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Abstract

The dynamics of a golf ball on a putting green
are studied as an instance of the general problem
of a homogenous sphere on an arbitrary surface.
Prior work in this area is examined and partially
re-derived from first principles using alternate ap-
proaches. A series of simplified examples is solved
to illustrate various properties of the physics of the
system. The full system is modeled by defining the
height of the ball in relation to the surface as an
inequality constraint and utilizing a modified form
of the Euler-Lagrange equation to derive the equa-
tions of motion. Finally, a method of numerical in-
tegration is presented to make use of the derived
equations of motion.

1 Introduction

The problem discussed here was originally posed
as an exercise in [2] and later developed as an opti-
mization problem in [1]. The dynamics of a golf ball
on a putting green can be generalized to the class of
problems involving homogenous spheres sliding and
rolling on an arbitrary surface of varying roughness.
The purpose of this study will be to develop a group
of general equations that describe the motion of a
ball on a surface which can be described as a well-
behaved function of one or more variables.

While there are numerous solutions to the prob-
lem of a ball sliding and rolling on a level plane, the
majority of cases where the problem is redefined for
an arbitrary surface include the assumption of pure
rolling to simplify the dynamics. At the same time,
generalizing to an arbitrary surface introduces a con-

straint that is implicit in the problem of motion on
the level plane, but no longer holds true - that the
ball remains attached to the surface. When solving
this problem, it is very tempting to define the height
of the ball as fully equivalent to the local height of
the surface, which is clearly incorrect since there are
times when the shape of the surface may cause the
ball to fly into the air. This requires the inclusion
of an inequality constraint and will be discussed in
section 4.

The approach to finding the most general equa-
tions of motion will be to solve a series of simplified
problems, each of which will motivate a different
aspect of the dynamics and help us build an under-
standing of the effect of the surface shape on the
motion of the ball.

2 Movement of a particle on an
arbitrary surface

We begin by deriving the equations of motion for
a particle on a surface given by a function of two co-
ordinates z = f(z,y) in the cartesian, dextral frame
I = (O,e1,ez,e3). This is simply an extension of
the classical problem of a bead sliding on a wire of
arbitrary shape into two dimensions, and is the sim-
plest possible formulation of the problem of interest.
While it neglects several important features of the
full problem, it is useful for developing intuition as
to how the equations depend on the functional de-
scription of the surface. We describe the position
and velocity of the the particle as
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where x and y are dependent on time only. Assum-
ing a gravity field and adopting the notation & = ‘fi—f
we can write the Lagrangian as
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where m is the mass of the particle.

Applying the Euler-Lagrange equations to (3)
with generalized coordinates x and y produces two
second order differential equations of the form
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The mutual dependence on the second derivative
of the other coordinate can be removed from these
equations by setting 4 equal to the value of the sec-
ond equation in the first, and vice versa. After some
algebraic simplification, this yields the equations
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As expected, the system is completely symmet-
ric between the two coordinates. The motion of the
particle will be determined wholly by the initial con-
ditions and the gradients of the surface in the e
and eg directions. We can expand this formulation
somewhat by adding the effects of friction between
the ball and surface. If we assume that friction can
be modeled as viscous damping with a single coeffi-
cient p in each dimension then we can augment the
Euler-Lagrange equations with the additional gen-
eralized forces of —u# and —ug [3]. Following the
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same procedure as before, we are left with the sys-
tem described in (6). Once again, we see a high de-
gree of symmetry between the equations of motion
in the e; and eg dimensions.

3 Rolling and Sliding on an Arbi-
trary Surface

Figure 1: A ball sliding and rolling on a surface.

