for cislunar

applications such as the proposed NASA Gateway program.
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CHAPTER 6

ERROR QUANTIFICATION OF LINEAR AND HIGHER-ORDER

GUIDANCE, NAVIGATION, AND CONTROL METHODS

6.1 Introduction

Methods relying on linearization are widespread in the fields of control and es-

timation due to their efficiency as well as ease of implementation and analysis.

In particular, resource constrained embedded systems such as those on satellites

often necessitate the efficiency of linear algorithms for onboard guidance and nav-

igation tasks. In this work, we focus on two applications: calculating rendezvous

or stationkeeping guidance using state transition matrices[24, 93], as well as the

measurement update of the extended Kalman filter with an optical measurement

[106]. We present a method for approximating the maximum possible error when

using some of these linear algorithms when the true function or dynamical system

is nonlinear. Error estimates are expressed as a function of the scale of deviations

from some nominal or reference values used in the linearization.

In relation to this idea about the error performance of linear algorithms, there

has been much interest in the last few decades in quantifying the level of nonlinear-

ity of a function such as the flow of a dynamical system. Measuring the nonlinearity

of the flow of a dynamical system makes it possible to compare coordinate sys-

tems and choose the coordinate system with the best linear approximation before

applying a linear control or estimation algorithm [57, 58, 54]. Similarly, measures

of nonlinearity and other related information about directions of maximal nonlin-

earity can aid development of semi-analytical algorithms that split the domain or

employ Gaussian mixtures to improve linearization behavior for each split [84, 124].
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We present a number of nonlinearity indices that can be computed in terms of ten-

sor norms, including a scale-free generalization of the original nonlinearity index

that is easy to compute using the induced 2-norm of a matrix. Additionally, we

develop an easier to implement approach for computing the recently developed

nonlinearity index Tensor Eigenpair Measure of Nonlinearity (TEMoN) [54] that

requires lower-order tensors as compared with the existing approach and only a

very simple power iteration like algorithm. Finally, we develop a novel measure of

nonlinearity that we call D-Eigenvalue Measure of Nonlinearity (DEMoN).

We approach the problems described above by extending the formalism of in-

duced or operator norms from matrices to multilinear operators or tensors. This

allows us to treat a number of existing algorithms in the literature as well as other

possible algorithms in terms of a single unified framework. In particular, this in-

cludes the tensor eigenvalue approach [54, 55], the polynomial bounding scheme on

a hypercube [84], and the maximum change in the Frobenius norm of the first-order

derivative approach [124]. We define an induced tensor norm and present a num-

ber of examples in addition to these three. Much of the focus of this paper is on

the induced tensor 2-norm, which relies on tensor Z-eigenvalues for computation,

as well as the induced tensor (2,D)-norm which relies on a generalization known

as a tensor D-eigenvalue [100]. We began by summarizing a number of tensors

that arise in guidance, navigation, and control in Sec. 1.2. Now, we build up from

vector to tensor norms, describing their computation in Sec. 6.2, and finally apply

tensor norms to the bounding of error in guidance (Sec. 6.3.1) and estimation (Sec.

6.3.2) contexts, as well as in nonlinearity index computations (Sec. 6.3.3).
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6.2 Norms of Tensors

A norm ∥ · ∥ on a vector space X is defined as a function from the vector space to

the real numbers that satisfies three properties: the triangle inequality ∥x+ y∥ ≤

∥x∥ + ∥y∥ for all x,y ∈ X , absolute homogeneity with scalars ∥ax∥ = |a|∥x∥ for

all scalars a and all vectors x ∈ X , and finally positive definiteness ∥x∥ = 0 if and

only if x = 0 is the zero element of the vector space X . Note that tensors of a

given order and dimension along each index form a vector space. This includes

Euclidean vectors, matrices, as well as higher-order tensors. We present a variety

of norms of Euclidean vector spaces, as well as on the vector spaces associated with

matrices and higher-order tensors, building up from simpler to more complex.

6.2.1 Vector Norms

The norm of a vector quantifies some notion of the size of that vector. We review

a number of useful vector norms here. First, the p-norms of a vector v ∈ Rn are

defined for p ≥ 1 as

∥v∥p =

(
n∑
i=1

|vi|p
)1/p

(6.1)

and the ∞-norm is defined as

∥v∥∞ = max
i=1...n

|vi| (6.2)

The 2-norm is independent of the choice of coordinates for a vector unlike all of

the other p-norms. A vector norm can also be induced by a symmetric positive

definite matrix D using a quadratic form:

∥v∥D = vTDv (6.3)

The 2-norm of a vector is one such norm where D = In.
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6.2.2 Frobenius Norm

The Frobenius norm of a tensor is easily computable and is equivalent to any

other finite dimensional norm (bounded in both directions by potentially dimension

dependent constant multiples of the other norm) [46]. The Frobenius norm of an

(l,m)-tensor under the Euclidean metric is the square root of the sum of the

squared entries:

∥B∥2F = Bi1...il
j1...jm

δi1,i′1 ...δil,i′lδ
j1,j′1 ...δjl,j

′
lB

i′1...i
′
l

j′1...j
′
m

(6.4)

where δi,j with superscripts denotes the Euclidean inverse metric tensor given again

by the Kronecker delta but expressed as a contravariant instead of covariant tensor.

In general, the Frobenius norm of any tensor is the 2-norm of the tensor flattened

into a vector in any order.

6.2.3 Induced/Operator Norms

These vector and Frobenius norms, among others, can be used to define other

norms. The induced or operator norm subordinate to the a and b norms, or (a, b)-

norm of a matrix A ∈ Rm,n is defined as

∥A∥ab = max
x ̸=0

∥Ax∥a
∥x∥b

= max
∥x∥b=1

∥Ax∥a (6.5)

where the a-norm and b-norm conform to the dimensions of A and x ∈ Rn [46].

We may extend this definition of an operator norm to tensors. Let B be a (1,m)-

tensor such that the tensor is partially symmetric along the covariant indices. Let

the a-norm on the output space be defined for a (1,mo)-tensor, and the b-norm be

some vector norm on the input space. Then the induced norm of a tensor is:

∥B∥ab = max
x ̸=0

∥Bxm−mo∥a
∥x∥m−mo

b

= max
∥x∥b=1

∥Bxm−mo∥a (6.6)
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where (
Bxm−mo

)i
j1,...jmo

= Bi
j1...jm

xjmo+1 ...xjm (6.7)

When a, b are both vector norms as is usually the case, mo = 0 and the induced

tensor norm is defined:

∥B∥ab = max
x̸=0

∥Bxm∥a
∥x∥mb

= max
∥x∥b=1

∥Bxm∥a (6.8)

An example where mo is not zero is the induced (Frobenius, 2)-norm, where the a

norm is the Frobenius norm on a (1, 1)-tensor. See Sec. 6.2.7 for details.

6.2.4 2-norm

The induced 2-norm of a (1,m)-tensor B is perhaps the most natural to consider

given that it relies only on a single basic vector norm for its definition and it is

unitarily invariant so the norm is invariant under rotations of the coordinates. We

can compute the 2-norm of a tensor by examining the eigenvalues of the ”square”

of the tensor. Again, given the metric tensor for Euclidean space gi,j = δi,j which

is the Kronecker delta, we define the (0, 2m)-tensor ”square,” B̃:

B̃i1,..,im,j1,...,jm = Bα
i1,..,im

δα,βB
β
j1,..,jm

(6.9)

This square of the tensor gives the squared 2-norm of the output of the original

tensor when applied to a vector (2m times):

B̃x2m = ∥Bxm∥22 (6.10)
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For every covariant tensor such as B̃, there exists a symmetric tensor B̂ with

the same output under repeated contraction with a single vector. That is, B̂ exists

such that for any x ∈ Rn,

B̂x2m = B̃x2m (6.11)

and

B̂i1,...,im,j1,...,jm = B̂σ(i1,...,im,j1,...,jm) (6.12)

for any permutation σ of the indices. The symmetrization is equal to the mean of

the tensor under all permutations:

B̂i1,...,im,j1,...,jm =
1

(2m)!

∑
σ∈S2m

B̃σ(i1,...,im,j1,...,jm). (6.13)

where S2m is the permutation group of order 2m. Another more computationally

efficient method for symmetrization appears in the MATLAB Tensor Toolbox [67],

though as we will demonstrate, explicit calculation of the symmetrized tensor

is rarely necessary or desirable. Finally, having obtained a symmetric positive

semi-definite tensor (Bx2m ≥ 0 for all x ∈ Rn), the maximum of the following

constrained optimization problem can be obtained as the largest Z-eigenvalue of

the tensor [82]:

λmax(B̂) = max
∥x∥2=1

B̂x2m (6.14)

where a Z-eigenvalue satisfies the equation

B̂x2m−1 = λx, ∥x∥2 = 1 (6.15)

More generally, any of the Z-eigenvectors of B̂ satisfy the Karush–Kuhn–Tucker

(KKT) conditions and are constrained stationary points for the objective function

B̂x2m when x is constrained to the unit sphere [82]. Thus, the induced 2-norm

106



of the tensor B is defined as the square root of the maximum Z-eigenvalue of the

corresponding symmetrized square tensor B̂

∥B∥2 =
√
λmax(B̂). (6.16)

This is a generalization of the idea that the induced 2-norm of a matrix is given

by the largest singular value (square root of the largest eigenvalue of the square

of the matrix). The maximum eigenvalue of an even-order symmetric tensor that

is convex over the unit ball can be calculated by a higher-order generalization of

power iteration [32, 68, 66].

xn+1 =
B̂x2m−1

n

∥B̂x2m−1
n ∥2

(6.17)

Having obtained the desired eigenvector, the corresponding eigenvalue is given by

the magnitude of the numerator of Eq. 6.17, or ∥B∥2 can be computed directly by

taking

∥B∥2 = ∥B(x∗)m∥2 (6.18)

where x∗ is the Z-eigenvector that power iteration has converged to. Since B̂ is

positive semi-definite, even order, and fully symmetric, the symmetric higher-order

power iteration method is globally convergent meaning it is guaranteed to converge

to some eigenvector regardless of the starting guess x0. Typically, the eigenvector

that is converged to corresponds to a large eigenvalue [66]. This means that gener-

ally, an educated guess must be supplied for the initial iterate (like the dominant

right singular vector of the state transition matrix in the case of a higher-order

state transition tensor [15]) or multiple random initial guesses should be employed

when trying to find the eigenvector associated with the largest eigenvalue. The

number of random guesses needed to find the global maximum depends on the gap

between the largest and second largest eigenvalue since the size of each basin of

convergence varies with the size of the eigenvalue. Thus, when two eigenvalues are
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close to being the dominant eigenvalue, one might need tens to hundreds instead

of a couple initial random guesses to reliably find the dominant eigenvector [68]

In other contexts for more general tensors, symmetric higher-order power iteration

does not have global convergence guarantees, and shifted symmetric higher-order

power iteration must be employed [68]. While symmetric higher-order power it-

eration requires a fully symmetric tensor such as B̂ to converge properly to an

eigenvector, the partially symmetric structure of B and B̃ enable us to perform

symmetric higher-order power iteration on B̂ in Eq. 6.17 without ever needing to

perform the symmetrization to form B̂. Further performance optimizations are

also possible by directly using the B tensor directly in calculations rather than its

square. We refer to Appendix B.1 for further details.

6.2.5 (2,D)-norm

The notion of a D-eigenvalue was introduced as a generalization to the normal-

ization in the definition of Z-eigenvalues for use in higher-order statistics [100]. A

D-eigenvalue of the tensor B̂ satisfies the equation

B̂x2m−1 = λDx, ∥x∥D = 1 (6.19)

where D is a symmetric positive definite matrix and the constraint enforces that

eigenvectors lie on the ellipsoid given by the quadratic form induced by D rather

than on the unit sphere as is the case with a Z-eigenvalue. All D-eigenvectors of

B̂ satisfy the Karush–Kuhn–Tucker (KKT) conditions for the objective function

B̂x2m when x is constrained to the D-ellipsoid of points satisfying the constraint

in Eq. 6.19. Generalized eigenproblem adaptive power method (GEAP) may be

used to solve D-eigenvalue problems [69]. However, since we are only interested

108



in the largest eigenpair, we propose another simple and fast extension of symmet-

ric higher-order power iteration which is usable because the tensors involved are

convex multilinear operators over the unit ball. We are interested in the largest

D-eigenpair in order to solve the problem

max
xTDx=1

B̂x2m (6.20)

This problem can be changed into a Z-eigenvalue problem with the change of

variables

y = D1/2x (6.21)

where D1/2 is a matrix square root of the matrix D such as the Cholesky factor.

