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Dynamics

This is a class about dynamics, or classical mechanics (sometimes known as Newto-
nian mechanics). The entirety of this field is built upon laws first postulated by Isaac
Newton (building upon the work of many others) and later expanded by Leonhard
Euler. As with any study, the first step is to make sure that we have the appropriate
tools and language to describe the phenomena under consideration. Since the early
20th century, thanks to the efforts of Josiah Willard Gibbs, the standard tools for
studying classical mechanics are vector algebra and vector calculus, which we will
review here. Remember that these handouts are not complete on their own. They
are intended to accompany the recorded lectures, and to help in your note-taking
and studying.



Newton’s Laws of Motion
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Every body preserves in its state of rest, or of uniform motion in a right
line, unless it is compelled to change that state by forces impressed
thereon

o Mataticner wnclies forgpiorlionalinmn cise v motiiic’ cmpireiae: ol flors secundbirr
The alteration of motion is ever proportional to the motive force
impressed; and is made in the direction of the right line in which that
force is impressed
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To every action there is always opposed an equal reaction; or the mutual
actions of two bodies upon each other are always equal, and directed to
contrary parts

Laws vs. Theories

e A law is a descriptive generalization about how some aspect of the
natural world behaves under stated circumstances.

® Newton’s laws are basically definitions or postulates. They describe but
don’t explain.
¢ A theory is a well-substantiated explanation of some aspect of the
natural world that can incorporate facts, laws, inferences, and tested
hypotheses.

-National Academy of Sciences (1999)



Circular Definition #1

Force
A force is something that changes the motion (momentum) of a body (mass).

NB: Forces are not required to do dynamics but are an enormously useful
concept.

Circular Definition #2

Mass

Mass is the property of a body which determines how its motion
(momentum) is modified by the application of force.

For our purposes: mass is how much matter is in the object. Mass and Force
are the things that obey Newton’s 2nd Law.



Newton’s Laws: Restrictions and Corollaries

e Newton’s laws only apply to point masses (infinitesimal particles)

e Change in momentum is due to the sum of all forces acting on a body.
This is called the resultant force.

® We care about how much force there is (magnitude) and where it is
coming from (direction).

Forces are vector quantities. Always! No exceptions!

Vectors

The vectors we use in this class are Euclidean (or geometric or spatial)
vectors. These are:

® A geometric entity having magnitude and direction

® A connection between two points in space

® An element of a vector space (you don’t need to care about this one)
e Absolutely NOT just a collection of 3 numbers

Notation

When I typeset vectors, they will always be bolded (e.g. x). When I write
vectors, they will be underlined (e.g. x). You can write vectors however you
wish, as long as I can always tell the difference between your vectors and
your scalars.



Vector Addition and Scalar Multiplication

Two vectors, a, b can be added, creating a new vector c: a+ b =c. Any
vector ¢ can be multiplied by any scalar z, creating a new vector d: xc = d.
These operations have the following properties:

1 Commutativity of vector addition: a+b =b + a

2 Associativity of vector addition: (a+b)+c=a+ (b +c)

3 Identity element of vector addition: 40 s.t. a+ 0 =a

4 Inverse elements of vector addition: 9—a s.t. a+ (—a) =0

5 Compatibility of scalar multiplication: x(ya) = (zy)a

6 Distributivity of scalar multiplication over vector addition:
r(a+b)=za+zb

7 Distributivity of scalar multiplication over scalar addition:
(r+y)a=mzxa+ya

8 Identity element of scalar multiplication: d1 s.t. la=a

Euclidean (Geometric) Vectors

A Euclidean vector has a magnitude and a direction. A position vector rg 4
has a magnitude of the distance between points A and B and a direction
pointing from A to B.
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° rB/A

rp/a qut Ve?ctor ITE/A )

(direction) B

IrB Al
A Norm (magnitude) I'p/A
—Tp/A =TA/B rc/p+TrB/A =Trc/a A
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Vector Products

(Scalar) Dot Product (Vector) Cross Product
® a-b=|allb| cosb a x b = ||al|||b]| sin ¢
®*a-b=b-a ®*axb=-bxa
®a-(b+c)=a-b+a-c ax(b+c)=axb+axc
e ra-yb =zxy(a-b) yaxb=y(axb)=axyb

faxb
A b llax b
¢ G
a —>»
More Vector Products
e [f vector a is perpendicular to vector b (a L b): X X
1 a-b=0 N . ~
b axb
2 4 xbis perpendicular to both a and b \%/

e Scalar Triple Product: a- (bxc)=b-(cxa)=c-(axb)
® Vector Triple Product: a x (b xc) =b(a-c)—c(a-b)

* a-a=|al||a] cos(0) = [a]



Reference Frames

® A reference frame is a collection
of at least 3 non-collinear points
that are rigidly connected (the

A reference frame defines the space
with respect to which you make

measurements: . .
distance between the points does
Reference_:/l.“és not change).
Frame e A reference frame is defined by

three mutually orthogonal unit
vectors and (optionally) by a
point (the origin)

v .
¢, Origin > >
€2
) €3
\_/

T2 (0,8é;,8,,83) or T2 (e),é,,8é3)
X

Inertial Reference Frames

e Newton defined one special reference frame: absolute space, defined with
respect to the ‘fixed stars’

e Today, we know that there are no truly fixed stars, and now call this
special frame an inertial reference frame - one not undergoing
acceleration

e Newton’s second law only works for accelerations calculated in an
inertial reference frame

® But how do we find a reference frame that is not accelerating?

The Earth spins on its axis at ~ 1000 mph

The Earth orbits the sun at ~ 66000 mph

The Sun orbits the galactic center at ~ 483000 mph
The whole galaxy moves at ~ 1.3 x 10° mph

And so on...



Circular Definition #3

Inertial Frame
An inertial reference frame is a frame of reference in which Newton’s laws
apply

e An unforced body travels in straight lines at constant speeds

® Accelerations calculated with respect to this frame are proportional to
applied forces

e Any reference frame traveling at constant velocity (not rotating) with
respect to an inertial frame is also inertial

e For our purposes, a reference frame can be treated as inertial if it has
negligible accelerations as compared with the system we are considering

® For objects and systems on the surface of the Earth, the Earth’s surface
can be approximated as an inertial reference frame

Coordinate Systems

® A coordinate system is a set of scalars that locate the position of one
point with respect to another within a reference frame

e (Coordinate systems are not the same as reference frames
® Any reference frame can have an infinite number of coordinate systems

® One special coordinate system (Cartesian) measures along the unit
vectors of the frame

® Remember: a position vector is just a geometric object connecting two
points. It exists independently of any reference frame or coordinate
system.

e However: any vector can be written as the weighted sum of the unit
vectors defining a reference frame



Vector Components

Reference — ® 72 (0,8,8,8&) is the
Frame Z,a reference frame

® (x1,19,x3) are the Cartesian
coordinates defining the
position of point P with respect
to point O in reference frame 7

® The position vector of P with
respect to O can be written as:

rp/o = T1€1 + T2€ + T3€3

Vector Components

Reference —

® The position vector of P with
Frame I“éB

respect to O can be written as:
I'p/o = £L’1é1 + 5L’2é2 + l’gég

e We can also write:

x1

[rP/O}I = [*2
I3

T

A vector is not a list of 3 numbers . ..