The next step in adding complexity to our model
is to incorporate the concept of rolling. We shall use
the Newtonian formulation presented in [1]. In order
to use Newton’s method, it is necessary to define the
normal vector to the ball. Taking the cross product
of the two surface tangent vectors (ley + %83) and

(lea+ gf eg) gives us the local surface normal vector:

(— g£e1 + - afez + leg). From this, we define the
unit normal as
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We now describe the position of the center of mass
of the ball as in (1) so that the function f(z,y)
now describes the height of the surface plus the ra-
dius of the ball multiplied by the normal vector: i.e.
rey + yes + zeg = r.e1 + yece2 + z.e3 + Rn where
(%, Ye, 2c) are the coordinates of the contact point
between the ball and surface and R is the radius of
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As in [1], we define the magnitude of the nor-
mal force to be equal to the sum of the force of
gravity and the non-planar acceleration forces along
the path of the ball, in the normal direction. Thus,
Fn = [(mges + mayp) - nin. If we define
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then the normal force can be written as
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The force due to friction has a magnitude of

—u||Fn|| in the direction of the velocity vector:
Fy = —ullFxll - 2. So
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second law gives the relationship:
ma = Fy + Fy — mgeg which yields the equations
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Similarly, we can perform an angular momentum
balance. Since the only force in this system which
produces a moment about the center of mass of the
ball is the friction force, we can write Jw = rp /o X Fy
where I is the moment of inertia matrix of the ball, w
is the angular velocity and rp, /o
the center of mass and the contact point with the
surface. This can be written simply as —Rin. Since
the moment of inertia for a uniform sphere is equal
to %mR2 in each of the principle axes we can write

is the vector between
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where w;,wy,w, are the components of the angular
velocity about the three axes of the reference frame.

As expected, the equations of motion in (12) are
very simmilar to those produced using Lagrange’s
method (6), the differences coming from the added
complexity of rolling as well as sliding and the some-
what different modeling of friction. This does show



that the argument presented in [1] for the necessity
of augmenting the expression for the normal force
acting on the ball with the forces of non-planar ac-
celeration holds. When solving this problem using
Newton’s method, it is necessary to include this stip-
ulation in order to agree with results produced by
Lagrange’s method.

As a simple check of these equations, we can use
them to calculate the equations of motion for a sur-
face for which this problem has been well character-
ized - the level plane. Let f(x,y) = ¢ where ¢ is an
arbitrary constant, independent of time. All of the
partial derivatives of f become zero, and we are left
with

G gpE
/i.Q_t_yQ
j— ——9Hy
NEZEw (14)
z2=0
o o
2R

Thus, if we take s to be the straight path of the
center of mass of the ball and § to be the unit vector
along this path, then, for a flat, level surface, the
equations yield § = —,ug§ which is fully consistent
with the standard solution to this problem [4].

4 Removing the Constraint of
Staying on the Surface

Although the system described in the previous
section adds a description of rolling to the original
model, it still includes a very important, unmod-
eled constraint. When writing the expression for the
normal force acting on the ball (9), components of
both the gravity force and acceleration forces were
used. This has the same effect as setting z to be
fully equivalent to the function describing the sur-
face (as done in section 2). The ball is constrained
to always stay on the surface. In reality this is, of
course, incorrect. Even if the ball is given no initial
vertical acceleration, the shape of the surface itself
may lead the ball to go into the air. For example,
a ball rolling down a steep incline and then back
up a smaller one can be propelled into the air, just

like a skier in a half-pipe. This leaves us with the
inequality constraint: z — f(x,y) > 0.

A search through the relevant literature reveals
that there are very few examples of inequality con-
straints applied to Lagrangian mechanics problems,
so before proceeding with our derivation we will con-
sider another greatly simplified case.

4.1 Particle Sliding Off a Hemisphere

Figure 2: A particle sliding off a hemispherical sur-
face.

The class of dynamics problems with inequality
constraints will be motivated by the example of a
particle sliding off of a hemispherical surface. A
particle of mass m slides on the surface of a friction-
less hemisphere of radius R in a fixed inertial frame
I = (0O, e1,e2) where the unit vectors correspond
to the horizontal and vertical, respectively, and the
origin is located in the center of the bottom of the
hemisphere. The particle’s position is described by
the coordinates (r,#) where r is the vector from the
coordinate frame origin and € is the angle between
r and eg. The particle starts from 6 = 0 with some
initial velocity (fp) in the positive 6 direction. This
problem is generally posed to ask the question of
when (and at what angular displacement) the parti-
cle will lose contact with the surface. The standard
solution employs Newtonian mechanics to find the
time at which the normal force becomes zero. We
shall solve this problem using the Euler-Lagrange
equations with the inequality constraint r — R > 0.