That is

D =
(
D1/2

)T
D1/2 (6.22)

Making this substitution, the optimization problem becomes

max
yTy=1

B̂(D−1/2y)2m (6.23)

where D−1/2 denotes the inverse of the matrix square root of D. This constrained

optimization leads to the Z-eigenvalue problem associated with the tensor(
B̂D

)
i1...i2m

= B̂j1...j2m

(
D−1/2

)j1
i1
...
(
D−1/2

)j2m
i2m

(6.24)

If (vD, λD) is a Z-eigenpair of B̂D, then the D-eigenpair associated with (B̂,D)

from Eq. 6.19 is given by the inverse coordinate change

(v, λ) =
(
D−1/2vD, λD

)
(6.25)

since

λ = λD =
B̂v2m

∥v∥2D
= B̂v2m (6.26)

Note that this correspondence implies that the largest Z-eigenvalue corresponds

to the largest D-eienvalue, and to find the largest D-eigenvalue, one can find the
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largest Z-eigenvalue of the associated problem. The (2,D)-norm of B is given in

terms of the D-eigenvalue of the square of the tensor B as

∥B∥[2]D =

√
λmax(B̂,D) =

√
λmax(B̂D) (6.27)

where the superscript “[2]” in the above expression is not a square of the norm,

but indicates the type of norm (a (2,D)-norm). Rather than explicitly forming

the tensor B̂D and finding the Z-eigenpairs using symmetric higher-order power

iteration, a similar procedure to that proposed in Sec. B.1 can be used after

precomputing the Cholesky decomposition of D a single time prior to iteration.

This algorithm takes only a few more operations than solving for the tensor 2-

norm, with one computation of the Cholesky decomposition of a matrix prior

to iteration (an O(n3) operation), and one additional forward substitution and

another backwards substitution to solve a lower and upper triangular linear system

at each iteration (each taking only O(n2) operations where n is the dimension of

the vector x). To put this in perspective, one iteration of higher order power

iteration on a covariant order (2m)-tensor naively takes O(n2m) or O(nm+1) when

the tensor arises as the square of some partially symmetric (1,m)-tensor and the

calculation is performed according to Appendix B.1. This implies that computing

a D-eigenvalue is negligibly slower than computing a Z-eigenvalue. Details can be

found in Appendix Sec. B.2.

6.2.6 (∞, 2)-norm

In addition to the 2-norm, the induced (∞, 2)-norms of both the matrix A and the

(1, 2)-tensor B have analytical forms that are readily computable with standard

linear algebra tools. The intuition for this development comes from viewing a
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tensor that is partially symmetric in the covariant indices (such as the second-order

state transition tensor) as a vector of symmetric bilinear forms. The (∞, 2)-norm

of a matrix is well-known.

∥A∥∞2 = max
∥x∥2=1

∥Ax∥∞

= max
i

max
∥x∥2=1

Aijx
j (6.28)

= max
i
∥Ai∥2

To our knowledge, the computation of the (∞, 2)-norm for a (1, 2)-tensor that is

symmetric along the covariant indices is a novel presentation:

∥B∥∞2 = max
∥x∥2=1

∥Bx2∥∞

= max
i

max
∥x∥2=1

∣∣Bi
j,kx

jxk
∣∣ (6.29)

= max
i
σ1(B

i) (6.30)

whereAi denotes the ith row vector of the matrixA, and σ1(B
i) denotes the largest

singular value of the covariant matrix Bi with entries such that (Bi)j,k = Bi
j,k.

This appears as a result of the well-known identity that the maximum value of a

symmetric bilinear form on the 2-norm unit ball is the largest absolute eigenvalue

(also the largest singular value) of the matrix defining the bilinear form [46]. When

computing the (∞, 2)-norm, a solver should be used that is specifically designed

to take advantage of the structure of the symmetric eigenvalue problem. We note

that the (∞, 2)-norm, along with other popular induced norms for a matrix, can

be found throughout the linear algebra literature [34, 80].
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6.2.7 (Frobenius, 2)-norm

The induced (Frobenius, 2)-norm comes from interpreting the (1, 2)-tensor as op-

erating on a vector to produce matrices. As we discuss in following sections about

nonlinearity indices, this norm can be employed to quantify the change in the Ja-

cobian as the reference point it is evaluated at changes. For example, this norm

applied to the second-order state transition tensor quantifies the changes to the

state transition matrix as the initial reference state varies. The (Frobenius, 2)-norm

is defined

∥B∥F2 = max
∥x∥2=1

∥Bx∥F (6.31)

This norm may be computed by flattening the tensor to the n2 by n matrix

B
ni+j

k = Bi
j,k (6.32)

Then the desired norm is given by the induced 2-norm of the matrix resulting from

this unfolding:

∥B∥F2 = ∥B∥2 (6.33)

This norm is also unitarily invariant like the 2-norm. Another equivalent method to

compute the (Frobenius, 2)-norm is through an eigendecomposition in the following

manner derived in the context of Gaussian mixture splitting [124]. Note that

∥Bx∥2F = Bi1
j1,k1

xk1δi1,i2δ
j1,j2Bi2

j2,k2
xk2 (6.34)

= B′
k1,k2

xk1xk2 (6.35)

where we define

B′
k1,k2

= Bi1
j1,k1

δi1,i2δ
j1,j2Bi2

j2,k2
(6.36)

Ignoring covariance and contravariance of the indices of the matrix B′ we obtain

an expression more similar to that derived in [124] without the tensor formalism

B′ =
∑
i

(Bi)TBi (6.37)
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where Bi is the matrix given by fixing the contravariant index i and leaving the

two covariant indices free. Then we can express the (Frobenius, 2)-norm as the

maximum eigenvalue associated with B′:

∥B∥F2 = λmax(B
′) (6.38)

The eigenvectors associated with B′ and equivalently the right singular vectors

associated with B̄ are all orthogonal with respect to one another. These offer

directions along which the Frobenius norm is at a constrained stationary point.

The (Frobenius, D)-norm generalizes the (Frobenius, 2)-norm along the same lines

in which the (2,D)-norm generalizes the 2-norm, though we do not present details

here for space.

6.2.8 Upper Bound on the 2-norm

By unfolding the tensor along another axis to preserve the first dimension instead

of the last dimension, we can arrive at an upper bound on the induced 2-norm of

a tensor [81]. This bound on the induced 2-norm may be computed by flattening

the tensor to an n by nm−1 matrix. For a (1, 2)-tensor, for example, the flattened

tensor becomes

Bi
nj+k = Bi

j,k (6.39)

And tensor contraction becomes equivalent to multiplication with a flattened n2

dimensional vector coming from the outer product of x with itself

Bvec(xxT ) = Bx2 (6.40)

where

(vec(xxT ))(nj+k) = (xxT )j,k = xjxk (6.41)
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With this relationship, we can show that if the true unit vector satsifying the

constrained optimization for the induced 2-norm of a (1, 2)-tensor is denoted

x∗ = arg max
∥x∥2=1

∥Bx2∥2 (6.42)

then, the inequality

∥B∥2 ≥ ∥Bvec(x∗(x∗)T )∥2 = ∥B(x∗)2∥2 (6.43)

follows from the definition of the induced 2-norm of a matrix (the norm of the

matrix is at least as large as the norm of the matrix operating on any single unit

vector) and the fact that the vector being operated on in the above inequality is a

unit vector

∥x∥2 = 1 =⇒ ∥vec(xxT )∥2 = 1 (6.44)

The implication in Eq. 6.44 can be proved from the following observation

∥xxT∥2F = ∥vec(xxT )∥22 =
n∑
i=1

n∑
j=1

(xi)2(xj)2 =

(
n∑
i=1

(xi)2

)(
n∑
j=1

(xj)2

)
= ∥x∥42

(6.45)

These arguments boil down to the observation that the unit ball/sphere for vectors

in n dimensions mapped into n2 dimensions by x → vec(xxT ) is a subset of the

unit ball/sphere in n2 dimensions. This upper bound on the 2-norm is also a norm

itself. Each necessary property in the definition of a norm follows from the related

property of the matrix 2-norm of the flattened tensor.

114



6.2.9 Upper Bound on the (Frobenius, ∞)-norm

Another induced norm that comes from interpreting a (1, 2)-tensor as operating

on a vector to produce matrices is the (Frobenius, ∞)-norm.

∥B∥F∞ = max
∥x∥∞=1

∥Bx∥F (6.46)

(6.47)

While a convenient method to calculate this norm is not immediately apparent,

an upper bound can be obtained very efficiently. A nonlinearity index using this

bound on the (Frobenius,∞)-norm of the second-order state transition tensor was

introduced for automatic domain splitting using differential algebra [84]. Given a

(1, 2)-tensor B, define the matrix B∞

(B∞)ij =
∑
k

|Bi
j,k| (6.48)

Then the induced (Frobenius, ∞)-norm of B is bounded above by the Frobenius

norm of the resulting matrix∑
i

∑
j

(∑
k

|Bi
j,k|

)2
1/2

= ∥B∞∥F ≥ ∥B∥F∞ (6.49)

Note that the original reference uses the subscript 2 on a norm of a matrix to

indicate the Frobenius norm and not the induced 2-norm of the matrix [84]. While

this is an upper bound for the induced (Frobenius, ∞)-norm, it also satisfies all

the properties to be a norm in its own right, though not an induced norm in

terms of any commonly used norms. The ease of calculating this norm makes it

attractive. However, neither norm discussed in this section is unitarily invariant,

making them dependent on the specific choice of coordinates. This coordinate

dependence is attractive in the context of automatic domain splitting along basis

vectors, but can be less attractive in other contexts where the physics or engineering

applications are less tied to a specific coordinate frame.
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6.3 Applications

6.3.1 Approximate Error Bounds for State Transition Ten-

sor Guidance and Control

Rendezvous and proximity operations as well as formation flight of satellites often

relies on linear or higher-order approximations of the dynamics in the vicinity of

some chief satellite or reference orbit to facilitate computations regarding guidance

and control. The state transition matrix and higher-order state transition tensors

can be used to approximately propagate the relative motion of some secondary

deputy satellite relative to the chief satellite or other reference orbit. In addition

to being useful for forward propagation of dynamics, state transition tensors can be

used to solve inverse problems. Calculating the initial velocity required to transfer

to some position relative to the original orbit or relative to another satellite is one

such boundary value problem that can be solved in the linear case by inversion of

some block of the state transition matrix, and in the higher-order case by using

series reversion methods. Calculating the initial velocity for a rendezvous with the

chief satellite falls into this class of inverse problems.

These linear and higher-order series reversions are attractive for onboard im-

plementation of autonomous guidance, navigation, and control systems due to the

efficiency of these methods. One drawback to solving linear or higher-order ap-

proximations of boundary value problems for guidance is that there is a loss of

accuracy as compared with solving the full nonlinear problem. For systems engi-

neering purposes, it is important to understand and bound the error in guidance

calculations that can be encountered under expected mission circumstances. We
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show here that the norm of tensors related to the order m+1 state transition ten-

sor can be used to approximately bound the error associated with using an order

m state transition tensor model to perform one of the basic guidance and control

tasks described above. Though not outlined here, state transition tensors may be

used to describe evolution of the states and costates associated with the optimal

control of a satellite in the vicinity of some orbit [73]. Approximation error for

the thrust, control costs, and terminal states under that policy can be computed

in a very similar manner to the impulsive controls presented here. The use of a

differential algebra system such as DACE to compute the coefficients of forward

and inverse series associated with the flow of a dynamical system makes complex

operations to arbitrary order possible while eliminating the need to hand code the

complicated tensor expressions described above [101]. Restructuring these coeffi-

cients of the polynomials into a tensor form would then allow one to perform tensor

norm/eigenvalue analysis though we do not implement these calculations here.