... but the vector’s components with respect to a reference frame is



Vector Addition and Scalar Multiplication

xlél + Cﬁgég + CE3é3

|I>

, X
Given: A A A
Y = y1€1 + Ya€2 + Yses

® x+y=(r1+y)er + (v2 +y2)€ + (23 + ys3)€;3

® X~y = (21 —y1)er+ (v2 — y2)& + (T3 — y3)€3

® 2x = (zx1)€1 + (2x2)€ + (223)€3

Dot Product

X
Given:
y =uy€

> >

® Xy =T1Y1 + To2Y2 + T3Y3

* x-x = x||* = af +a3+aj

o x| = \/a? + a3+ a3
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® Therefore:

xlél + Cﬁgég + CE3é3
1+ Y262 + Yyz€s

® Recall: x-y = ||x]|||y]| cos ¥

11 + ToY2 + T3Y3

cosf =

Va4 x4+ 23y + y3 + y3



Cross Product

) X = 716) + 198 + 1363
Given: A . A A
Y = y1€1 + y2€2 + yses

A

é1 €9 ég
® XXY=|T1 T2 T3 = (332’93 - $3y2)é1 + ($3y1 — 931y3)é2 + (513192 - ﬂizyl)ég
Y Y2 Y3

® Recall: ||x x y| = [|x]||||y]|| sin®

® Therefore:

sinf — \/(nyS - £173?/2)2 + (5173?/1 — x1y3)2 + (xlyz - x2y1)2
Vi + a3+ a3yt +ys + 3

Dynamics with Multiple Reference Frames

Remember:
You only ever need one reference frame to do dynamics (an inertial frame)

However, for many problems, it is frequently convenient to define multiple

inertial and non-inertial frames.

11



Vector Components in Multiple Frames

“ A‘\ég
Bxbs p A o . A
f)A: (O7al7aQ7a3) B = (Oab17b27b3>
[ \\b 2
rp/o/ | - 7
CL3: \\ 7 aj bl
N rro] = a2 [rro]g=|b2
o 431 A bs]
/l/
y/ by - > 7 a, e In this particular case a; = by and
4 /‘/::dg" _ ap # by, az # by
® In general [I'p/o]A =+ |:I'P/0:|B (unless
a1by A and B are equivalent)

rp/o = aja; + axas + azas

= 5161 + bzf)z + 5363

¢%+@+@

Extracting Vector Components

¢ Irpoll = \/a? +af + a3 =

We can always extract the vector components in a given direction by using

the dot product. For example, given rp/o = a1a; + asas + azas:

rP/O'é-l = (a1a; + asds +azaz)-a; = ay(a; - a;) +az(ay - a;) +az(ag - a;) = ay
~—— ~——

——"
—1 —0

Similarly, rp/O - as = ay and r'p/o - as = as.
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A Motivating Example

I

p/o0 K

[rP/O]I: Y
_O_I

.

Ié@éééé)Bé<OBB'B) rri0]s = {0
y ©1,©2,€3 y U1, U2, U3 B 0
AN

Vector Derivatives in Time

® The derivative of a position vector with respect to time is a velocity
vector.

® The derivative of a velocity vector with respect to time is an
acceleration vector. This is also the second derivative of the position
vector with respect to time, and is the quantity needed to write the
mathematical form of Newton’s second law.

® Unlike regular Euclidean vectors, which exist independently of any
reference frame, vector derivatives in time are specific to a frame. We
denote this via a superscript to indicate the frame in which we are
differentiating. For example:

z, ! ;A %d a2
P/0 = TTP/O and “apjo = —Vpjo = qatro

13



Vector Derivatives in Time

® The unit vectors defining a reference frame are fixed in that frame for all
time, and therefore always have zero time derivatives in that frame
(they may, however, have non-zero time derivatives in other frames that
are moving with respect to their own frame).

® rp/0 = a1a; + axay + azay is differentiable in time at a time ¢; with
respect to frame A = (O, a;, ay,a3) if ay(t), as(t), as(t) are differentiable

at t = tli
““dr da, - Adé das - Adé
—Ipr/o = 3, 1T a1 A -, 2 T A2 —7A9
dt / t=t1 dt t=t1 dt t=t1 dt t=t1 dt t=t1
=0 =0
L das) g
—_— a —_—
dt |, 07 At
0
Back to Our Motivating Example
PO I é (Oaé17é27é3)
B2 (0,by, by, by)
rp/o )
b1 = f‘p/o
T4 54
3 TF/0 A 3 TF/0
pio = :Uél + yég = T’Bl
T4 Id(A+A) o 4 e 14 Td /-
—r = — (xe ey) = 16 e _ -
q; TF/0 1 1T Yes 1T Yyes dtrp/O gy (rb1>
B B
d d / -~ A . 4 /-
EI'P/O = T (Tb1> = 7b; =rby +r T <b1>
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Newton’s Second Law (for real)

Inertial Frame Derlvatlke %jl&lly Fixed Point M\av% (Assumed Constant)

z
PP/O mP VP/O) =mp ap/o

Resultant Force on P Linear Momentum  Inertial Velocity and Acceleration

® Force has units of mass x length x time=?2

® The SI unit of force is the Newton: 1 N = 1 kg - m - s~2

Free Body Diagrams (FBDs)

F, Force I Acting F, — F, Resultant Force Acting
on the Particle i on the Particle
A Particle ,
Force 2 Acting

F5 on the Particle

e Every body (mass) in a system is modeled as a particle (point mass).
Each particle gets its own FBD.

e Each FBD should include all forces acting on the particle.



FBD Examples (1)

Fnormal

9 A A .
l ) Fspring

4

F gravity

Spring Mass on Frictionless Surface

FBD Examples (2)

P T

Book on Table

Fnormal, table Fnormal, ground

Fnormal, table

Mpook Miable

:Fgravity7 book Fgravity, table

Fr

Rocket in Atmospheric Flight

Fr

Myocket

F,

Fnormal, 1

mi Fmagnetism

»T

Permanent Magnets on Rough Surface
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»T

Ffriction, 1

Fgravity, 1

Fnormal, 2

Ffriction, 2

Fgravity, 2



Degrees of Freedom (DOF) and Constraints

Degrees of Freedom

The number of independent coordinates needed to describe the position and
orientation of every part of your system

e N\B: Particles have no extent and therefore have no orientation
® A constraint removes a degree of freedom in your system

e We live in what appears to be a 3-dimensional universe and so, in
general, need a minimum of 3 numbers (coordinates) to describe the
position of one point relative to another

For a system of N particles with k£ constraints:
DOF = 3N - k

Particle Degrees of Freedom

Particle in Space Particle Constrained to a Surface Particle Constrained to a Line

DOF =3 DOF =3-1=2 DOF = 3-2=1

17



Equations of Motion (EOM)

® QOur goal (in most dynamics problems) is to find one equation for the
second order derivative of the coordinate corresponding to each degree of
freedom
® (Collectively, these are known as the Equations of Motion of the
system
® Sometimes we can solve these analytically
® More frequently we can only solve these numerically
® The solution to the equations of motion, along with their initial
conditions, describe the motion of every part of our system for all time

1 DOF Systems

Ipe e (Consider the 1-DOF system composed of a particle P
constrained to move in a straight line

® The position of the particle can be described by the single
coordinate x, and we can write: rp/o = 1€

>
€; *® The velocity and acceleration of the particle are given by:
Id ; Id2
IVP/O = ErP/O =z€e; and “ap = @I’p/o = 7€

® The motion of this system takes place entirely in the €; direction only

® Because of this, for 1-DOF' systems only it is okay to drop the vectors and move
directly to scalar equations of motion

If this particle experiences no forces in the €; direction, then its EOM is: £ =0

NB: The particle must experience constraint forces in €,, €3 in order constrain its
motion to €;, but we don’t need to explicitly model these

18



Forced 1 DOF Systems
: : F,
(t) = a(tg) + - t
i F, t*
t+ ——

= x(ty) + ©(to) —

mpr = F, —
x(t)

Velocity Position
= =
.%% H
x (to )
U(to)
to ty to
Time Time

19



Week 2

Dmitry Savransky

Cornell University

MAE 2030, Spring 2026

©Dmitry Savransky 2023-2026

Polar Coordinates

Recall: A single reference frame can have an infinite number of coordinate
systems

[I'p/o}l = |rsin6

NB: P is in the €; — €5 plane



Path (Curvilinear) Coordinates

An exact knowledge of the path is required to use these coordinates

Recall the Box on a Ramp

rp/o = T€1 + Y&,

= rcosfe; + rsinfe,

|rpoll = /22 + 32

= /(rcos)2 + (rsinf)2 =r

0 = tan™! (Q)
x

® 1,y are Cartesian coordinates in xr = scos(a)

z y =h — ssin(«)
® r @ are polar coordinates in Z
® r is also a Cartesian coordinate in