The position and velocity of the particle can be
expressed as

rsinfeq + rcosfes
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where 7 = % and 6 = Z—? . Since we cannot assume
that r remains constant in time, we must preserve
all time derivatives of both 6 and r. The Lagrangian
is
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Applying the method of Lagrange multipliers pro-
duces the three equations
. A
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Since the moment of contact loss is a stationary
point, the Lagrange multiplier will go to zero, while
the inequality constraint prior to that point in time
will be a strict equality. Thus at the time of con-
tact loss (t*) A — 0 and r = R, which implies that
7 =7 = 0. From this we get the relationship

0 2 0(t*) = 1/%0030*

Integrating the differential equation for ¢ (18) with
initial conditions 6(0) = 0, #(0) = 6y yields

(19)
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Evaluating this at t* and setting it equal to (19)
allows us to solve for 6*
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This matches the solution obtained from a Newto-
nian formulation [5] and gives us all of the equations
necessary to numerically integrate the time history
of an example of this system. By using the inequal-
ity constraint as a strict equality until t* and a strict
inequality afterwards an integrator can seamlessly
go from one condition to the other. It is interest-
ing to note that the Lagrange multiplier can be in-
terpreted physically as the magnitude of the nor-
mal force. Solving (18) for A gives the equation:
A = m(i# — rf + gcos), which (when # = 0) is
exactly the normal force that would be calculated
by applying Newton’s second law to the system in
figure (2).

(21)

Having shown that the Lagrange method can pro-
duce good results with inequality constraints, we can
move on to the problem of interest.

4.2 Ball Sliding and Rolling on an Arbi-
trary Surface

For this derivation, we will adopt a somewhat dif-
ferent formulation of the problem. To derive the
equations of motion, we will use the modified La-
grange method presented by Rosen in the Decem-
ber 2000 issue of the Journal of Applied Mechanics
[6]. Briefly, this method models friction losses as
collisions between the rolling body and an infinite
number of miniscule particles of equal mass and ini-
tial velocity that make up the surface. The energy
losses due to sliding and pivoting are considered to
be much greater than those from rolling so only the
first two are considered. From these assumptions it
is possible to define the change in kinetic energy of
the particles per unit time (Kf(t)) as a function of
the sliding velocity (vs) and angular velocity nor-
mal to the tangent plane (wp). Following Rosen’s
example, for this system, we will take Ky to be a
quadratic function of the form

Ky(t) £
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N

where p and v are coefficients of sliding and pivoting
friction. Furthermore, we will make the assumption
that friction due to pivoting is much smaller than
friction due to sliding and neglect the w, term al-
together. By introducing K into the equation for
the generalized momentum of a particle, Rosen pro-
duces the modified Euler-Lagrange equation
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Essentialy, Ky serves the role of a dissipation func-
tion built into the Euler-Lagrange equation and
based on physical values of sliding and pivoting ve-
locities.

As before, we consider a homogenous ball of mass
m, radius R and radius of gyration k£ on a sur-
face characterized by the well-behaved function z =
f(x,y) which is defined for every point (z,y) within
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the region of interest. The coordinates (x,y, z) de-
scribe the motion of the center of mass, while the
rotation of he ball is described by the coordinates
(1,0,¢). In Kane’s notation, we will describe the
rotation as a space-two 3-1-3 rotation [7]. The ve-
locity of the center of mass and angular velocity are

Vp rey + yea + zes (24)
O = wger +wyes +w.es (25)
where
Wy dsin@siny + 0 cos (26)
Wy = $costhsinf — Osinp (27)
w, = ¢cosh—+1p (28)