Error Bounds for Propagation of Relative Motion

The m-th order Taylor series approximation of relative motion of a satellite around

some reference orbit is given by

δxf ≈
m∑
l=1

1

l!
Ψ(l)(tf , t0)δx

l
0 (6.50)

This m-th order approximation of relative motion has error

∥δxf − δx(m)
f ∥2 ≤

1

(m+ 1)!
∥Ψ(m+1)∥2∥δx0∥m+1

2 +O(∥δx0∥m+2
2 ) (6.51)

where the notation ·(m) denotes the mth order Taylor approximation of the vector

in question. The expression above makes sense to consider when the position

and velocity are non-dimensionalized, allowing for them to be similarly scaled.
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In the case where position and velocity are not on similar scales, we can also

consider errors in position and velocity separately by slicing the relevant tensors.

For example, a first-order model position error based on some initial velocity alone

can be described:

∥δrf − δr(1)f ∥2 ≤
1

2
∥Ψr

vv∥2∥δv0∥22 +O(∥δv0∥32) (6.52)

where Ψr
vv(tf , t0) denotes a block of the second-order state transition tensor–the

second-order partial derivative tensor for the final position with respect to the

initial velocity:

Ψr
vv(tf , t0) =

∂2rf
∂v2

0

(6.53)

The inequality in Eq. 6.52 can be employed to approximately bound the error

between the linearly propagated and nonlinearly propagated position as depicted

in Fig. 6.1. To clarify the phrase “approximately bound,” we mean that this is a

true upper bound on the second-order contribution to the error, which is dominant

for small δv0 making this a good approximation of the true upper bound on the

full nonlinear error when δv0 is sufficiently small. One potential heuristic to check

whether δv0 is sufficiently small for the second-order term to well-approximate the

full nonlinear error is to find the norm of the third-order term and check that this

is small relative to the second-order term at the δv0 scale of interest. The second-

order term is also likely to be a good approximation of the overall error when the

second-order error bound is much smaller than the linear quantity under study at

the δv0 scale of interest. We present two examples utilizing the above error bound

formulation. In both, we find the maximum error between nonlinear and linear

models of the position ∥δrf − δr(1)f ∥2 given initial position at the reference orbit,

and initial velocity perturbed within some ball of radius R from the reference orbit

initial velocity. This situation where the initial position is at the reference orbit,

but the initial velocity perturbation is nonzero models the effects of an impulsive

118



Figure 6.1: Notional depiction of a reference orbit, nonlinear propagation of relative
position, and linear propagation of relative position.

burn on a single satellite or the velocity imparted by an explosion on pieces of

debris from a satellite. We wish to answer the question: how well does a linear

model of the dynamics capture these behaviors for different scales of the velocity

perturbation? To do so, analysis is conducted as the maximum scale R of the ve-

locity perturbation δv0 is varied from 0 to 200 meters per second. In the first case,

two-body dynamics are employed with an International Space Station-like reference

orbit having classical orbital elements semi-major axis, eccentricity, right-ascension

of the ascending node, argument of perigee, and initial mean anomaly respectively

are (a, e, i,Ω, ω,M0) = (6738km, 0.000514, 51.6434
◦
, 0

◦
, 0

◦
, 0

◦
). In the second case,

we study the restricted three-body dynamics with the initial conditions of the near-

rectilinear halo orbit (NRHO) proposed for NASA’s Gateway. We propagate each

satellite one tenth of it’s respective period in the below error approximations.

In order to validate the approximation in Eq. 6.52, we compare the results from

that tensor norm bound with three other methods of characterizing the lineariza-

tion error. First, to demonstrate a simple method to improve the estimate from

Eq. 6.52, we make an educated guess of the perturbation to cause the maximum

error between the linear and full nonlinear models. During the calculation of the

tensor 2-norm, we find the maximal eigenvector arising in the calculation of the

tensor 2-norm. This eigenvector is the unit-normed initial velocity perturbation

that produces the largest error between the linear and quadratic models of the
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dynamics. We then take this unit-normed initial velocity perturbation, scale it

by R, and propagate it under the full nonlinear dynamics and linear dynamics

to find the final position error. We perform this calculation for the eigenvector

calculated as well as the eigenvector in the opposite direction which also produces

the same maximum error between linear and quadratic dynamics. The maximum

of these two evaluations is taken. This tends to improve the approximation of the

maximum error between the linear and full nonlinear models, with only two more

evaluations of the nonlinear dynamics propagation.

Next, to determine the true maximum error between linear and nonlinear mod-

els, we employ a local numerical optimization using the sequential least squares

programming (SLSQP) method in SciPy [128] on the negative of the objective

function for maximization. Our objective function in this maximization is the

comparison of the propagated true and linear dynamics as a function of the pertur-

bation δv0. The constraint of this maximization is that the velocity perturbation

must lie on the sphere defined by the radius R. The initial guess is the eigenvec-

tor with the sign that leads to the maximum error between linear and nonlinear

evaluations. This method is the best approximation of the true upper bound of

the full nonlinear error on the surface of the sphere under the assumption that the

local optimization is finding the global maximum.

Finally, a sampling method is used to assure that a global maximum in the

error is being approximated in the locally optimized “true” maximum error above.

We sample an initial velocity perturbation uniformly at random from the sphere of

radius R. This perturbation is then propagated under the full nonlinear dynamics

and linear dynamics to find the final position error between the two models. We

repeat this sampling 5,000 times, reporting the norm of the largest error. This
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estimate will not be very precise, but has a good chance of finding a point near the

global maximum rather than a local maximum. This process gives the maximum

error via sampling, and we check that our maximum error from sampling is always

below the “true” maximum error we calculate above using local optimization to

validate that we did not locally optimize to a point other than the global maximum.

In Fig. 6.2, we present the maximum errors for propagation of relative motion

through the SLSQP method in SciPy. Results are presented in both the two- and

restricted three-body cases as discussed above. In the two-body case, we see the

magnitude of the maximum error reaches on the order of hundreds of meters with a

quadratic relationship between position error and the perturbation magnitude. In

the restricted three-body case, we see the magnitude of the maximum error is on

the order of tens of kilometers, again with a quadratic relationship. We expect a

larger error in the three-body case because this dynamical system is more sensitive

to variations in initial conditions. In Fig. 6.3, we present the percentage error

(a) Perturbation vs. Maximum error in
ISS example.

(b) Perturbation vs. Maximum error in
NRHO example.

Figure 6.2: Maximum error for propagation of relative motion in two-body and
restricted three-body dynamics through SciPy optimization.

between numerical optimization and the three other approaches for estimating the

error: sampling, tensor norm (Eq. 6.52), and nonlinear evaluation of the tensor
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eigenvector. Results are presented in both the two- and restricted three-body cases

discussed above. We see the error found by sampling to be on the scale of 1%, which

implies that our local SLSQP optimization is, in fact, finding the global maximum.

To answer our proposed question regarding the accuracy of a linear model, in the

two-body case, the difference between the tensor norm linear model and true upper

error bound increases from 0.1% to 10% over the range of velocity perturbations.

In the three body case, this error increases from 3% to 10%. Further, we find

the error in our eigenvector evaluation to be on the scale of one one thousandth of

one percent. This implies that the direction that maximizes the nonlinear error is

very close to the direction which maximizes the quadratic error even though the

quadratic and nonlinear errors may deviate by up to one tenth of the true nonlinear

error. In Fig. 6.4, we examine the tensor norm defined in Eq. (6.52). Using the

(a) Percent error between methods in
ISS example.

(b) Percent error between methods in
NRHO example.

Figure 6.3: Relative inaccuracy between methods of calculating maximum error
and true upper bound for propagation of relative motion in two-body and restricted
three-body dynamics.

same ISS and Gateway NRHO examples, we instead propagate each satellite up

to a single period. The tensor 2-norm associated with this flight is plotted against

the time of flight, note that the NRHO example has a logarithmic y-scale. We

see the tensor norm in the ISS example exhibits sub-exponential growth, while the
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tensor norm in the NRHO example exhibits exponential growth. The differences in

growth can be attributed to each system’s sensitivity to initial conditions and level

of nonlinearity. We also can see a spikes in the growth of the tensor norm associated

with the NRHO example at around half a period. This spike corresponds to the

perilune of the NRHO orbit where the final position is particularly sensitive to

initial conditions. The value of the tensor norm is not approaching infinity at this

time, but reaching a high finite value.

(a) Propagation tensor norm vs. Time
of flight in ISS example.

(b) Propagation tensor norm vs. Time
of flight in NRHO example (log).

Figure 6.4: Plots of velocity to position propagation tensor norm as time-of-flight
varies.

Final Position Error from an Impulsive Transfer

The impulsive relative transfer problem is a basic building block for station-keeping

as well as rendezvous. In its simplest form, a satellite at the reference orbit incurs

some ∆v at the time t0 in order to reach a desired final relative position δr∗f with

respect to the reference orbit at some time tf . A linear approximation is often

used to solve for the required initial relative velocity [53]

δv
(1)
0 = (Φr

v(tf , t0))
−1δr∗f (6.54)
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where Φr
v is the upper right three by three block of Φ, and the superscript (1)

indicates that the solution for the initial velocity is a first-order approximation.

We might want to understand the accuracy of the linear approximation of the

initial velocity δv
(1)
0 . A natural question is what level of error does implementing

the linear guidance solution lead to in the final relative position achieved by the

δv
(1)
0 versus the desired δr∗f when propagated by the true nonlinear dynamics? We

are trying to find the maximum miss distance when implementing a linear guidance

solution in a truly nonlinear dynamical system. To answer this question, we begin

by substituting the linear solution for the initial impulse into a Taylor expansion

for the final position

δrf = Φr
v(tf , t0)δv

(1)
0 +

1

2
Ψr

vv(tf , t0)
(
δv

(1)
0

)2
+O

((
δv

(1)
0

)3)
(6.55)

If we define the position error tensor associated with the second-order order term

from the above Taylor expansion

(E(1))ij,k =
1

2

(
Ψr

vv(tf , t0)(Φ
r
v(tf , t0))

−2
)i
j,k

=
1

2

∂2rif
∂vl0∂v

p
0

((
∂rf
∂v0

)−1
)l

j

((
∂rf
∂v0

)−1
)p

k

(6.56)

then, when a linear approximation is used to determine the initial ∆v for a transfer,

the error in the final position is

∥δr∗f − δrf∥2 ≤
∥∥E(1)

∥∥
2
∥δr∗f∥22 +O

(
∥δr∗f∥32

)
(6.57)

where the 2-norm of the (1-2) tensor above can be calculated by the Z-eigenvector

approach as described in Sec. 6.2.4.

Multivariate series reversion methods can be used to find higher-order approx-

imations to inverse problems such as relative motion impulsive transfers and ren-

dezvous [49, 125, 59]. For example, the second-order approximation of the initial
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Figure 6.5: Notional depiction of transfer miss distance for linearized initial velocity
calculation to reach δr∗f .

relative velocity for the simple case of a transfer is

δv
(2)
0 = (Φr

v(tf , t0))
−1δr∗f −

1

2
(Φr

v(tf , t0))
−1Ψr

vv(tf , t0)(Φ
r
v(tf , t0))

−2
(
δr∗f
)2

(6.58)

The tensor associated with the position error from the second-order initial velocity

solution is

(E(2))ij,k,l =

(
− (Ψr

vv)
i
p1,p3

((Φr
v)

−1)p1p2 (Ψ
r
vv)

p2
p4,p5

+
1

6
(Ψr

vvv)
p1
p3,p4,p5

)
((Φr

v)
−1)p3j ((Φr

v)
−1)p4k ((Φr

v)
−1)p5l

(6.59)

and the error in final position from a second-order approximation of the initial

velocity is

∥δr∗f − δrf∥2 ≤
∥∥E(2)

∥∥
2
∥δr∗f∥32 +O

(
∥δr∗f∥42

)
(6.60)

This process can be generalized to find the position error from using an mth-order

approximation of the correct initial ∆v, but we only specify the exact form of the

error tensor up to second-order due to the complexity of higher-order terms.