B h cos («)

re=—

® s is a Path coordinate sin (v + 0)



How to Solve a Dynamics Problem

Model the system including all particles, rigid bodies, forces and
assumptions

Choose the coordinates—at least one per DOF
Define the reference frames
Draw the Free Body Diagrams—one per particle/body

Calculate the Kinematics—position, velocity and acceleration (in an
inertial frame) for each particle/body

Write Newton’s 2nd Law for each particle/body

Find the Equations of Motion—unknowns are second derivatives of
your coordinates and any constraint forces

Integrate the Equations of Motion to get the system trajectories

1. Model the system

I

Spring Mass on Frictionless Surface Simple Pendulum

I

4

® Only external forces are due to ® Only external forces are due to
gravity and the spring gravity

® Massless, linear spring ® Massless, rigid link

e Constrained to move in 1D e Constrained to move in 2D



2-3. Define coordinates and reference frame(s)

&‘ég 0 P3 .
b P2
ANEY:
Xz \\
o) E— : ®
55 > pYP1
e 1-DOF so only 1 coordinate ® 2D motion, but mass is always a
needed distance ¢ from O, so 1-DOF
e Cartesian coordinates (just x) ® Polar coordinates with r = ¢ Vt
* S= (0,8,8,,83) is inertial ® P = (0,p1, P2, P3) is inertial
4. Draw the Free Body Diagrams
Frormal = NéQ
Fspring — —k($ - ﬂ?o)él mp Fconstraint HFconstraint H = Fc
Y b2
) :Fc cos 6
Fgravity — —Mmpgs2 mp !
F. sin 6
® Linear spring model = Hooke’s . ~
Law pHng Fgravity — mpgp1 P"pl
® [ = spring constant
® 1o = unstretched spring length ] )
(where the spring force equals e Constraint force' required .
ze10) whenever modeling massless link
e Normal force mgst bfe 0pp0§1te Foystraint = — FL cos 0P, — F, sin 0p,
the force of gravity (in the §,
direction) 4




5. Calculate the Kinematics

S rp/o = £ costpy + £sinOp,
S S P Pd . .
d d . = — = —(fsin (0)py + (0 0)r
Vpj0 = qrBo = &(5’351) VPO = g tP/o sin (6)p1 + £ cos (0)po
= IS; Pdg
P _
ap/o = @rp/o
S 52 52 . .
Ap/o = TH'B/OT 13 (v81) = (—69 sin () — £6? cos (9)) p1
= 28 + (69 cos () — 6% sin (9)) Po

0-7. Write Newton’s 2nd Law and find EOM

ZFB = mBSaB/O =

Nég — mBgéQ — k’(CIZ’ — .fl]o)él = metél

(1) -8 = —k(x — x9) = mpi
(1)-8g = —mpg+ N =0

—k
= m—B(:c — x9)
N =mpgg

(1) ZFP = mppap/o —
— F,.cos0p1 + mpgpr — F.sinfpy =
mp (—Ké sin (0) — £6? cos (9)) P1

+mp <€9 cos (0) — 062 sin (9)> P2

0 = —gsinﬁ

14
F.=mp <g cos 6 + 692)




Integrating the Spring-Mass Equations of Motion (1)

We have found that the EOM for the spring-mass system is:
—k

T = E(x—xo)

2
/a:\d;r_/ /mx—xo)dxﬁ%—kcl %(1}—1’0)2
=qdt
@t=0= ¢ = (2(0) — 20)? — ~ ((0))?
2m 2
NB: xg # x(ty). xo = spring rest length. 2(0) = mass position at time
t=0

d k d
P=— = —— (= x0)* =20y = ° = dt

dt m \/—% (z — x0)° — 2¢y

\/ (x — x0) —201

Integrating both sides: =1+

Simple Harmonic Motion

To make the next step a bit easier, we introduce a change of variables:

A A
z = x — x¢ and define a new constant wg = %

The original EOM becomes: ? = —wjz. This differential equation
describes a simple harmonic oscillator (SHO) with a natural
frequency of wy

Assume a solution of the form z(t) = A cos(wgt) + B sin(wyt)

z2 = —Awp sin(wot) + Bwy cos(wot) = 2 =

— Aw? cos(wot) — Bwi sin(wgt) = —wiz

Q@t=0:2000=A-1+B-0= A= 2(0)

Qt=0: 2(0) = —Aw0-0+Bw0-1:>B:@
Wo

2(t) = 2(0) cos(wot) + %2) sin(wot)

6



Integrating the Spring-Mass Equations of Motion (2)

¢ We can now write the position of the mass for all time as:

x(t) — o = (x(0) — x¢) cos ( %t) + \az/% sin ( %t)

Velocity

Position
. : . 5

z(t) (m/s)

z(t) (m)

0.5 1 1.5 2 2.5 3
Time (s)

0.5 ‘ ‘ ‘ ‘ ‘ ‘
0 0.5 1 1.5 2 2.5 3 0
Time (s)

Simple Pendulum Small-Angle Approximation

Remember
The simple pendulum is not a simple harmonic oscillator (the EOMs don’t

match)

e But what if we assume 6 is small? (sin(f) = 6)
® [n the small-angle approximation, the pendulum’s EOM becomes
g

6

o~ —2

e This is the equation of an SHO with natural frequency wy = \/%

® But how can we tell how good this approximation is?



Numerical Integration for Initial Value Problems

® [n general, numerical integrators are trying to solve an Initial Value
Problem (IVP): For
x = f(x,t); x(tg) =%x¢ € R"; f:R" X [ty,0) = R", Find
x(t); t € [to, £00)

® One of the simplest approaches is the Forward Euler Method:

X1 = Xg + At f(Xp, tr)

® The integrators we’ll be using in this class are (mostly) based on the
Runge-Kutta method:

(gl - f(Xkra tk:)
s g2 = f(xx + At(azigr), t + caAt)
X1 = Xi + At Z bigi 93 = f(Xp + At(asig1 + aszg2), ty + c3At)

1=1

kgi = f (Xk + At Zj’:l aijgj, tk + CzAt)

The values of the coefficients a;;, b;, ¢; are determined by the order of the
Runge-Kutta method.

Numerical Integrators in MATLAB

MATLAB Provides many different functions for solving systems of ordinary
differential equations. A few of these are:

® 0DE45 General-purpose, medium-order Runge-Kutta method. Good
place to start for most problems.

® 0DE23 General-purpose, lower-order Runge-Kutta method. Good for
getting faster results with less precision.

e ODE78 and ODE89 High-order Runge-Kutta solvers. Mostly overkill for
the kinds of problems we’ll be solving, but useful when higher precision
is needed.

® ODE113 Variable-order method (not Runge-Kutta), useful when high
precision (low numerical error) is desired, and when the function f is
expensive to compute.

For lots more detail, see:
www.mathworks.com/help/matlab/ordinary-differential-equations.html



Numerical Integration for 2" order differential equations

® Qur equations of motion typically have the form x = f(x,x, 1)

e We can always turn these into first-order equations by defining a new

state: [

Remember
Numerical integration is always an approximation in some way (or in many

different ways all at once). Never blindly trust the results.