Since the kinetic energy is equal to vp2 + mTkQu_)z

and the potential energy is due solely to the gravi-
tational potential, the Lagrangian has the form
L =2 (i? 4+ 9>+ 2%)
mk? (92 + ¢ 4% + 2¢¢0089> —mgf
(29)
The sliding is equal to the sum of the velocity of the
center of mass and the cross product of the angular
velocity and the vector between the center of mass
and the contact point vg = vp +w X (—Ri1) where fi
was defined in (7). This is actually a restatement of
the pure rolling condition - when the ball goes from
rolling and sliding to just rolling, the value of this
expression will be zero (and there will be no explicit
friction force in the Newtonian formulation of the
problem) [4] [8].
Because these equations can get very cumber-
some, it helps at this point to define some new vari-
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Using these, the definition in (22) and neglecting wy,
we can write Ky as
Bz o  Hy 2  Hz 2
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Applying the modified Euler-Lagrange equation (23)
to (29) and (34) yields the equations of motion for
the six generalized coordinates and one constraint

equation
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We can now use (38) to eliminate 1) from equation
(40), producing
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Now, multiplying (39) by sinfsint and subtract-
ing (42) multiplied by cos, multiplying (39) by
sin f cos v and adding (42) multiplied by sin and
then replacing all relevant portions with the first
derivatives of equations (26) through (28), equations
(38) through (40) simplify to
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Note that here too, the Lagrange multiplier \p
has the physical interpretation of the magnitude of
the normal force. Equation (37) can be solved for:
Ap = — (mZ + p.y. + gm), representing the magni-
tude of the normal force in the eg direction. Thus,
we have shown that the normal force contains com-
ponents of gravity, friction, and the acceleration.
This is the most general expression derived so far
in this study that provides a rigorous proof for the
argument regarding the magnitude of the normal
force used in section 3.

As Rosen points out, the case of pure rolling
can be modeled using this framework as the in-
stance when the surface is infinitely rough (i.e.
Lo oy, bz — 00). When this occurs the following
relationships form
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where A\;, Ay and ), are finite valued variables and
correspond to the Lagrange multipliers that would
enter the equations if pure rolling was modeled as a
classical nonholonomic constraint [9]. The full sys-
tem of equations in this case becomes
mi + Ay — AL =0 (
mij+ Ay — Mgt =0 (
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We are thus left with six numerically integrable
equations, four constraint equations and ten un-
knowns, making this a well characterized system.

5 Strategies for numerical inte-
gration and optimization

While it is possible to solve analytically for the
time when the ball will lose contact with surface
(using the same approach taken in the sample prob-
lem of inequality constraints in section 4.1), it is not
actually very useful to do so, from an optimization
standpoint. For a given surface, the ball may leave
the ground several times (for it shall invariably fall
back down after every flight). This makes it simpler
to numerically integrate the equations from some
given starting conditions to find the path the ball
will take. Since the optimization scheme described
in [1] involves finding the position of the ball at dis-
crete time steps, this approach is consistent with
posing this as an optimization problem.

The ball starts at some initial position given
by (xo,y0,20 = f(xo,y0)) with initial velocities
(%0, Yo, 20, 1[.)0, éo, ¢0) At this point, the height con-
straint is a strict equality: z = f(z,y) so equation
(8) holds. The only way for the ball to immediately
leave the surface is if it is imparted with a large ini-
tial velocity in the positive eg direction, which is un-
likely when considering the initial velocities given to
a ball on a putting green, or if the surface is discon-
tinuous, which would mean that its shape function
is not well-behaved and make this analysis inappli-
cable. We then integrate the state space

Ap Of
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with the constraint z = f(z,y) and calculate )\ at
each time step. When A\, goes to zero, contact loss
will have occured.

At this point the integrator function must change
its behavior (or change to a different integrator).
The ball will now follow a classic ballistic arc
through the air, acted upon only by gravity (if air
resistance is neglected) and taking the values of the
last time step from the first integrator as the ini-
tial conditions. The equations of motion become
simply: 2 = —g. Since air resistance is neglected,
the other velocities do not change throughout the
flight. When the second integrator reaches the point
where the calculated z once again matches the sur-
face function value, the ball has returned to the
ground.