∥δr∗f − δrf∥2 ≤
∥∥E(m)

∥∥
2
∥δr∗f∥m+1

2 +O
(
∥δr∗f∥m+2

2

)
(6.61)

A notional depiction comparing the linearized guidance trajectory and showing

the miss distance from the desired final is presented in Fig. 6.5. We again present

two examples utilizing the above error bound formulation. In both, we find the

maximum error between nonlinear and linear models of the position ∥δr∗f − δrf∥2

given an initial position at the reference orbit, and some desired final position

sampled from within a ball of radius R from the reference orbit final position.
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We use a linear approximation to find the impulsive burn at t0 that results in

the satellite reaching this desired final position δr∗f . To find the maximum miss

distance associated with implementing the linear guidance solution, analysis is

conducted as the maximum scale R of the final position δr∗f is varied from 0 to 200

kilometers in the two-body orbit case and between 0 and 2,000 kilometers in the

NRHO example. We use the same example cases as in the previous application.

Further, we use the same methods of calculating the maximum error, with the

adjustment of sampling R as the magnitude of the final desired position deviation.

In Fig. 6.6 we present the maximum errors for propagation of an impulsive

transfer through the SLSQP method in SciPy. Similarly to the previous applica-

tion, the results are presented in both the two- and restricted three-body cases.

In the two-body case, we see the magnitude of the maximum error reaches on the

order of hundreds of meters. For the order of magnitude larger distance traveled in

the NRHO case, the magnitude of error is still on the order of hundreds of meters.

This difference in error can be attributed to the restricted three-body system’s sen-

sitivity to initial conditions. In the opposite manner of propagation, this results

in reduced error, as a given final position corresponds to a smaller initial velocity

to reach the desired final position. Thus, a linear approximation performs better

in terms of error for solving a transfer in the NRHO case when compared to the

two-body case. In Fig. 6.7, we present the percentage error between numerical

optimization and the three other approaches for estimating error. Although more

erratic, we again find the sampling method-based error on the scale of tenths of

a percent to just under ten percent of the true maximum nonlinear error. This

again implies that our local SLSQP optimization is finding the global minimum.

To answer our proposed question regarding the accuracy of this first-order linear

model, we find the difference between the tensor norm linear model and true upper

126



(a) Final position vs. Maximum error
in ISS example.

(b) Final position vs. Maximum error
in NRHO example.

Figure 6.6: Maximum error for propagation of an impulsive transfer in two-body
and restricted three-body dynamics through SciPy optimization.

error bound increases from 0.1% to 10% over the range of final positions. In the

three body case, this error increases from 0.1% to 1%. The sampling method

giving around 0.1% error relative to the optimized linearization error indicates that

the global maximum is being found correctly by the local optimization method in

this guidance problem as well. Further, we find the absolute relative error in our

eigenvector evaluation (not shown) to be on the scale of less than 10−7 in both

cases indicating very high accuracy in the agreement of the direction of maximal

second-order error and nonlinear error.

In Fig. 6.8, we examine the norm of the tensor defined in Eq. 6.56. We perform

the same analysis as the previous application, propagating each satellite one period.

In this case, both the ISS and NRHO examples are plotted using a logarithmic

y-scale. The norm of the tensor spikes at around half and full periods. These

represent relative transfer singularities and are times when the block of the STM

Φr
v becomes singular [76, 93, 37]. At these points the tensor norm is approaching

infinity unlike in the earlier previous propagation example where a high, but finite

value is achieved. The same approach to infinity is true of spikes in subsequent
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(a) Percent error between methods in
ISS example.

(b) Percent error between methods in
NRHO example.

Figure 6.7: Relative inaccuracy between methods of calculating maximum error
and true upper bound for miss distance in an impulsive transfer in two-body and
restricted three-body dynamics.

guidance-related examples.

(a) Miss distance tensor norm vs. Time
of flight in ISS example.

(b) Miss distance tensor norm vs. Time
of flight in NRHO example.

Figure 6.8: Plots of norm associated with miss distance calculation for linearized
guidance over varying transfer durations.

Initial Velocity Error from an Impulsive Transfer

In Sec. 6.3.1, we calculated bounds for the miss distance of a linear or higher-order

series reversion-based transfer as a function of the desired distance of the transfer.
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Here we calculate bounds on the inaccuracy of the initial velocity calculated to

reach the final target. The correction term to improve the approximation of the

initial velocity of a transfer to one order higher is given in terms of the error tensor

from the previous section, so that the (m+ 1)-th order solution is

δv
(m+1)
0 = δv

(m)
0 − (Φr

v)
−1E(m)(δr∗f )

m+1 (6.62)

where (
(Φr

v)
−1E(m)

)i
j1...jm

=
(
(Φr

v)
−1
)i
l

(
E(m)

)l
j1...jm

(6.63)

Eq. 6.62 can be viewed as Newton’s method applied to gain one more order of

accuracy in the series reversion per iteration [49, 83, 139]. The resulting final

term in the inverse series for initial velocity in terms of final position affords the

following observation about the error in the m-th order solution to the relative

transfer problem:

∥δv∗
0 − δv

(m)
0 ∥2 ≤ ∥(Φr

v)
−1E(m)∥2∥δr∗f∥m+1 +O(∥δr∗f∥m+2) (6.64)

Thus, we can approximately bound the error in the orderm series reversion solution

for the initial velocity to achieve some desired transfer. In particular, this yields

an approximate error bound for the initial velocity computed by linear guidance

methods versus the true initial velocity that solves the full nonlinear boundary

value problem. A notional depiction of the transfer trajectory is presented in

Fig. 6.9. The boundary conditions are the same for both the linear and nonlinear

versions of the guidance problem, and in each self-consistent model of the dynamics,

the solution leads to the final desired position, though the two initial velocity

solutions are clearly different (and the linearized solution does not reach the desired

position under the nonlinear dynamics as discussed above).

We present a set of examples under the same circumstances as in the miss-

distance scenario for a linearized transfer. The true maximum errors for one tenth
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Figure 6.9: Notional depiction of error in linearized initial velocity calculation to
reach δr∗f .

of a period transfer can be found in Fig. 6.10. In the two-body case, hundred

kilometer transfers calculated with linearized guidance can lead to nearly meter

per second errors in the initial velocity, while thousand kilometer transfers in the

three-body problem lead to errors on the order of centimeters per second. In some

sense, this combined with the previous evidence on miss distance shows that while

linear propagation has its limits, linear guidance can actually be quite accurate in

the three-body problem. While this might be surprising from the perspective that

the three-body problem is a chaotic dynamical system and control would seem

more difficult, the large distance scales in this system come into play as well to

make thousands of kilometers a relatively small distance as compared with the scale

of the NRHO. The error of the tensor norm, sampling, and eigenvector evaluation

based methods as compared relative to the numerical optimization around the

eigenvector are on the same scale and exhibit the same trends as Fig. 6.7 and

are omitted. In Fig. 6.11, we examine the norm of the tensor defined in Eq.

6.63 over the course of an orbital period. Similar spikes can be seen at relative

transfer singularity times. Using this tensor norm from this plot and Eq. 6.64,

the initial velocity error from linearized guidance calculations can be bounded for

small transfer distances.
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(a) Final position vs. Maximum initial
velocity error in ISS example.

(b) Final position vs. Maximum initial
velocity error in NRHO example.

Figure 6.10: Maximum error for linear guidance calculation of initial velocity as a
function of transfer distance.

(a) Tensor norm associated with veloc-
ity error vs. Time of flight in ISS exam-
ple.

(b) Tensor norm associated with veloc-
ity error vs. Time of flight in NRHO
example.

Figure 6.11: Plots of the norm of the tensor that describes initial velocity error as
a function of the desired transfer distance while varying time of flight.

Final Position Error During Rendezvous

Before, we were considering the simplified transfer problem, where a satellite begins

at the reference orbit and attempts to transfer to another position at a later time.

Another related problem is the impulsive rendezvous problem. A satellite begins

at some position δr0 relative to the reference orbit and attempts to reach the origin
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Figure 6.12: Notional depiction of miss distance in a rendezvous calculated with
linearized dynamics.

(reference orbit) at some time later. The linear solution to this problem is given:

δv
(1)
0 = −(Φr

v)
−1Φr

rδr0 (6.65)

The final position error when the first-order solution for the initial velocity is used

is

∥δrf∥2 ≤ ∥F(1)∥2∥δr0∥22 +O(∥δr0∥32) (6.66)

where the tensor comes from substituting the first-order transformation from δr0

to δv0 (Eq. 6.65) into any part of the second-order Taylor expansion that takes

initial velocity as input

(F(1))ij,k =
1

2

(
(Ψr

rr)
i
j,k − (Ψr

rv)
i
j,l((Φ

r
v)

−1Φr
r)
l
k − (Ψr

vr)
i
l,k((Φ

r
v)

−1Φr
r)
l
j + (Ψr

vv)
i
l,p((Φ

r
v)

−1Φr
r)
l
j((Φ

r
v)

−1Φr
r)
p
k

)
(6.67)

What we have in this case is an approximate bound for the error in the final

position during a rendezvous as a function of the initial distance from the chief

satellite being targeted for rendezvous. A notional depiction of miss distance in

a rendezvous using linear guidance is presented in Fig. 6.12. Examples of the

miss distance from using a linearized guidance solution for rendezvous under the

same circumstances as previously described are presented in Fig. 6.13 with the

modification that the distance being varied is the initial distance from the reference

orbit rather than the final distance. The miss distance is on the order of two

to three times that of the transfer that begins at the reference orbit (between

one and two kilometers in this particular case). This is because there are more
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coupled second-order terms coming into play in this scenario than there are in the

simple transfer guidance miss distance scenario presented earlier. Again, the error

performance of the three methods for approximating the maximum error exhibit

the same trends and scales as in the previous two examples and are omitted. In Fig.

(a) Initial position vs. Max miss dis-
tance in ISS example.

(b) Initial position vs. Max miss dis-
tance in NRHO example.

Figure 6.13: Maximum miss distance of an impulsive rendezvous implemented
using linear guidance.

6.14, we examine the norm of the tensor defined in Eq. 6.67, which can be used

to bound the error of rendezvous miss distance using Eq. 6.66. Unsurprisingly,

relative transfer singularities manifest as spikes at certain transfer times in this

example as well since each tensor examined in the guidance problems described

here has relied on the invertibility of the relevant block of the state transition

matrix which is known to become singular at these times. Interestingly, even

between these spikes, the tensor norm is not a smooth function of time. Just as is

the case with matrix eigenvalues, tensor eigenvalues, upon which this tensor norm

is based, do not always vary in a differentiable fashion as a parameter is varied

and the eigenvalues pass by one another.

We have demonstrated that the error associated with linear propagation of

motion around some reference orbit as well as linear guidance in the vicinity of
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(a) Rendezvous tensor norm vs. Time
of flight in ISS example.

(b) Rendezvous tensor norm vs. Time
of flight in NRHO example.

Figure 6.14: Plots of tensor norm associated with rendezvous miss distance as
transfer duration is varied.

that orbit can be quantified using a tensor norm approach. In the cases examined,

the tensor norm approach for bounding error was very accurate at small distances

(off by fractions of a percent of the actual error), but degrades as the distances

from the reference orbit increase. The advantage of the tensor norm approach is

that it can be used to predict the error as a function of the distance scale using

a polynomial expression, and does not need to be recomputed for difference scale

values. Additionally, the calculation is dominated by calculation of the second-

order state transition tensor which requires on the order of 36 times as many

equations to be integrated as a single integration of the original dynamical system.