Numerical Integration of the Simple Pendulum EOM

—| g ’
[_Z sm(zl)]

8(t) (rad)
é(t) (rad/s)

0 2 4 6 8 10 o
Time (s) Time (s)



Testing the Small-Angle Approximation

0(0) =0.1, 6(0) =0

—— SHO Equations
— = Numerical Integration 1

7y

2 4 6 8 10 0 2 4 6 8 10

0(0) =1.0472, 6(0) =0

—— SHO Equations
- = Numerical Integration

0.15

0.1

0.05 -

0 (rad)

or

-0.05

-0.11

-0.15
0

0.4 T T T . 4

.O
[}

S

6 (rad/s)

°
NS

Time (s) Time (s)

Springs and Dampers

e A linear spring is described by * A viscous damper (dashpot) is
spring constant k (mass X described by damping constant b
time2) and unstretched length z (force x time x length™)

e Force acts opposite direction e Force acts in direction opposite of
stretching (spring wants to return velocity vector of damped body
to its unstretched length) with (damper wants to stop motion)
magnitude: |Faping|| = |k(z — z0)] with magnitude: [|Fgamper|| = [b2|
for stretched length z for speed 7 of the damper arm

with respect to damper body

10



Damped Harmonic Motion

k,xq Fy = Ne;
b FS = —k(a? — ZEo)él
|
® - d — —b:i:e1
VL -

€X g

¢ We now add a damper to our spring-mass system
® The coordinates, reference frame, and kinematics remain the same
¢ Our new equation of motion is:

[ mi = —k(z — o) — bi

Damped Harmonic Motion Solution
® We again we introduce a change of variables: z 2 2 — x,, define the

[k
natural frequency wy = {/ — and define the damping factor (ratio)
m

(2
2mwo
e The original EOM becomes: # + 2Cwy? + w2z = 0

® The general solution for this equation is:

® This system can behave in one of three ways:

¢ <1 Underdamped: position oscillates around spring rest length
¢ > 1 Overdamped: position gradually decays to rest length
¢ =1 Critically damped: position decays directly to spring rest length



Damped Harmonic Oscillation
Z(to) N

—— Underdamped ¢ = 0.1
— =Overdamped ( =5
Critically damped ¢ =1

z(t) = z(t) — zo (m)
o

~(to) 2 ir 6r Sr Lor
wo wo wo wo wo
Time t (s)
Driven Mass-Spring-Damper e The spring is attached to a
A

platform that is driven with
trajectory x4(t)
e System has 1 DOF as x4(t) is

z(t),
Z yé Ry
? N k k(zs — 2)é known
! ® Mass position x is measured with
5 > = m lg respect to system equilibrium
1
é3 ® This allows FBD to lump
_‘, b

—biés together spring rest length and
gravity, so gravity does not need
to be treated separately

Newton’s 2nd Law: mieéy = (—bx + kxs — kx) €5

—> mi + bt + kx = kx,(t) £ Fy(t) Forcing Function

12



Forced Damped SHO General Solution

® The general solution is the sum of the homogeneous (transient) and
particular solutions: x(t) = z.(t) + x,(¢)

¢ We have already found the homogeneous solution by studying the
unforced case:

To(t) = e [O) cos(wat) + Cysin(wgt)] = Ae™ " cos(wat — ¢)

® w; = wyy/1— (?is the damped frequency, C;, Cs, A are set by initial

conditions with A = y/C? + C2, and ¢ = tan™! (%) is the phase

1

is the

[k b
o As before, wy £ {/ — is the natural frequency and ¢ £ 5
m mwo

damping factor

Forced Damped SHO Particular Solution

® When forcing function is sinusoidal with frequency w, x,(t) will also be
sinusoidal with the same frequency and phase lag ¢:

F,(t) £ ka,(t) = Faivecos(wt) == 2,(t) = Aresponse COS(wt — @)
Forcing Amplitude Response Amplitude

® We can find expressions for Aesponse @and ¢ by plugging the particular
solution back into the equation of motion and solving:

F rive N b
A = d ¢ = tan 1 (k‘—%)
\/m2 (wd — w2)2 + (bw)? T

13



Forced Damped SHO Particular Solution

10

Arosp()nso / F, drive

o

/2

¢ (rad)

Reson

0
w0/10

Driving Frequency

alnce

The less damping, the greater the change in phase, and the larger the
response when the system is driven near its natural frequency

Resonance is a large-amplitude response caused by a (relatively) small
periodic forcing near the system’s natural frequency

We can find the resonant frequency by looking for the maxima of

dAres onse
— =0 = w,=w/1-2¢

dw o,

Aresponse :

For small damping factors: ( K1 — w, = wy

14
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Coordinate Transformations

e A and B are related by a simple
rotation

Ay

Be - — = =2/ _ >, b, ® One axis remains the same for both
frames

sin (0) ® This does not have to be one of the
frame’s defining unit vectors

® [n this case:

Ve - — — _

cos (0) ay by = cos(6)a; + sin(h)a,
A by = —sin(#)a; + cos(f)a,

e This is a transformation table:

a a; aj

bs = a3 131 cosf sinf 0
byl —sinf cosf 0

by 0 0 1



Coordinate Transformations Continued

alél + agég + agég

2 b by + byby + b3bs

I'p/o

él ég é3

b,y cosf sinf 0

é':l 132 —sinf cosf O
b; 0 0 1

é3 b3

rp/o = a1 <cos(9)f)1 — sin(@)fn) +as <sin(9)f)1 + cos(@)fn) +az b

A\ >4 A\

-~ -~

= él = ég = 53
= (ay cos(f) + azsin(0)) by + (—ay sin(0) + as cos(0)) by + a3 by
N - N - 2 —~

= b1 = b2 = b3

Recall the Box on a Ramp

PO Ié (Oaé17é27é3)
B é (Oaf)l;anbS)
rp/o )
blzf‘p/o
Tq 54
@rP/O# 3 TF/0
rp0 = 1€ + Y& = by
T4 Id(A+A) o 4 e 14 Td /-
—7T = — \xTe e = xTre e J— —_ —
q; TF/0 1 1T Yes 1T Yyes dtrp/O gy (rb1>
B B
d d /- - . Td /-
o= g (br) = by =ibitr g (b



Vector Derivatives Across Frames (Take 1)

M4,
B P b, ) ) .
]52 o a; am as
] / rp/o =S alél + agé_g + agé.g b1 cosf sinfd 0
f ‘ 2 by + b2f)2 4 bgf)g 132 —sinf cosf O
9 ar by 0 0 1
A Ad -Ad A A ~
B (blbl 4 boby + b3b3)
Ad . Ad . Ad .
— blbl + bl d—bl +b2b2 ‘f— b2 d—b2 + b3b3 ‘|— bg d—b3
A
= — (cos(#)a; + sin(f)as)
Ad R .Ad dt .
TP = 3 (cos(f)a; + sin(f)ay) = —0sin(f) a; +60cos(f) as

(cos( )b, — sin(#)b ) <sin(9)f)1 + COS(@)Bg)
— 0 (— sin(f) cos 0 + sin(0) cos 0) by + 6 (sin*(#) + cos*(6)) b,

A

d -
—b, =0b
d 1 2
A

d - .
—by, = —6b
d 2 — 1

23”bs e This is a general result for
a a, as counter-clockwise rotations about
by cosf sinf 0O as
by —sinf cosf 0 e For clockwise rotations, the signs
63 0 0 1 on the expressions flip



Back to the Simple Pendulum

Fconstraint - _Fcér
&
mp
Fgravity -
mpg (cos(f)e, — sinféy)
o T2 (0,e,,8&,,8&;) is inertial (&5 out of page) P
* B2 (0,é,,&y, é3) is a non-inertial rotating Tr/o = 6'37”
frame IVP/O = (0¢y
® &, =1p/0 Tap)o = (&g — (6%,
® r = [ is a polar coordinate in Z and Cartesian b= _9qno
in B 14

Derivatives of Rotating Planar Unit Vectors

Tap

\eQ s I ~
d . .
B é9 &GT = 989
e, T4 '
—ey = —fe,
dt "’
0 T4
9 _ &ég, == 0
€1
e3 e § is the rotation rate of frame B
. . . in frame Z, about rotation axis
€1 (SD) €3 é3
e cosf sinf O .
é; —sinf cosf O ® () is taken to be positive for
&4 0 0 1 counter-clockwise rotations and

negative for clockwise rotations



Simple Angular Velocity

The angular velocity vector

has a magnitude equal to the rotation rate and direction equal to the
rotation axis

Ipe,

By€g

e Rotation rate is positive for
counter-clockwise rotations and
negative for clockwise rotations

e (Clockwise vs. counter-clockwise is
determined by looking down the
€3 axis of rotation

o BT _ _T,8

=Yy

o>

Utility of the Angular Velocity Vector

Iye,
B y€o
e,
0
f > IUJB = Qég
€1
Td
N 7 B ~ A A
€3 —e, = w"” x e, =Hfeg
& at
Id A . A QA
—€p = W X ey = —ve
X X dt r
€ €3
v
X



This is a Completely General Result!