At this point, one can model the ensuing momen-
tum transfer in several ways. The most correct of
these would be to take into account the possible in-
elasticity and bouncing which can occur [10], which
is another very involved analysis. The simplest ap-
proach would be to consider that the net acceler-
ation in the es direction instantly vanishes at the
moment of impact, while the other quantities remain
unaffected (the ball lands and continues to slide and
roll exactly as it did immediately before leaving the
ground). This would allow us to switch back to the
first integrator, using the final state from the previ-
ous run as the initial conditions, with the exception
of 2 and Z, which would both be set to zero. In this
way, one can simulate the full time history of the
ball.

6 Conclusions

The problem of finding equations of motion of a
ball on an arbitrary surface is greatly complicated by
the number of nonholonomic constraints which must
be taken into account to fully model the physics of
the system. The added problem of including an in-
equality constraint makes the majority of formula-
tions employ one simplification or another. While
the equations cited here do stem from certain sim-
plifications of the real physics in effect (such as the

true nature of friction, the effects of air resistance
and the nature of the collision between the ball and
surface when returning from the air), they are more
complete than any that could be found in existing
literature.

The paper which motivated this exercise [1]
presented an argument for the augmentation of
the magnitude of the normal force with the out-
of-tangent-plane acceleration (used in section 3).
There was no rigorous argument presented, however,
as to the correctness of this definition. Solving the
problem of pure sliding using Lagrange’s method (as
in section 2) shows that the dynamics naturally pro-
duce this definition, with no need for any additional
explanation. However, it is important to note that
using this definition introduces the constraint of al-
ways keeping the ball on the surface, which could
lead to unintentional errors if not recognized.

The final system of equations demonstrates the
usefulness of Rosen’s modified Lagrange method.
While it is not radically different from introduc-
ing a dissipation function for friction, it makes the
equations simpler to manipulate and defines friction
completely in terms of velocity quantities naturally
stemming from the system. While the derivation
here employed a strictly quadratic, anisotropic func-
tion for K, there is no reason to consider this to
be the best description of the friction effects of a
putting green on a golf ball. It is highly likely that
a lawn has the same friction characteristics in all
directions (and is thus isotropic), which would re-
quire just one friction coefficient instead of the three
employed in this derivation. Similarly, it may be
that a linear Ky function is a better model than
the quadratic one used. The quadratic, anisotropic
model was selected solely to keep the derivation as
general as possible. Employing an isotropic linear
model of friction would certainly simplify the de-
rived equations of motion. Alternatively, the equa-
tions could be further refined by including the effects
of pivoting and rolling friction, which were neglected
here.

Finally, it is important to point out that there
are numerous other definitions that can be used to
describe the shape of the surface. While all of the
derivations presented here defined the height of the



surface with a single equation in a cartesian coordi-
nate frame, an equally correct approach would be to
employ general curvilinear coordinates - to describe
each point on the surface as the intersection of three
two-dimensional functions. Another approach, used
by Borisov et. al in their paper [8], has the surface
described as a function of the vector between the
origin of the inertial frame and the contact point:
F(r) = 0. This implicit definition of the surface
makes it very simple to define the surface normal
(VF(r)) and simplifies some of the equations pro-
duced by using Newton’s method.

On the other hand, using cartesian coordinates
makes it easier to define a variety of surfaces and is
more intuitive than some of the other approaches.
Also, having six initial conditions means that the
initial velocity and spin imparted on the ball can be
very easily characterized. While it is unlikely that
the putter will apply a lateral spin to the ball, opti-
mization routines often produce unexpected results.
It may turn out that there are families of paths the
ball can take which rely on specific initial spins. The
only way for an optimizing routine to discover dy-
namics such as these is to give it the ability to fully
control initial conditions in all dimensions.
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