Compare this cost with sampling methods which rely on propagating thousands of

trajectories to yield similar levels of accuracy and it is evident that the tensor norm

method is one to two orders of magnitude faster than sampling, and even faster

if the second-order state-transition tensor is already being calculated for another

purpose.
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6.3.2 Measurement Nonlinearity

To quantify the nonlinearity of a measurement function, it is possible to directly

study the norm of a coefficient tensor from the Taylor series approximation. How-

ever, another related metric can offer more insight into the error introduced by

employing linearization of the measurement function in estimation problems. Sup-

pose we have an initial estimate x− for some state vector x∗, and we want to update

that estimate given a single measurement h(x∗) = z that is completely certain (i.e.

no sensor noise) but potentially underdetermined so that the dimension of z may

be less than the dimension of the state x). Under an additional assumption on

the homoscedasticity of the prior state covariance, the extended Kalman update

reduces to the estimate

x+ = x− +

(
∂h

∂x

)†

x=x−

(
z− h(x−)

)
(6.68)

where (·)† is the Moore-Penrose pseudoinverse. Expanding h(x∗) = z about x− up

to second order where we define δx = x∗ − x−, we obtain

x+ = x− +

(
∂h

∂x

)†

x=x−

(
h(x−) +

(
∂h

∂x

)
x=x−

δx+
1

2

(
∂2h

∂x2

)
x=x−

δx2 − h(x−)

)
+O(δx3)

(6.69)

= x− +ΠHδx+
1

2

(
∂h

∂x

)†

x=x−

(
∂2h

∂x2

)
x=x−

δx2 +O(δx3) (6.70)

= x∗ −Π⊥
Hδx+

1

2

(
∂h

∂x

)†

x=x−

(
∂2h

∂x2

)
x=x−

δx2 +O(δx3) (6.71)

where ΠH is the projection of the state into the linearly observable subspace under

h—a projection into the row space of the Jacobian of the measurement function

H =
∂h

∂x
(6.72)

and Π⊥
H is the projection onto the unobservable subspace of the state given by the

right null space of H. Thus, the error in the observable subspace of the state using
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the linearization for the update is determined up to second-order by the tensor

H̄ =

(
∂h

∂x

)†
∂2h

∂x2
(6.73)

with components

H̄ i
jk =

((
∂h

∂x

)†
)i

l

(
∂2h

∂x2

)l
jk

(6.74)

It is possible to compute another tensor generalizing Eq. 6.74 that depends specif-

ically on some prior state covariance and sensor noise, but the approach we take

above allows us to compare measurement functions without getting into specifics

of the sensor noise covariance or prior covariance. Under the homoscedasticity and

noise-free sensor assumption above, the 2-norm of h̄ evaluated at some estimate of

the state gives the maximum level of error in the observable subspace of the state

when using the linear update as a function of how far off that estimate is from the

truth

∥ΠH(x
∗ − x+)∥2 ≤

1

2
∥H̄∥2∥δx∥22 +O(δx3) (6.75)

Using the norm of H̄, we can examine how well differing measurement models

perform in terms of linearization error in the context of a linear estimation algo-

rithm such as an extended Kalman filter. Note that the error in the unobservable

subspace is the same no matter the choice of coordinates for an observation, be-

cause the unobservable subspace is the same regardless of the particular coordinate

choice for the measurement model.

For example, two common models of an optical measurement are given by

ha(r) = [θ, ϕ]T =

[
tan−1

(y
x

)
, sin−1

(
z

∥r∥2

)]T
(6.76)

hu(r) =
r

∥r∥2
=

1√
x2 + y2 + z2

[x, y, z]T (6.77)

where r = [x, y, z]T , θ is the azimuthal angle, and ϕ is the elevation angle. We can

evaluate the angle and unit vector models for their error performance in a linear
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Figure 6.15: ∥H̄a∥2 associated with angle measurements as a function of the esti-
mate latitude ϕ

estimation algorithm by evaluating ∥H̄∥2 at various estimates for r. We use posi-

tion vectors confined to the unit sphere for comparison. The angle measurement

function should exhibit the same error behavior at any point with the same value

of ϕ due to symmetry. In Fig. 6.15, we plot the value of ∥H̄∥2 associated with

the measurement function ha as a function of ϕ for an estimate on the unit sphere

with that given latitude angle. The value of ∥H̄a∥2 varies from 1 to ∞, with a

minimum at ϕ = 0 and singularity at ϕ = ±90 deg. On the other hand, the unit

vector measurement model possesses spherical symmetry, and so it can be expected

that the value of ∥H̄u∥2 is constant when evaluated at estimates anywhere along

the unit sphere. For an estimate at r = [1, 0, 0]T , the value of the norm of H̄uδr
2 is

plotted in Fig. 6.16 for r = [cos θ cosϕ, sin θ cosϕ, sinϕ]T . One can show that the

value is given by the expression

∥H̄uδr
2∥2 = 4 cos2(θ) cos2(ϕ)

(
sin2(θ) cos2(ϕ) + sin2(ϕ)

)
(6.78)

which has a maximum of 1 along a 1-dimensional subspace including the point

δr =
√
2/2[1, 1, 0]T . Thus, ∥H̄u∥2 is 1 everywhere on the unit ball. At zero

degree latitudes, both models perform equally well in terms of linearization error.

However, at latitudes greater than around 80 deg, the effects of linearization error

on an extended Kalman update are around an order of magnitude greater for

the angle measurement model as compared to the unit vector model which has
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uniformly superior linearization error performance. This, of course, comes at the

cost of an increase in the dimension of the measurement model for the unit vector

model and a minor additional computational burden when dealing with larger

matrices. When minor increases in computational cost are not important, the

unit vector approach provides superior linearization error performance for linear

estimation algorithms. While, in practice no measurement is perfectly certain,

0.
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0.4

0.6

0.8

1.0

∥H̄uδr
2∥2

Figure 6.16: The value of ∥H̄uδr
2∥2 from Eq. 6.78 is plotted for initial estimate

errors on the unit sphere.

this stylized problem bears a close resemblance to the stressing situation of an

extended Kalman filter in which the measurement noise covariance is very low

when compared with the state error covariance and a filter can become smug. In

fact, a principled method for underweighting measurements in an extended Kalman

filter makes use of the bounds on the two norm (as presented in Sec. 6.2.8) of the

second-order measurement partial derivative tensor [138]. While this bound could

likely be made tighter using the 2-norm of the measurement partial derivatives, it

is unlikely that the actual 2-norm would be as easy and quick to compute in closed

form for general measurement models as the bound on the 2-norm tends to be.

As such, this approach is not pursued further here, and this method is highlighted

mostly as a means to compare the efficacy of different measurement models for an
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estimation problem in much the same way the nonlinearity index is employed to

compare different state representations for a given dynamical system.

6.3.3 Nonlinearity Index

The nonlinearity index was initially introduced to quantify the level of nonlinearity

of a dynamical system as described in various coordinates [57, 58]. It has also been

employed in the study of distribution propagation under nonlinear dynamics [95].

Additionally, it has been used to justify the use of calibration and decalibration

processes to improve accuracy in settings that employ linearized dynamics [112].

To name a few other applications, the nonlinearity index has been calculated to

compare coordinate system choices for optimal control [61], relative motion [4], and

aerodynamics [2, 121]. Originally, the nonlinearity index was defined in a manner

that depends on the scale of the perturbation to the reference trajectory, and also

relies on numerical integration of a large number of randomly sampled perturbed

trajectories.

The nonlinearity index ν(tf , t0) associated with a trajectory was originally pre-

sented in terms of the Frobenius norm (∥ · ∥F ) of the difference between the STM

about some reference orbit and the STM about N other nearby orbits each with an

initial deviation of their state vector δx(t0)i from the reference initial state x(t0)

[57, 58]. That is, it was defined as

ν(tf , t0) = sup
i=1..N

(
∥Φ(x(t0) + δx(t0)i; tf , t0)−Φ(x(t0); tf , t0)∥F

∥Φ(x(t0); tf , t0)∥F

)
(6.79)

Typically, the chosen initial deviations lie uniformly at random on a sphere centered

at zero, but the choice of size for the sphere and the sampling are ad hoc. We

present a similar alternative formulation that is scale-free and does not rely on
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sampling trajectories with initial deviations from the reference. First, we introduce

new notation to clarify the dependence of the nonlinearity index on the scale of

perturbation r and the choice of output norm a and input norm b. We define

νab,r(tf , t0) = sup
∥δx(t0)∥b=r

(
∥Φ(x(t0) + δx(t0); tf , t0)−Φ(x(t0); tf , t0)∥ab

∥Φ(x(t0); tf , t0)∥ab ∥δx(t0)∥b

)
(6.80)

To excise the scale parameter r from equation (6.80), we can take the limit as r

approaches zero. Then

νab (tf , t0) = lim
r→0

νab,r(tf , t0) =
∥Ψ(x(t0); tf , t0)∥ab
∥Φ(x(t0); tf , t0)∥ab

(6.81)

A scale-free version of the original nonlinearity index due to Junkins[57] does not

match this form where the two norms in the quotient are the same as one another,

but takes the similar form

ν∗(tf , t0) =
∥Ψ(x(t0); tf , t0)∥F2
∥Φ(x(t0); tf , t0)∥F

(6.82)

As was discussed in Sec. 6.2.9, a similar nonlinearity index was presented in terms

of an easily computed upper bound on the (Frobenius, ∞)-norm of the second-

order state transition tensor [84]

ν□(tf , t0) =
∥Ψ∞(x(t0); tf , t0)∥F
∥Φ(x(t0); tf , t0)∥F

≥ ∥Ψ(x(t0); tf , t0)∥F∞
∥Φ(x(t0); tf , t0)∥F

(6.83)

where the matrix (.)∞ was defined in Eq. 6.48. This nonlinearity index is not

unitarily invariant and varies based on rotations of the coordinate system. We

denote this index with a superscript box because of its relation to the infinity

norm and the need to disambiguate from a norm/index induced by the infinity

norm. Note that while the expression above is identical to that presented in [84],

the language of differential algebra was used and the connection to the induced

norm bound, while implied in the original work, is our own formalized observation.

In any of the above cases, by taking a quotient of a tensor norm and a matrix

norm, we have split up two quantities that are each obtained as the solutions to
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constrained optimization problems. Alternatively, Jenson and Scheeres presented

a formulation of the nonlinearity index called Tensor Eigenpair Measure of Non-

linearity (TEMoN) in which the nonlinearity index is framed in terms of a single

constrained optimization problem, rather than two independent optimizations [54].

This innovative work was the first to introduce the study of tensor eigenvalues to

the astrodynamics as well as guidance, navigation, and control communities. In

their paper, two optimization problems appear. One nonlinearity measure of in-

terest is given by the optimization

ℵm,R = max
δx(t0)∈BR

∣∣∣∣C(3)δx3(t0) + ...+C(m)δxm(t0)

C(2)δx2(t0)

∣∣∣∣ (6.84)

On the other hand, TEMoN is given by the optimization

τm,R = max
δx(t0)∈BR

∣∣∣∣C(m)δxm(t0)

C(2)δx2(t0)

∣∣∣∣ (6.85)

and the previous measure of nonlinearity from Eq. 6.84 is upper bounded by the

sum of individual TEMoN optimizations for each order up to m

ℵm,R ≤
m∑
l=3

τm,R (6.86)

Jenson and Scheeres proposed a method to calculate TEMoN involving finding

Z-eigenvalues of an m+ 2 order tensor derived from the method of Lagrange mul-

tipliers. However, this method requires finding more than just the eigenvector

associated with the largest eigenvalue. Instead, the algorithm relies on methods

other than symmetric higher-order power iteration to find as many eigenvectors

as possible, checking each to find which yields the largest TEMoN. In general,

finding all eigenvectors, especially those that are not associated with the largest

eigenvalues, is a difficult task that has no guarantees of finding all eigenpairs and

can be computationally intensive [9]. We propose another nonlinearity index in

a similar spirit called the D-Eigenvalue Measure of Nonlinearity (DEMoN). The
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development of this index also motivates a simpler method for computing TEMoN

using the largest eigenvalue of some tensor computable by shifted symmetric higher

order power iteration. DEMoN-m is given as

µ(m)(tf , t0) = sup
∥δx(t0)∥2=1

(∥∥Ψ(m)(x(t0); tf , t0)δx
m(t0)

∥∥
2

∥Φ(x(t0); tf , t0)δx(t0)∥2

)
(6.87)

If the optimization were conducted over a ball of radius R rather than the unit

ball, the result would be scaled by a factor of Rm−1 given the homogeneity of

multilinear operators. This makes the index scale-free in a sense unlike any index

that involves a nonhomogeneous polynomial or full nonlinear function.