For any pair of frames A and B, with angular velocity vector “w?:

the time derivative in frame A of any unit vector b, that is part of the B
frame definition will be:

AdA R
—bi:'AUJBXbi
dt

e Corollary: if two frames are not rotating with respect to one another
(have zero angular velocity), then all of their unit vectors will have zero
time derivatives in both frames

e NB: This is not physics—this is a mathematical statement only. It does
not depend on any physical model, and is always 100% true

Acceleration in a Rotating Frame

e Point P is constrained to the €; — &, plane of inertial frame
T£(0,6,8,,6)

Iné,
’ P ® Define rotating frame B to track point
Byeo A P, such that &, = tp/o and B = fé;
1/ rpjo = e,
/// IV Id Id .
A = —(re,)=re.+r —e, =71€, +rbe
O — /o dt (ré;) dt o
€1
B4 TP x &, = féy
4 . ) .13 . . .
Tapjo = i, + 1 6 +iley+ 1y + 0 —ey = (F—10%) &, + (rf + 20 ) &
——
TP x &, = 6éy TP x &g = —0e,



Fictitious Forces

e Consider what happens if we apply Newton’s second law to the rotating
frame acceleration assuming zero net forces on P:

. y _ i = r? Centripetal
Fp=0=mp[<7’—7“92> ér+<r9+27*0> é9:| = q . 0 o
0 = —2— Coriolis

r

® These terms look like forces, but are absolutely not

® These terms arise because we are doing dynamics using a non-inertial
reference frame—they are purely kinematics

Nomenclature

¢ A mass moving on a circular path experiences a centripetal acceleration
in the direction of the center of the circle (—é, direction) with a
magnitude of 62
e (Centripetal means “center seeking” (towards the rotation axis)
® Force that keeps an object on a circular trajectory, corresponds to
acceleration arising naturally from taking inertial derivatives of rotating
frame unit vectors
® (Centrifugal means “center fleeing” (away from the rotation axis)
® Force that appears to affect objects traveling in straight lines in an
inertial frame, when measured in a rotating frame (e.g. assuming that
the rotating Earth represents an inertial reference frame)
® Reaction force arising from Newton’s 3rd law (due to a centripetal force)
e A mass moving on a circular path with a decreasing radius experiences
an additional Coriolis acceleration in the direction tangential to the path
(in the &y direction) with a magnitude of 27



Translating Frames
rp/0 = Tp/or T+ Yo/ /0

o Npr0 = Npor + 5
p/O = "Vp/or T Vorjo

T, T, T
P ap/o = "ap/or +A0//0

Ta ®
te2 * If 'vo/ /0 is constant (or zero):

Ip/or ® Frame B moves away from frame Z at
constant speed (or is stationary)

1

/ o b o IaO//O =0= Iap/O = Iap/O,
ro'/0 ’ ® Define rp/or = biby + byby + bsbs
9 ér ¢ BVp/o/ = b1by + byby + 5363
- * vpjor = bibi+beba+bsby+7w® x rpor
WwB =0 * Tap,o ="apo + a0 0

Translating Frames

e Any non-rotating, non-accelerating frame (moving at zero or constant
velocity with respect to an inertial frame) is itself inertial

e [f a frame B is non-rotating but linearly accelerating with respect to an
inertial frame Z, Newton’s second law becomes:

ZFP = mp (Bap/ol + IaO//O)

e [f we wish to express our accelerations with respect to frame B, in this
case we need to correct for the inertial acceleration of the frame:

B T
mp-ap/or = E Fp—mprao o




Pendulum in an Accelerating Box

Fconstraint = — Fc COS (9b1
— F_.sinfb,

mp

Fgravity = mPgbl

® 7= (0,8é,6,,83) is inertial Tr/or = 600-5(9)1% frfsm.(Q)bz
(é3 out Of page) BVP/O/ — —EQ Sln(@)bl + 69 COS(Q)

b,
B (O’, by, by, f)g) is a non-inertial Bap/O/ = <—€§ sin (0) — 062 cos (9)) b,
b,

accelerating frame (*w® = 0)

+ (60 cos (0) — £6? sin ((9))
r = {, 0 are polar coordinates in B

i . . . 7, — q6s = ak
x 18 a Cartesian coordinate in Z Ao/ /0 = €2 = aby

B T
mp-apo = E Fp—mpaop o

mp {(—69 sin (0) — (62 cos (9)) by + <€9 cos (A) — 6% sin (9)) 62} =
— F.cos 9131 — F.sin 9132 + mpgﬁl — mpaf)z —

. 9 n (0 .

0 = _acos( ) zgsm( ) F.=mp (—asin (0) + €62 + g cos (0))




Rotating Frames Revisited

® Vector b has constant magnitude
r and is fixed in frame B, which
has angular velocity with respect
to frame Z of Zw?B = 9é3

® ¢ changes in time, but ¢ (the
angle between b and by is

constant
t=to+ At )
Iuéz j
X
b = rcos(0 + ¢)é; + rsin(0 + ¢)éq i Q)
T #°

d . .
Eb = —rfsin(0 + ¢)e; + rf cos(0 + ¢p)é;

O O(to) + @

0to + A+ 0 &

A Bit of Derivation

® Let’s see what happens when we cross b with its Z frame derivative:
7 é, & &
b x ab = | rcos(0+¢) rsin(@+¢) 0
—rfsin(0 + @) r6cos(0+ ¢p) 0

= (Tzé sin? (¢ + 0) + r20 cos® (¢ + 9)) é; = r2hé; = r*WP
® We can now cross both sides of this expression with b to find:

T 7 T
r* P x b = (bx glo) xb=(b-b) gb—(lo- ib)b

dt —— dt dt
- =0
Td
e This works for any vector b fixed in B: Zw® x b = Eb

10



The Path Frame

P = (P e, e, e,) e, ¢ Define path frame P

whose coordinate origin
(P) follows some path

e First unit direction €, is
always tangent to the
path such that & = vp/o

Second unit direction e,, is always normal to the path
and points inward to the path curvature

® Third unit direction e, = é; X €,

A

€3 e N\B: In this specific example, €, = —eé3

e By the frame definition we can write: ~v p/o = 5€; for path coordinate s
T

® The acceleration is then: Iap/o = 5€e; + s Eét =5€e + S (pr

X ét)

Radius of Curvature

ds e We define Zw” £ fé. so w” x &, = fe,

® (Consider an infinitesimal section of the
path ds: this can be modeled as an
infinitesimal section of a circle of radius

R. subtending angle df such that
ds = dOR,

e R.is the radius of curvature: the radius of the circular arc that best
approximates our curve at our current location
e NB: R. is not constant throughout an arbitrary path

\dg!
do

\RC

|
A !
A
v

ds dé 1 ds . S
° Re = R & Rat R,
32
T TN ~
ap/o = S€; + ﬁen

11



Finding the Radius of Curvature

e Agssume the path is described in Cartesian coordinates by function

such that ds = 4/ dx? 4+ dy?. Dividing through by dt:

y(r)

ds dz 2+ dy\ 2 dz 2+ dy dz\ > , o (1,
dt dt dt dt dz dt

e Agssuming the path lies in the & — €, plane:

oA

IVp/O = xe; +ye2 =T (e1 + d—z@) = S¢€;

Finding the Radius of Curvature (continued)

® Recall that ¢; x €, = —¢,, and €, = +¢€;3
. dy, . dy,
e + d—ez €y — d—el
€, = —€ X té3 = —1x L X té3 = + L

(@)

¢ We can similarly directly differentiate the €; expression:

dy. Ay dy, a2
4 . a0 | &+ d—iGQ T2 (—@el + ez) xd—xz
Ze, = _

A

_ — - —
dx + dz dz

12
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Finding the Radius of Curvature (continued some more)

® We have already figured out that “w” = $/r.é, so:

. d2 . du\2
9. g 5 i \/””’32 (1+ ()
— e — —An > — = :l: —
it "R R, (dy>2 R,
14+ —
dx

® [R.is defined to be strictly positive, so we can finally write:

13



Week 4

Dmitry Savransky

Cornell University

MAE 2030, Spring 2026

©Dmitry Savransky 2023-2026

Vector Products as Matrix Multiplications

The true utility of our matrix (column-array) notation for vector components is that
it allows us to express all vector operations as linear algebraic matrix operations. This
allows us to efficiently offload a lot of the tedious work involved in solving dynamics
problems onto computers. For vector addition, we simply add (or subtract) each
pair of elements of the vector array, one by one. Similarly, for scalar multiplication
we scale each component individually by the scalar multiple. However, in the case
of the vector products, the operations must be carried out as matrix multiplications.
One key thing to remember is that the operator definitions given here only work
for vector components written as a column matrix—they would be fundamentally
different if we were to write our vectors as row matrices.