All of the indices presented so far besides the original sampling-based index are

scale-free in a similar fashion. The most significant order to calculate is the m = 2

case since this accounts for the deviations from linearity of dynamics closest to the

reference orbit. The index µ(2) quantifies how large the norm of the quadratic term

in the Taylor series can become relative to the norm of the linear term given the

same input vector. In order to calculate DEMoN, a D-eigenvalue problem, and a

rescaling of the resulting eigenvector can be substituted back into Eq. 6.87. This

nonlinearity index can be calculated using only the largest D-eigenpair, avoiding

the difficult task of computing all eigenpairs encountered by the original implemen-

tation of TEMoN. The vector δx(t0) that maximizes the expression in Eq. 6.87 is

parallel to the maximizer of the related optimization

sup
δxT

0 ΦTΦδx0=1

∥∥Ψ(m)(x(t0); tf , t0)δx
m(t0)

∥∥2
2

(6.88)

where the arguments of the shorthand Φ and δx0 are understood to match the

arguments in the rest of the expression. Refer to Sec. 6.2.5 to compute the

vector δx∗
0 maximizing the above expression using the theory of D-eigenvalues

where D = ΦTΦ and the square root of D need not be calculated using the

Cholesky factorization, but instead is given by Φ. With this vector δx∗
0 computed,
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DEMoN is the expression in Eq. 6.87 evaluated at a normalized (to the unit ball)

δx∗
0. A disadvantage of this approach is that the sum of the squares of DEMoN for

various orders plus unity (to account for the second-order CGT term) gives a more

relaxed bound on the nonlinearity index ℵm,R than the sum of TEMoN terms. On

the other hand, a sum of DEMoN terms provides a bound on the nonlinearity

index

ℶm,R = max
δx(t0)∈BR

∥∥ 1
2!
Ψ(2)δx2(t0) + ...+ 1

m!
Ψ(m)δxm(t0)

∥∥
2

∥C(2)δx2(t0)∥2
(6.89)

ℶm,R ≤
m∑
l=2

Rm−1

m!
µ(m) (6.90)

While ℵm,R gives the error of the norm of the m-th order approximation of the

final deviation vector relative to the norm of the linear approximation, this index

denoted ℶm,R (Beth from the Hebrew alphabet) gives the norm of the error of

the m-th order approximation of the final deviation vector relative to the norm of

the linear approximation. Both TEMoN and DEMoN as well as ℵ and ℶ are valid

indices to compute with differing meanings: an error of a norm or a norm of an er-

ror. The nature of TEMoN and the index ℵ implies that they may miss/understate

strong nonlinearities with contributions in different directions than the linear con-

tribution. Orthogonal contributions like these do not change the norm of the final

deviation vector up to a linear approximation. For concreteness, we present the

following extreme stylized example. Consider two dynamical systems in R2 and

reference trajectories (one is the primed dynamical system and the other is the un-

primed dynamical system) such that the state transition matrix and second-order

state transition tensor for either system have all zero entries except for

Φ1
1 = 1, Ψ2

1,1 = 1 (6.91)

(Φ′)11 = 1, (Ψ′)11,1 = 1 (6.92)

(6.93)
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In this situation, the values of DEMoN and ℶ are identical for the two systems

(DEMoN has a value of 1). On the other hand, τ3,R = 0 and τ ′3,R = 1
2
R, while

τ4,R = 1
4
R2 = τ ′4,R, so that ℵm,R = 1

4
R2 and ℵ′m,R = 1

2
R + 1

4
R2 for any m higher

than 4. While these two systems seem equally nonlinear, TEMoN and ℵ index one

of these systems as being substantially more nonlinear than the other. The fact

that TEMoN characterizes an error of a norm rather than a norm of an error and

can underestimate the nonlinearity of some functions gives a potential advantage

for considering ℶ over ℵ and DEMoN over TEMoN. However, the error in the norm

interpretation of TEMoN may be of interest still. Having derived DEMoN, we see

that a slight modification of this D-eigenvalue methodology allows for computation

of TEMoN. The main issue is that the higher-order CGT tensors are not necessarily

even order or convex on the unit ball, so symmetric higher-order power iteration

may not be convergent as is the case in calculating DEMoN which deals only in

squares of tensors and not products of different tensors. As a result, TEMoN must

be calculated using a shifted symmetric higher-order power iteration. For details,

see Sec. B.3.

Since each of the nonlinearity indices above results from some constrained opti-

mization problem, each of them has some corresponding argument or input vector

that leads to the nonlinearity index. These vectors which solve the constrained

optimization problem can be used to identify possible direction for splitting of a

Gaussian mixture model. ν□ was used for just this purpose in the context of split-

ting Gaussian mixtures in a coordinate axis aligned fashion [84]. Using vectors

associated with other nonlinearity indices such as ν22 or µ(2) can give a single opti-

mal non-axis-aligned splitting direction. The former focuses on reducing absolute

error from second-order nonlinearities, while the latter focuses on reducing per-

centage error from second-order nonlinearities. Similar constrained optimizations
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associated with D-eigenvalues can be posed where D = P−1 is the inverse of the

covariance matrix for the Gaussian distribution being split. These problems can be

interpreted as finding the direction in which nonlinearity is greatest given inputs

that are equally likely. Though not phrased in the tensor norm formalism we have

presented, the vector that solves the constrained maximization problem associ-

ated with the (Frobenius, P−1)-norm of the second-order partial derivative tensor

of a flow or measurement function has been employed for choosing a maximally

nonlinear Gaussian mixture splitting direction [124].

With the nonlinearity indices derived and presented above, we show two ex-

amples with a selection of the nonlinearity indices. First, we present the nonlin-

earity index associated with nondimensional circular two-body motion. Two-body

dynamics were defined in Eq. 1.1. To further simplify the problem and make

interpretation of the nonlinearity index simpler, we nondimensionalize the two-

body problem using a reference circular orbit with semimajor axis a to form the

nondimensional state vector x′ = [r′T ,v′T ]T .

d

dτ
x′ =

 v′

−r′

∥r′∥32

 (6.94)

where ∥r′∥32 denotes the cube of the 2-norm. The states and times are related by

the following coordinate changes

r′ = r/a (6.95)

τ = ωt (6.96)

v′ = v/(aω) (6.97)

where ω is the mean motion of the circular orbit with semimajor axis a. The

initial conditions we employ for the generic planar nondimensional circular orbit

are x0 = [1, 0, 0, 0, 1, 0]T . A number of nonlinearity indices are presented on the
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left in Fig. 6.17. These include DEMoN-2 on its own due to scale considerations,

TEMoN-3, and the nonlinearity indices associated with the 2-, (Frobenius, 2)-,

and (∞, 2)-norms as well as the flattening based 2-norm bound of the second-

order state transition tensor. For the 2-norm bound based nonlinearity index, we

take the quotient of the 2-norm bound in Sec. 6.2.8 applied to the second-order

state transition tensor with the 2-norm of the state transition matrix. Since the

values of the 2-norm, (Frobenius, 2)-norm, and 2-norm bound are very similar,

we break out the difference between the 2-norm nonlinearity index and these two

other indices on their own. In addition to the two-body example, we also use

the Gateway NRHO beginning at apolune to demonstrate how these nonlinearity

indices grow in the circular restricted three body problem on the right hand side

of Fig. 6.17. The sensitivity to initial conditions exhibited by the three-body

problem manifests itself in a much higher growth rate of the nonlinearity indices

than in the two-body case. We also see a peak in nonlinearity near perilune which

is consistent with previous analysis with TEMoN [54]. Note that the 2-norm bound

does in-fact give an upper bound on the 2-norm based nonlinearity index in both

cases for all times, and quite a tight one at that. One of the main takeaways is that

in the case of two- and three-body motion, these nonlinearity indices exhibit very

similar patterns of growth over time and may be quite interchangeable-especially

in the case of the 2-norm, (Frobenius, 2)-norm, and 2-norm upper bound based

nonlinearity indices. The main exception is that the overall magnitudes differ

between TEMoN, DEMoN, and the nonlinearity indices associated with various

norms of the second-order state transition tensor. This implies that the simpler to

compute nonlinearity indices such as the (Frobenius, 2)-norm or the (∞, 2)-norm

might be the best to use, though the (∞, 2)-norm may be advised against due to

its non-smoothness.
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Figure 6.17: The nonlinearity indices associated with nondimensional circular two-
body motion on the left and the Earth-Moon circular restricted three-body problem
Gateway NRHO on the right.

6.4 Conclusion

In this paper, we have developed and synthesized a number of existing approaches

to quantifying nonlinearity of a function or flow of a dynamical system into a sin-

gle framework based on tensor operator norms. This led to an easy-to-compute

and easy-to-interpret scale-free nonlinearity index that most closely parallels the
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original nonlinearity index presented over two decades ago, as well as two easier-

to-compute versions of the modern tensor-eigenvalue-based nonlinearity index

(TEMoN and DEMoN). One of these tensor eigenvalue based measures of non-

linearity (DEMoN) quantifies the norm of a deviation from linearity rather than

a deviation of norm predicted by linear and nonlinear models as has been done

previously. In addition to presenting nonlinearity indices as a means to quantify

nonlinearity of a dynamical system and compare different formulations of a sys-

tem, we have shown that the same tools for defining a nonlinearity index can be

employed to estimate the error resulting from commonly used linear algorithms

applied to a nonlinear system. In particular, we demonstrated the use of tensor

norms to approximately bound the error in linearized guidance methods for sta-

tionkeeping or rendezvous. Additionally, we presented a method for analyzing the

maximum error in the extended Kalman filter update step when a measurement

is much more precise than the current state estimate. This error approximation

methodology can be applied with some modifications to many linear algorithms

in guidance, navigation, and control. The methodology is more efficient than

sampling-based methods for quantifying error and gives an analytical grasp on er-

ror performance for varying distance scales from the point at which linearization

was applied. Though we do not pursue it here, future work could involve using

this same methodology in a statistical context for quantifying non-Gaussianity by

examining norms of tensors related to higher-order moments of a distribution.

148



CHAPTER 7

CONCLUSION

This thesis began by summarizing the calculation of coefficients tensors arising

from the Taylor series expansion of the flow of a dynamical system along with series

reversion methods for inverting these series. We proceeded with two chapters that

presented contributions involving linear analysis of dynamical systems. The first

provided linear analysis for the stationkeeping of a starshade satellite relative to a

space telescope during formation flying operations to observe an exoplanet. The

second chapter explored the relationship between guidance methods for rendezvous

and proximity operations, the debris pinch point phenomena, and bifurcations in

parameterized boundary value problems. The contributions of this thesis that

employ multilinear methods and higher-order tensors are twofold. In the following

two chapters, we solved an optimal control problem and an optimal estimation

problem that both required second-order terms to resolve an inherently second-

order energy quantity as well as a linear observability issue. These are algorithms

that don’t simply use higher-order terms to increase accuracy of a linear algorithm,

but instead rely necessarily on the nonlinear aspects of a guidance, navigation,

and control problem to render it tractable. In the final chapter, we used higher-

order terms in a Taylor series as well as the notion of a tensor operator norm to

quantify the degree of nonlinearity of a system along with the accuracy of guidance,

navigation, and control algorithms relying on linearization. With these metrics for

accuracy of an algorithm, systems engineers or algorithm designers can rigorously

and efficiently assess the error performance of a guidance, navigation, and control

algorithm under proscribed operating conditions.
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APPENDIX A

ANGLES-ONLY ORBIT DETERMINATION AND THE

OVERDETERMINED EIGENVALUE PROBLEM

A.1 Pseudo-Inverse Approximation for Overdetermined

Eigenvalue Problem

The generalized eigenvalue problem with m by n matrices A,B with m > n is not

guaranteed to have any solutions:

Ax = λBx (A.1)

In order to address this, the problem can be reformulated in a least squares

sense [30]:

arg min
x,λ

∥Ax− λBx∥2 (A.2)

We present a new approximation of the solution to this problem in the form of the

following standard eigevalue problem:

B†Ax = λx (A.3)

To demonstrate the accuracy of this method, consider expanding the square of the

2-norm from Eq. A.2 and setting the derivative to 0:

0 =
(
λ2B⊤B− λA⊤B− λB⊤A+A⊤A

)
x (A.4)

0 =
(
λ2I− λ(B⊤B)−1A⊤B− λ(B⊤B)−1B⊤A+ (B⊤B)−1A⊤A

)
x (A.5)

0 =
(
λ2I− λ(B⊤B)−1A⊤B− λB†A+ (B⊤B)−1A⊤A

)
x (A.6)

0 =
(
λ2I− λB†A

)
x+

(
(B⊤B)−1A⊤A− λ(B⊤B)−1A⊤B

)
x (A.7)

0 =
(
λ2I− λB†A

)
x+ (B⊤B)−1A⊤(A− λB)x︸ ︷︷ ︸

≈ 0

(A.8)
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Where we get A.5 from multiplying through on the left by (B⊤B)−1 and A.8 by

the fact that (B⊤B)−1A⊤(A− λB)x ≈ 0 as (A− λB)x is being minimized. From

Eq. A.8 we obtain justification for using the pseudo-inverse approximate solution

given in Eq. A.3.

A.2 Quadratic Eigenvalue for Overdetermined Eigenvalue

Problem

We note that Eq. A.4 is a quadratic eigenvalue problem. While solution methods

based on the generalized Schur decomposition for the overdetermined eigenvalue

problem have been presented [30], to our knowledge the formulation of an overde-

termined eigenvalue problem as a quadratic eigenvalue problem has not been given

before in the numerical linear algebra literature. This reformulation makes it easy

to apply a standard generalized eigenvalue problem solver to the overdetermined

eigenvalue problem. The quadratic eigenvalue problem is well-studied, and ad-

mits reformulation as a linear eigenvalue problem in twice as many dimensions

by a process called linearization [122]. Unlike linearization in the context of the

first-order truncation of a Taylor series, the linearization of a quadratic eigenvalue

problem is not an approximation, and solutions of the linearized problem are exact

(up to errors in the numerical calculation) solutions of the original quadratic prob-

lem and thus the overdetermined eigenvalue problem. However, even though the

quadratic eigenvalue problem in Eq. A.4 has symmetric matrices in each of the ma-

trix coefficients of the constant, linear, and quadratic terms in λ, and a symmetric

linearization exists, the generalized eigenvalue problem with symmetric matrices

for both terms does not necessarily have the same properties of the symmetric
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standard eigenvalue problem with all real eigenvalues. In fact, the eigenvalues

arising from solving the overdetermined eigenvalue problem in this way are often

complex even though the original matrices have real entries and the intermediate

quadratic and linearized problems deal strictly in symmetric matrices.

Letting Q = BTB, L = −BTA −ATB, C = ATA, Eq. A.4 becomes the

quadratic eigenvalue problem

λ2Q+ λL+C = 0 (A.9)

The symmetric linearization of the quadratic eigenvalue problem is0 C

C L

y = λ

C 0

0 −Q

y (A.10)

Then eigenpairs (yi, λi) of the generalized eigenvector problem in Eq. A.10 take

the form

yi =

 zi

λizi

 (A.11)

The unit eigenvectors are given by

x̂i =
zi
∥zi∥

(A.12)

This yields eigenvector and eigenvalue pairs (x̂i, λi) to the original quadratic eigen-

value problem in Eq. A.9 and thus the overdetermined eigenvalue problem from

Eq. A.2.
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APPENDIX B

TENSOR NORM AND NONLINEARITY INDEX CALCULATION

DETAILS

B.1 Sufficiency of Partial Symmetry for Higher-Order

Power Iteration

We begin by showing an alternative expression for Eq. 6.17 that references B̃ rather

than B̂. The contraction of the symmetrized tensor B̂ with 2m − 1 copies of the

vector x can be computed instead as the average of all 2m different ways we could

perform the 2m − 1 contractions with the non-symmetric tensor B̃. Each of the

2m ways of performing the contraction can be described by which dimension is not

contracted with: (
B̂x2m−1

)
l
=

1

2m

2m∑
j=1

B̃i1,...,i2mδ
ij
l

∏
k ̸=j

xik (B.1)

where δ
ij
l is the Kronecker delta given by contracting an index from then Euclidean

metric tensor with the Euclidean inverse metric tensor. The expression in Eq. B.1 is

true regardless of any partial symmetry of B̃. However, we note a few special prop-

erties of the tensors under consideration: B is partially symmetric under any per-

mutation of them covariant indices, leading B̃ to be symmetric under permutations

of i1..im amongst themselves and im+1..i2m amongst themselves. Additionally, B̃

is also symmetric under the permutation (i1...im, im+1..i2m) → (im+1...i2m, i1...im)

as well as any permutations generated by the two mentioned above. As a result,

for all k ∈ {1...2m}, there exists a permutation σ such that the first element of

σ((i1...im, im+1..i2m)) is ik.
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An example with a 4-dimensional tensor B̃ is most instructive:

B̃i1,i2,i3,i4 = B̃i2,i1,i3,i4 = B̃i3,i4,i1,i2 = B̃i4,i3,i1,i2 (B.2)

The first equality comes from partial symmetry of the covariant indices of B, the

second equality comes from the partial symmetry of the square of a tensor, and

the fourth equality is generated by both types of permutations. As a result, for all

j, the vectors below are equal:

B̃i1,...,i2m

∏
k ̸=j

xik (B.3)

and thus

B̂x2m−1 = B̃x2m−1 (B.4)

This means we could perform symmetric higher-order power iteration successfully,

only using our partially symmetric B̃ rather than the fully symmetric B̂ and yield

the exact same steps at each iteration. In fact, this opens up the avenue to an even

simpler and more efficient version of power iteration that directly relies on B:

(B̂x2m−1)j = (B̃x2m−1)j = (Bxm−1)i1j δi1,i2(Bxm)i2 (B.5)

The rightmost expression can be obtained by first calculating the matrix Bxm−1,

then calculating the vector Bxm = (Bxm−1)x by a single matrix vector product.

Then, a final matrix vector product between the two gives the result from Eq. B.5.

B.2 Implementation of the (2,D)-Norm Computation

The tensor B̂D is a supersymmetric tensor since B̂ is a supersymmetric tensor.

Thus, symmetric higher-order power iteration could be applied directly to cal-

culate the Z-eigenpair of B̂D. In order to save on operations, if the Cholesky
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decomposition is performed to compute a lower triangular D1/2, then one iteration

of symmetric higher-order power iteration can be taken more efficiently with the

following steps. First, given the current iterate x, compute

z = D−1/2x (B.6)

by forward substitution. Next, compute the vector

B̂(D−1/2x)2m−1 = B̂z2m−1 (B.7)

This can be performed efficiently as in Eq. B.5. Finally, the new iterate is given

by back substitution to solve an upper triangular linear system to find

B̂Dx
2m−1 = (D1/2)−T (B̂z2m−1) (B.8)

which is the numerator of the next iterate of symmetric higher-order power itera-

tion. Above, B̂z2m−1 is reinterpreted as a column vector to make the linear algebra

operations to be performed more clear. The above sequence of operations can be

derived in index notation:

(B̂Dx
2m−1)k = B̂j1...j2m(D

−1/2)j1i1 ...(D
−1/2)

j2m−1

i2m−1
(D−1/2)j2mk xi1 ...xi2m−1 (B.9)

= (B̂z2m−1)j2m(D
−1/2)j2mk (B.10)

In this argument, the result is a row vector (covariant vector) while the input x is

assumed to be a column vector (contravariant vector).
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B.3 Calculating TEMoN Using Shifted Symmetric Higher-

Order Power Iteration

In order to find TEMoN, we solve two optimization problems over the unit ball,

one for a positive case and one for a negative case:

τ±m = max
δx(t0)∈B1

±C(m)δxm(t0)

C(2)δx2(t0)
(B.11)

τm,R = Rm−2max(τ+m, τ
−
m) (B.12)

In either case, we reformulate the problem with a change of coordinates

y = Φx (B.13)

and calculate the maximum Z-eigenpair of each of the two tensors given by

±
(
C

(m)
Φ

)
i1...im

= ±C(m)
j1...jm

(
Φ−1

)j1
i1
...
(
Φ−1

)jm
im

(B.14)

We can do so by performing shifted symmetric higher-order power iteration on the

symmetrized tensor [68]. Let Ĉ
(m)
Φ be the symmetrization of C

(m)
Φ , and define

α = (m− 1)
∑

i1,...,im

∣∣∣∣(Ĉ(m)
Φ

)
i1...im

∣∣∣∣ (B.15)

Then, symmetric shifted higher-order power iteration is guaranteed to converge to

(a typically large) eigenvector of C
(m)
Φ . The iteration is given:

y±
n+1 =

±Ĉ(m)
Φ (y±

n )
m−1 + αy±

n∥∥∥±Ĉ(m)
Φ (y±

n )
m−1 + αy±

n

∥∥∥
2

(B.16)

Using the inverse coordinate change on the converged to Z-eigenvector y∗ we arrive

at

x±
∗ = Φ−1y±

∗ (B.17)
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Finally, our optimization is given by

τ±m =
±C(m)(x±

∗ )
m

C(2)(x±
∗ )2

(B.18)

The CGTs have fewer symmetries than the STTs and their squares. As a result,

we do not present a method leveraging partial symmetry for computing TEMoN

without performing symmetrization as we do in the case of DEMoN.
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[6] Jean-Sébastien Ardaens and Gabriella Gaias. A numerical approach to the
problem of angles-only initial relative orbit determination in low earth orbit.
Advances in Space Research, 63(12):3884–3899, 2019.

[7] Roberto Armellin and Pierluigi Di Lizia. Probabilistic optical and radar
initial orbit determination. Journal of Guidance, Control, and Dynamics,
41(1):101–118, 2018.

[8] Ahmad Bani Younes. Exact computation of high-order state transition ten-
sors for perturbed orbital motion. Journal of Guidance, Control, and Dy-
namics, 42(6):1365–1371, 2019.

[9] Austin R Benson and David F Gleich. Computing tensor z-eigenvectors with
dynamical systems. SIAM Journal on Matrix Analysis and Applications,
40(4):1311–1324, 2019.

[10] Oliver Boodram, Spencer Boone, and Jay McMahon. Efficient nonlinear
spacecraft navigation using directional state transition tensors. 2022.

158



[11] Spencer Boone and Jay Mcmahon. Rapid local trajectory optimization using
higher-order state transition tensors and differential dynamic programming.
In 2020 AAS/AIAA Astrodynamics Specialist Conference, 08 2020.

[12] Spencer Boone and Jay McMahon. Orbital guidance using higher-order state
transition tensors. Journal of Guidance, Control, and Dynamics, 44(3):493–
504, 2021.

[13] Spencer Boone and Jay McMahon. Variable time-of-flight spacecraft maneu-
ver targeting using state transition tensors. Journal of Guidance, Control,
and Dynamics, 44(11):2072–2080, 2021.

[14] Spencer Boone and Jay McMahon. Directional state transition tensors for
capturing dominant nonlinear effects in orbital dynamics. Journal of Guid-
ance, Control, and Dynamics, pages 1–12, 2022.

[15] Spencer Boone and Jay McMahon. Directional state transition tensors for
capturing dominant nonlinear effects in orbital dynamics. Journal of Guid-
ance, Control, and Dynamics, 46(3):431–442, 2023.

[16] Arthur E Bryson and Yu-Chi Ho. Applied optimal control: optimization,
estimation, and control. Routledge, 2018.

[17] TE Carter and J Brient. Optimal bounded-thrust space trajectories based
on linear equations. Journal of Optimization Theory and Applications,
70(2):299–317, 1991.

[18] Thomas Carter and John Brient. Fuel-optimal rendezvous for linearized
equations of motion. Journal of Guidance, Control, and Dynamics,
15(6):1411–1416, 1992.

[19] Thomas Carter and Mayer Humi. Fuel-optimal rendezvous near a point
in general keplerian orbit. Journal of Guidance, Control, and Dynamics,
10(6):567–573, 1987.

[20] Thomas E Carter. New form for the optimal rendezvous equations near a
keplerian orbit. Journal of Guidance, Control, and Dynamics, 13(1):183–186,
1990.

[21] Thomas E Carter and Cyrus J Pardis. Optimal power-limited rendezvous
with upper and lower bounds on thrust. Journal of Guidance, Control, and
Dynamics, 19(5):1124–1133, 1996.

159



[22] Huan Chen, Chao Han, Yinrui Rao, Jianfeng Yin, and Xiucong Sun. Algo-
rithm of relative lambert transfer based on relative orbital elements. Journal
of Guidance, Control, and Dynamics, 42(6):1413–1422, 2019.

[23] Michelle Chernick and Simone D’Amico. Closed-form optimal impulsive con-
trol of spacecraft relative motion using reachable set theory. arXiv preprint
arXiv:2002.07832, 2020.