Vector Products as Matrix Multiplications

[a- bz = [a]z[b]z 0 —as ay
[a x b]z = [ax]z[b]z where [ax]z = [ a3 0 —a
[b x alz = [bx]zlalz = —[ax]z[b]z I P

ay bl a:Zaieiéai:a-ei
A £ (O, él, ég, ég) [a]I = a9 [b]I £ bg ! R R
as i bg . b:ZbZezébZ:bez
aq ! bl bl
[a . b]I = a9 bQ = [al a9 ag]z b2 = Cllbl + CLQbQ + a3b3
as T b3 T bg T
0 —das as bl &2b3 — CL3b2
[a X b]I = as 0 —aq b2 = —a1b3 + a3b1
—a9 aq 0 T bg T a1b2 — a261 T
0 —b3 b2 aq —CLQb3 + a3b2
[b X a]z = bg 0 —bl as = &1b3 — Clgbl
—bg bl 0 T as T —Cblbg + a2b1 T



The Direction Cosine Matrix (DCM)

® Recall the transformation table:

Ay

A aj a; a3
Be - sin (0) o b, 131 cosf sinf 0
f)z ! | by —sinf cosf@ O
icos (6) isin () by 0 0 1
o1 : e This looks a lot like a matrix (because it
Y\ r . i)
cos (6) 1 cosf) sinf 0
a3¥bs ® Define: "C4 2 | —sinf cosf 0

0 0 1

A= (a,85,43) B2 (bl, bo, b3> e 5C4 is a direction cosine matrix

[ r]; = e [T]A

DCM in Action

Al\ éQ
B p b
by [rrjo]y = 0% [rrr0] 4
P/Q [ cos ( sin (6) 0
0 = | —sin( cos ( 0
0
O ;;l - 0 ! A
/ [ a, cos (0) + ay sin (0) by
as b3 = |[—ay sin (9) + a9 COS ( ) = b2
i a3 B D3] 5

a1a; + azas + azas

5161 + 5262 + 5353

p/o

|I>



DCM Inverses

Axa, DCMs are Orthogonal Matrices:
B p b ACB = (FeA) T = (FcH)”
by
P/O T
) [rpi0] 4 = ((C7) [rpi0l,
N —
O 0 - = 4CP
a [cos (0) —sin(f) 0] [by
a5%bs = |sin(fd) cos(f) Of |be
0 0 1] |bs),
I‘p/o = alél + agég + agég -bl COS (9) — bg sin (6)- aq
2 by + byby + bsbs = |bysin(0) +bacos (0)| = |aso
i bs da L9814
Simple Direction Cosine Matrices
A as
B|b,
/’VZ
(0) ay (@ as as
/ / " ° 3
: by
aib, a /g, a
1 0 0 cos# 0 —sinf cosf sinf 0
BoA _ |0 cosf  sinf 0 1 0 —sinf® cosf 0
0 —sinf cost sinf 0 cos® 0 0 1
2 0y(0) £ Ch(0) = C(0)



Why are They Called DCM?

Each entry of a DCM is the cosine of the angle between each pair of unit

vectors of the two frames the DCM maps between:

A= (0,a;,a5,a . .
(0,82,8,8) [ACB) = a;-b; = 804 = (AC®)" = [FC4] = ;-4

B = (O,by, by, b;) K

)

Bbo Atag b -a; = cosf
A N 7'(' .
bl-a2:cos(§—(9):sm(9
™ 0 b1 . .
AN bg-élzcos<9+§—9+9>:—sin9
0 N Bg-égzcose
O A " A
- b3'3_3:1
~ o4 C A s R 7
b1°a3:b2'a3:b3'al:bg'aQICOS<—>:O
asb 2
303

Forces We've Seen So Far
e Gravity: Acts in direction of attracting body, with magnitude mg
e Spring: Acts in opposite direction of stretched spring, with magnitude
k(x — xo) for spring constant k, spring rest length xo, and spring
extension length x

e Damper: Acts in opposite direction of velocity vector of damped body,
with magnitude bz for speed damping constant b and body speed z

e Normal and constraint forces: Act to hold systems together, or impose
constraints, usually due to 3rd law

e Fictitious forces: not forces at all, but kinematic terms due to rotating
and accelerating frames

Forces can be classified as field forces (acting simultaneously on the whole
body, like gravity) or contact forces (acting on a specific part of a body, like
friction).



Friction

e Friction is the resistance to relative motion of two surfaces in contact

® [f an object is in motion it experiences kinetic friction: force is always
opposite the direction of motion

® If an object is motionless it experiences static friction: a force greater
than the static friction force must be applied for the object to start
moving

Exact modeling of friction is tremendously difficult!

All of our friction models are vast simplifications

Coulomb Friction

® ||Fpiction|| < pt]|FNormal|| where p is the coefficient of friction

® ;. is determined empirically and is typically split into static (us) and
kinetic (py or ) parts

- Fy = Né,
€2
Fexternal
Ffriction
€1
g B \
3 F, = —mges

e [f + =0, need an external force with magnitude greater than the static
friction force to start the object moving:

Ffriction - _Fexternal - _,usmgFexternal

® 1, increases proportionally to ||Fexternal|| While the object is stationary



Coulomb Friction Continued

FN = N92

= —mgey

o [fx 7& 0: HFfrictionH - MCHFNormal”
e [f we assume that an object is set in motion (& # 0) and no further

external forces (other than friction) act upon it (||Fexternal|| = 0) then:
A ~ ~ N mx = — F e e
S"Fp = mfapo = mié, = —mgés + Né — |Faennllér {_mg o

=n

Viscous Friction

e We've already introduced a different model of friction via the damper

® The viscous friction mode predicts a friction force of the form:
Fiiction = —bv where b is the friction coefficient and v is the relative
velocity of the body with respect to the surface causing friction

e N\B: Both the viscous and Coulomb friction models predict forces
independent of positions. Coulomb friction is also independent of
velocity, and will be our standard friction model



Drag (Fluid Resistance)
Cross-sectional Area &Pv{elative Velocity
T L

2 A
Fdrag - _5 CD A P Urel Vrel

/‘ \Fluid Density

® The drag force acts opposite the direction
of relative velocity of the body to the fluid
it is traveling within: v, = ZVp/o — Vg o)

Drag Coefficient

e [f the fluid is stationary, then v, is the
body’s inertial velocity

e A common measure of a body’s ability to
overcome ailr resistance is its

Ballistic Coefficient £ m

CpA

Newton’s Law of Gravity

Theg

e Our constant gravity force model
(||F gravity|| = myg) is an approximation
that works reasonably well for objects
near the surface of the Earth

® In addition to his 3 laws, Newton also
posited a law of gravity:

G m1mso

F,=-F,=—
1 ] lry/2ll?

/2

® (5 is the universal gravitational
constant ~ 6.67430 x 107! Nm? kg2




Recall Newton’s Second Law

Inertial Frame Derlvam? Q‘Ually Fixed Point M\a'$ (Assumed Constant)

PP/O mP VP/O) =mp ap/o

Resultant Force on P Llnear Momentum  Inertial Velocity and Acceleration

® Integrating with respect to time:

to to Id
/ Fpdt :/ i —("ppjo) dt = pP/O(t2) - pP/O(tl)

t1 t1

to
:>mpIVp/O(t2) :mpIVp/O(t1)+/ Fpdt
t1

® No force means no change in linear momentum. This is a conservation law

Linear Impulse

® Define linear impulse:

J— t2
Fp(t), ty) = / Fpdt
4

1

® Therefore: Ipp/o(tg) = Ipp/o(tl) + Fp(tl, tg)
e What if a force is applied over a very short period of time
(At Ety—t; < 1)?
® We can approximate F p as independent of position and velocity of P and
thereby avoid solving the complicated integral for the linear impulse
® This helps us model how things start moving: we frequently approximate
changes in momentum due to short applications of forces to be
instantaneous



A (very) simple model of Pool

ol = 21
I~ p/ol =0 I~Vpoll =0 — mp —

— ) —_— LG e — )

t <t t =1 t =12

— Velocit Position
Fp(t1,t2)/mp y

el
llrpsoll

o

g
& &
=
&5

Angular Momentum

Taa
©2 Angular Momentum of P relative to

O in frame Z:
"hpjo £ rpj0 X 'PP/0 =TpPj0 X MP' VPO

¢ Angular momentum is always relative to
some point

e Angular momentum is orthogonal to both
the position and velocity of the body

10



Moment (Torque)
e What happens when we differentiate “h p/o”

Td ., Tq Tq Td
T "hpo = T (rpjo % ZI)P/o) dt (rpj0) % mpVp/o+Tpo X T (mPIVP/O)/

-~

7 A\

= IVP/O X mPIVP/O rp/o X mPIaP/O

EFP

® Define the Moment (equivalently Torque): Mp/o = T = rpo x Fp

e N\B: This is literally just a restatement of Newton’s second law

® The moment is the tendency of a force to rotate an object about an axis

Return of the Simple Pendulum

Fconstraint — _Fcer

mp

Fgravity —

Ve mpg (cos(f)é, — sin féy)

'pio = le, = IVP/O - f&é@ Mp/o =Tp/o X Fp
Ihp/o =TIp/o X mPIVP/O = (e, X (—F.e, + mpg (cosbé, — sinhey))
= 08, X mpley = mpl?0é; = —{mpgsin &3
7 7
d 7 d - . .
T hp/o = mpl?0é, U hp/o Mpo = 0= —%sm@

11



Conservation Laws

e (Conservation of Linear Momentum: Z Fpr=0= Ip p/o = constant

e Conservation of Angular Momentum: Z Mp;o =0= IhP/O = constant

¢ N\B: You can have conserved angular momentum even while the linear
momentum of a system is changing

F |
|
14 l e This is an example of a Force Couple:

€| ZF:O but ZMP/O#O

Angular Momentum About an Arbitrary Point

The.
) ¢ Remember: Angular momentum is always
rp/Q relative to some point
A Prjo ® This point does not have to be a coordinate origin
Q/0 P
00 ® By definition: IhP/Q = rp/g X mp%p/Q
@) g ® Tp/Q =TP/0 —Tq/0 = VP/Q =VP/O — V0
1
5 * IllP(/)Q = (rp/0 —1q/0) X mp (Vpj0 —Vq0)
T 7 A h
d d
Lt = L (vps0 = r0j0) % mi (110 Noo) =¥,
T SN,
_ i Ly, _ Iy _ T, T
+ (Pp/o rQ/o) X mp a1 ( P/O Q/O) =Tp/g X |\ Mpap/o —MpaQ/0

A
d
thP/Q = Mp)g — Tpjo X mp'ag/o

12



Pendulum in an Accelerating Box Redux

Fconstraint — _Fcer

mp

Fgravity = mpgel

e New frame C 2 (O, &,, &, &) rp/or = (& |
moves with the box and the IVP/O/ =/ ( w® x er) = lbey
pendulum . hP/O’ = I‘P/O/ X mpIVP/O/
o 1,¢ =FBuC = fey 9/ a
] . = mp€ 983
® r =/, 0 are polar coordinates in B Mp/or = rpjor X (—Fiéy + mpgé,)

z 1s a Cartesian coordinate in Z

r is Cartesian in C = —{mpgsin(0)e;

= aey
Id —=
dt hP/O’ 1VIP/O/ —TIp/or X Mp-ap//0
Td
a (mpg 993) = —Impgsin(f)es — (e, X mpaeésy
mpl?08; = —(mpgsin(0)é; — tmyacos(0)é; = 0 = _acos (0) + gsin (0)

14

13



Angular Impulse

e Just as we did with linear impulse, we can define angular impulse:

to
Mpo(ti,t2) é/ Mp,o dt
t1

® Therefore: Ihp/o(tg) = Ihp/o(h) + Mp/o(tl, tg)

¢ Everything we said about linear impulse applies equally to angular
impulse

Central Force Problems

e A central force Fp is one where:
Mp/io =rpio x Fp=0,for rp;o # 0

® This means that “h p/o is constant in time (both magnitude and
direction)

® By the properties of the cross product, this also tells us that, in this
case, Fp is parallel (or anti-parallel) to rp/o: the force acts in the
direction of the position vector

14



Two-Body Problem

I‘A

\e2
F By ’ r rP/O — Tér IUJB = Qég
P ’ é'r‘ .
T‘/// ZVp/o :fér-i—TQég
ZFp /,’9/ Iap/o = (7“ - 7"92)é7n
@ o) s + (210 +r0)ey
€3
. . . . . Gmpmo .
e Consider two masses interacting via gravity mPIaP/O _ ' :
only . r ,
e We place the larger mass mgp at the Fp
coordinate origin and the smaller mass mp a . Gmo 5
. r=— + r6
distance r away r2
e By Newton’s law of gravity: i 27*9
r Gmpmo -
= ————=Tp/O
g [rp/0l?
Two-Body Equations
T n
F Bu P IhP/O =reé, X mp (fér + r@ég) = mprllé;

® Define specific angular
P A9 momentum:
9 & s
J o Pl _ o
e Substituting h into the equations of motion: mp
. rh ; Gmo  h?
0=—-2—andi=— - ]

® These equations are uncoupled and fully solvable, with solution:

o hQ/GmO
1+ ecos(f —6y)

r(6)

® ¢ and 0, are constants. e is the eccentricity and determines the shape
of the orbit. 6y encodes the relationship of 6 and time.

15



Two-Body Orbits
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Work

A force does work on a body when it displaces the body along a trajectory

A The work performed on particle P by force
Fp-Tp/o Fp from time ¢; to ¢ is the integral of the

A/ component of the force tangential (Fp -tp/0)
rp/o(t2)  to P's trajectory (vyp) from position rpo(t:)

to rp/o(te):

WE? (tpj057p) é/ Fp-tdrpo
P ~——

Path Integral over trajectory Differential Displacement

® The component of force perpendicular to the trajectory (Fp L Tp/0)
does no work



More Work

e Work is not (in general) simply force times distance: it depends on the
specific trajectory

e Work is a scalar quantity, but depends on integration of vector
quantities in an inertial frame

e Work is only done when the body is moving. As long as the body does
not stop moving between t; and ¢, (e.g. va/o(t) # 0 for t; <t <ty), we
can change the work integral to be with respect to time:

to
WE" (rpi0;vp) :/ Fp-vpodt

t1

Power

® The power done by a force acting on a body is equal to the
instantaneous rate of change of the work done by the force:

d
PYP(ty) £ T WEP (rp/0;7p)

t=t1

e [f the velocity is always non-zero:

PP (t1) = Fp(ty) - Vpjo(ty)



Units

® Force is mass times acceleration
® SI units are Newtons: N = kg m s—2

e Work is force integrated over displacement
® SI units are Joules: J = N m

® Power is work per unit time

® ST units are Watts: W = J s—1

Total Work

® We can use the definition of work along with Newton’s second law to
define total work—the work due to the sum of all forces acting on a

body:
>
tot A 7 Frp T, z
Wy (rpi0;vp) = Wi "(rpjoivp) = | mprapo ~drpjo
P
Tq T T 1
=mp —ZVP/O . dI‘p/o =mp dVP/O Ty drP/O
TP d TP dt
——



A Brief Aside

e Note that differentials essentially follow the same rules as derivatives
(including chain rule and product rule). Therefore:

= [~ ol

*d (~Vpjo - eo) =d (NVeso) - Veo + Ve - Td (Veo)
=2 (*d (*veso) - vrs0)

¢ Why is this important? Because we can now write our total work
expression as:

m
Wy (rp/0;7p) = mP/ IdVP/O 'ZVP/O = TP/ Id||IVp/0H2
P

p

e We are now integrating an exact differential and therefore our integral
no longer has path dependence!