[24] WH Clohessy and RS Wiltshire. Terminal guidance system for satellite ren-
dezvous. Journal of the Aerospace Sciences, 27(9):653–658, 1960.

[25] John L Crassidis. What is navigation? Journal of Guidance, Control, and
Dynamics, 45(5):792–794, 2022.

[26] David Cunningham and Ryan P Russell. An interpolated second-order rel-
ative motion model for gateway. The Journal of the Astronautical Sciences,
70(4):26, 2023.

[27] Simone D’Amico and Oliver Montenbruck. Proximity operations of
formation-flying spacecraft using an eccentricity/inclination vector separa-
tion. Journal of Guidance, Control, and Dynamics, 29(3):554–563, 2006.

[28] Zhaohui Dang. New state transition matrix for relative motion on an
arbitrary keplerian orbit. Journal of Guidance, Control, and Dynamics,
40(11):2917–2927, 2017.

[29] Zhaohui Dang. Solutions of tschauner–hempel equations. Journal of Guid-
ance, Control, and Dynamics, 40(11):2956–2960, 2017.

[30] Saptarshi Das and Arnold Neumaier. Solving overdetermined eigenvalue
problems. SIAM Journal on Scientific Computing, 35(2):A541–A560, jan
2013.

[31] Ryan P. Russell David A. Cunningham. A second order relative motion
model for gateway. In 45th Rocky Mountain AAS GNC Conference, 2022.

[32] Lieven De Lathauwer, Bart De Moor, and Joos Vandewalle. On the best
rank-1 and rank-(r 1, r 2,..., rn) approximation of higher-order tensors. SIAM
journal on Matrix Analysis and Applications, 21(4):1324–1342, 2000.

[33] PIERLUIGI Di Lizia, ROBERTO Armellin, FRANCO Bernelli-Zazzera, and

160



M Berz. High order optimal control of space trajectories with uncertain
boundary conditions. Acta Astronautica, 93:217–229, 2014.

[34] Konstantinos Drakakis and Barak A Pearlmutter. On the calculation of the
l2→ l1 induced matrix norm. International Journal of Algebra, 3(5):231–240,
2009.

[35] Theodore N Edelbaum. Optimum low-thrust rendezvous and station keeping.
AIAA Journal, 2(7):1196–1201, 1964.

[36] Ian Elliott and Natasha Bosanac. Impulsive control of formations near in-
variant tori via local toroidal coordinates. In AAS/AIAA Astrodynamics
Specialist Conference, 2021.

[37] Robert J Fitzgerald. Pinch points of debris from a satellite breakup. Journal
of guidance, control, and dynamics, 21(5):813–815, 1998.

[38] Thibault LB Flinois, Daniel P Scharf, Carl R Seubert, Michael Bottom, and
Stefan R Martin. Starshade formation flying ii: formation control. Journal
of Astronomical Telescopes, Instruments, and Systems, 6(2):029001, 2020.
[doi:10.1117/1.JATIS.6.2.029001].

[39] Giovanni Franzini, Mario Innocenti, and Massimo Casasco. An adjoint-
based method for continuous-thrust relative maneuver computation in the re-
stricted three-body problem. In 2021 American Control Conference (ACC),
pages 4276–4281. IEEE, 2021.

[40] Pierre Gaspard. Chaos, scattering and statistical mechanics, chapter Liou-
villian Dynamics. Number 9. Cambridge University Press, 2005.

[41] B Scott Gaudi, Sara Seager, Bertrand Mennesson, Alina Kiessling, Keith
Warfield, Kerri Cahoy, John T Clarke, Shawn Domagal-Goldman, Lee Fein-
berg, Olivier Guyon, et al. The habitable exoplanet observatory (habex)
mission concept study final report. arXiv, 2020.

[42] David K Geller and Itzik Klein. Angles-only navigation state observabil-
ity during orbital proximity operations. Journal of Guidance, Control, and
Dynamics, 37(6):1976–1983, 2014.

[43] David K Geller and T Alan Lovell. Angles-only initial relative orbit deter-
mination performance analysis using cylindrical coordinates. The Journal of
the Astronautical Sciences, 64(1):72–96, 2017.

161



[44] David K Geller and Alex Perez. Initial relative orbit determination for
close-in proximity operations. Journal of Guidance, Control, and Dynamics,
38(9):1833–1842, 2015.

[45] Eberhard Gill, Simone D’Amico, and Oliver Montenbruck. Autonomous
formation flying for the prisma mission. Journal of Spacecraft and Rockets,
44(3):671–681, 2007.

[46] Gene H Golub and Charles F Van Loan. Matrix computations, chapter 8.6.4.
JHU press, 4 edition, 2013.

[47] Baichun Gong, David K Geller, and Jianjun Luo. Initial relative orbit de-
termination analytical covariance and performance analysis for proximity
operations. Journal of Spacecraft and Rockets, 53(5):822–835, 2016.

[48] Baichun Gong, Wendan Li, Shuang Li, Weihua Ma, and Lili Zheng. Angles-
only initial relative orbit determination algorithm for non-cooperative space-
craft proximity operations. Astrodynamics, 2:217–231, 2018.

[49] Daniel Griffith, James Turner, Srinivas Vadali, and John Junkins. Higher
order sensitivities for solving nonlinear two-point boundary-value problems.
In AIAA/AAS Astrodynamics Specialist Conference and Exhibit, page 5404,
2004.

[50] John D Hadjidemetriou. Some properties of the solution of the first-order
variational equations of the restricted three-body problem. The Astronomical
Journal, 72:865, 1967.

[51] George William Hill. Researches in the lunar theory. American journal of
Mathematics, 1(1):5–26, 1878.

[52] Kathleen C Howell and Brian T Barden. Trajectory design and stationkeep-
ing for multiple spacecraft in formation near the sun-earth l1 point. In IAF
50th International Astronautical Congress, pages 4–8, 1999.

[53] Kathleen C Howell and Belinda G Marchand. Natural and non-natural space-
craft formations near the l1 and l2 libration points in the sun–earth/moon
ephemeris system. Dynamical Systems, 20(1):149–173, 2005.

[54] Erica L Jenson and Daniel J Scheeres. Semianalytical measures of nonlinear-
ity based on tensor eigenpairs. Journal of Guidance, Control, and Dynamics,
pages 1–16, 2022.

162



[55] Erica L Jenson and Daniel J Scheeres. Bounding nonlinear stretching about
spacecraft trajectories using tensor eigenpairs. Acta Astronautica, 214:159–
166, 2024.

[56] Fanghua Jiang, Junfeng Li, Hexi Baoyin, and Yunfeng Gao. Two-point
boundary value problem solutions to spacecraft formation flying. Journal
of guidance, control, and dynamics, 32(6):1827–1837, 2009.

[57] John L Junkins. von karman lecture: Adventures on the interface of dynamics
and control. Journal of Guidance, Control, and Dynamics, 20(6):1058–1071,
1997.

[58] John L Junkins and Puneet Singla. How nonlinear is it? a tutorial on
nonlinearity of orbit and attitude dynamics. The Journal of the Astronautical
Sciences, 52(1):7–60, 2004.

[59] John L Junkins, James D Turner, and Manoranjan Majji. Generalizations
and applications of the lagrange implicit function theorem. The Journal of
the Astronautical Sciences, 57(1-2):313–345, 2009.

[60] Dean R Keithly, Dmitry Savransky, Daniel Garrett, Christian Delacroix,
and Gabriel Soto. Optimal scheduling of exoplanet direct imaging
single-visit observations of a blind search survey. Journal of As-
tronomical Telescopes, Instruments, and Systems, 6(2):027001, 2020.
[doi:10.1117/1.JATIS.6.2.027001].

[61] Patrick Kelly, Vishala Arya, Junkins L. John, and Manoranjan Majji. Non-
linearity index for state-costate dynamics of optimal control problems. 2022.

[62] Patrick Kelly, Andrew J Sinclair, and Manoranjan Majji. Higher order state
transition tensors for keplerian motion using universal parameters. 2020.

[63] Craig A Kluever. What is control?, 2023.

[64] Adam W Koenig and Simone D’Amico. Observability-aware numerical algo-
rithm for angles-only initial relative orbit determination. In 2020 AAS/AIAA
Astrodynamics Specialist Conference, 2020.

[65] Adam W Koenig, Simone D’Amico, Bruce Macintosh, and Charles J Titus.
Optimal formation design of a miniaturized distributed occulter/telescope
in earth orbit. In Proceedings of the AIAA/AAS Astrodynamics Specialist
Conference, 2015.

163



[66] Eleftherios Kofidis and Phillip A Regalia. On the best rank-1 approximation
of higher-order supersymmetric tensors. SIAM Journal on Matrix Analysis
and Applications, 23(3):863–884, 2002.

[67] Tamara G Kolda and Brett W Bader. Matlab tensor toolbox. Technical
report, Sandia National Laboratories (SNL), Albuquerque, NM, and Liver-
more, CA . . . , 2006.

[68] Tamara G Kolda and Jackson R Mayo. Shifted power method for comput-
ing tensor eigenpairs. SIAM Journal on Matrix Analysis and Applications,
32(4):1095–1124, 2011.

[69] Tamara G Kolda and Jackson R Mayo. An adaptive shifted power method for
computing generalized tensor eigenpairs. SIAM Journal on Matrix Analysis
and Applications, 35(4):1563–1581, 2014.

[70] Egemen Kolemen and N Jeremy Kasdin. Optimization of an occulter-based
extrasolar-planet-imaging mission. Journal of Guidance, Control, and Dy-
namics, 35(1):172–185, 2012.

[71] Wang Sang Koon, Martin W Lo, Jerrold E Marsden, and Shane D Ross.
Dynamical systems, the three-body problem and space mission design. In
Equadiff 99: (In 2 Volumes), chapter 2, pages 1167–1181. World Scientific,
2000.

[72] Jackson Kulik. An in-plane j2-invariance condition and control algorithm
for highly elliptical satellite formations. Celestial Mechanics and Dynamical
Astronomy, 133(2):1–25, 2021.

[73] Jackson Kulik, William Clark, and Dmitry Savransky. State transition ten-
sors for continuous-thrust control of three-body relative motion. Journal of
Guidance, Control, and Dynamics, pages 1–10, 2023.

[74] Jackson Kulik, Owen Oertell, and Dmitry Savransky. Overdetermined eigen-
vector approach to passive angles-only relative orbit determination. Journal
of Guidance, Control, and Dynamics, pages 1–9, 2024.

[75] Jackson Kulik and Dmitry Savransky. Precomputation and interpolation of
the matrizant for starshade slewing. In Space Telescopes and Instrumentation
2022: Optical, Infrared, and Millimeter Wave. SPIE, 2022.

[76] Jackson Kulik and Dmitry Savransky. Relative transfer singularities and

164



multi-revolution lambert uniqueness. In AIAA SCITECH 2022 Forum, page
0958, 2022.

[77] Keith A LeGrand, Kyle J DeMars, and Henry J Pernicka. Bearings-only
initial relative orbit determination. Journal of Guidance, Control, and Dy-
namics, 38(9):1699–1713, 2015.

[78] Catherine A Lembeck and John E Prussing. Optimal impulsive intercept with
low-thrust rendezvous return. Journal of Guidance, Control, and Dynamics,
16(3):426–433, 1993.

[79] Kenneth Levenberg. A method for the solution of certain non-linear problems
in least squares. Quarterly of applied mathematics, 2(2):164–168, 1944.

[80] Andrew D Lewis. A top nine list: Most popular induced matrix norms.
Queen’s University, Kingston, Ontario, Tech. Rep, pages 1–13, 2010.

[81] Shigui Li, Zhen Chen, Chaoqian Li, and Jianxing Zhao. Eigenvalue bounds
of third-order tensors via the minimax eigenvalue of symmetric matrices.
Computational and Applied Mathematics, 39:1–14, 2020.

[82] Lek-Heng Lim. Singular values and eigenvalues of tensors: a variational
approach. In 1st IEEE International Workshop on Computational Advances
in Multi-Sensor Adaptive Processing, 2005., pages 129–132. IEEE, 2005.

[83] P Di Lizia, Roberto Armellin, and Michèle Lavagna. Application of high
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