Kinetic Energy (KE)

e Qur total work expression is now:

Hpo(ta)
m m m
Wt = —2P / Hd|[vpsol? = TPH vpo(ta)|]? — —2P|| veso(t)|”

P/O(tl) \ (. v
~~ ~~

2 Tpjo(t2) = Tpjo(th)

1
®* Tp/o = §mp(1vp/o -va/o) is the kinetic energy of our particle/body

® The change in kinetic energy from time ¢; to ¢y is equal to the total work
done on the particle/body in that interval:

Tpio(t2) = Tpjo(ty) + Wet(ts, to)

® Even though work is path dependent, the change in kinetic energy (and
total work) depends only on path endpoints

® The velocity used to calculate kinetic energy must be with respect to an
inertial frame



Work and Impulse

e Recall that our model of impulse is that the body does not move while
the impulse is being applied
e This implies that no work is being done

e To fix this, we define work due to an impulse by the change in
velocity /KE:

mp%P/O<t2) = mP%P/o(tl) + Fp(ty, ta)
= WpP(t,t2) = Tpio(ta) — Tpio(t)

Conservative Forces

e We now consider a special class of forces called conservative forces
e Work done by a conservative force depends only on the endpoints of the
path

e [f the force on the particle is
non-conservative, different amounts of work
will be doneon1l —2vs2 —1

e [f the force is conservative, the work done on
both paths is the same and total work over
the round trip (1 — 2 — 1) is zero

7{ Fp 'Idrp/o =0 <= Fp is conservative

™~

Closed Path Integral



Potential Energy

e [t is useful to split total work as:

Wj(amt) (rp/o;vpP) = W](DC) (t1,2)

A\ 7
-~

Work due to Work due to

non-conservative forces

+ Wj(am) (rp/0;7pP)

conservative forces

® The work due to conservative forces is how we define potential energy:

(F(Cons))

Fcons) cons cons
UP/PO (rP/O) . _/FED )'IdrP/O - Fﬁ; ) = —VUP/S

® The change in potential energy is equal to the magnitude of the work
done by conservative forces:
Upjo(tz) = Upjo(t1) — Wi (t1,t2)

Total Energy

® The total energy of a system is the sum of the kinetic and potential

energy:

Epjo(t) = Tpyo(t) + Upjol(t)

® Recalling our previous definitions:
Tp/o(ts) UP/Q (t2)
Epo(ta) = Tpio(ty) + WE (t1,t2) + Upjo(t1) — Wl(ac) (t1,t2

\ — ~— )

-~

=Tp/o(t1) + Upo(ti) J Pty ta) — W_[(DC) (t1, o

-~

Epjo(t) W5 (rpjo:vp)

e Change in total energy is due to non-conservative forces only



Gravity

e Constant field forces (modeled as
independent of mass location) are
conservative

e An example of this is our gravity model
for objects near the surface of the Earth

® g is approximated as constant so the
force is constant at all positions

® The potential energy associated with this force is:
U]E]QO(I'P/O) = —/Fg -Idrp/o = — / (—mpgés) -1d (xé1 + yéy + z€3)

= mPg/éQ -1d (ye2) = mpgy +c
N —
= dyég

Gravity Continued

e N\B: We get to choose the value of the constant of integration to make
the potential energy behave the way we want it to (e.g. so that it equals
zero at some convenient location)

e For gravity, we typically choose ¢ such that U]E/go(r p/o) =0 for y = 0.
Thus:

[ Ug/go(rP/O):mng ]

® Potential due to constant gravity is proportional to height

e We can also check that we can recover the force from the potential:

la(mpgy) & + 0 (mpgy) 6 + 9 (mpgy)

F = _-VU¥ — _ NP
g VUP/O Ox oy 0z

63] = —Mmpges



Linear Springs

® Define ' = (v — x¢) such that F, = —k2'é,
¢ Ug/s()(rP/O) = _/Fs ‘Idl“P/o = — / (—ka'éy) - Td ((a + x0)éy) =
]{T(ZIZ‘/)2
2

+c

Linear Springs Continued

® Select ¢ such that UIE/SO = (0 when 2/ = 0:

1
Upjo(trio) = Sz — o)

® Checking the reverse operation:

o(:52)
F,—-vuF — |\ 2 /g
o P/O Ox oy 0z

= —]{(33 — mo)él



Our Old Friend, the Simple Pendulum

Fconstraint - _Fcer
€
mp
Fgravity -
A mpg (cos(f)é, — sinféy)

Y
7€l

® Remember: we get to choose where the
gravitational potential energy is zero

rpjo = (&, = Vpjo = (0& (Ugj’o = mpgy + c)
Tpjo = % (ZVP/O 'IVP/O) ® [et’s pick a zero pf)int at the height of
the attachment point (6 = +7)
— @ﬁ@? F A
2 UP]"O = mpg (I'P/O . —el) = —mpgl cosf

The Simple Pendulum with Energy, Continued

® The constraint force is a normal force (perpendicular to the velocity)
and therefore does no work (we know that it is normal because it is
always in the &, direction while the velocity is always in the &4 direction)

® Let’s check anyway:

to to to .
/ (—F.8,) - "drpo = / (—F.8,) - Vpodt = —/ F.l0 (&, -ep) dt =0
131 t1 SN—— 131
_TIg4
= grp/o dt
® There are no other forces so:

Epio=Tpio+Upjo = %629‘2 — mpgl cosf

® All forces are conservative, and so Ep,o is conserved for all time



Some More of the Simple Pendulum with Energy
® Let’s take a look at the initial energy:
1 :
Epio(ty) = §mp€20(t0)2 — mypgl cos 8(ty) = constant

e Solving for 62:
: E
62 =2 (M + gCOS@)

my, 02 14
® We now have a first order differential equation rather than a second
order one, as we got from Newton’s second law. Are they the same?

%92 ol =—20sned = §=-Zsino

Integrating the Simple Pendulum Energy Equation

® Even more interestingly, we can directly integrate our 0 expression:
0

=1
\/2 (E;/OEg)Jr%COSQ

0 dt
1 dt =t =
\/ Efn/:)eg + 4 cos 9) \/ E;/O@O) + 4 cos 0)

e This is an example of an elliptic integral, and has known solutions (see
also ellipke in MATLAB)

10



Simple Machines and Mechanical Advantage

Lever Pulley Inclined Plane (Ramp)

¢ A simple machine is a device that changes the magnitude and/or
direction of a force

e Simple machines can produce mechanical advantage (force

magnification)
1 Fout |
MA =
[ Fin
Pulleys
I, Té,
b
/ e h; N
€3 v T —mpgés
mp

e A stationary pulley (one fixed in the inertial frame) is a simple
machine that can change the direction of an applied force

¢ We model the pulley system by assuming the rope is massless and
inelastic

® The rope directly transfers the tension force to the mass

® The rope acts as a position constraint: the mass moves up the exact
distance the rope is pulled. NB: regardless of how the rope is pulled, the
mass moves only in € (yp is a straight line)

11



Pulleys

e While the mass effectively has three degrees of freedom, our model
means that it only moves in one dimension, and so we will only use a
single coordinate to describe the kinematics:

rp/o = Y&y — IaP/O = i€
T

(I’ —mpg) e, = mpije, — H=——9g
mp

Pulley Work

e If T =mpgthenjj=0 = ¢ = constant = 5(0) £ vy

In this case, the work associated with hoisting the mass a height h is

h
WJ(DT) (rpio;vp) = / mpgdy = mygh
0

h
The total work is WI(DtOt)(rp/o; vp) = / (mpg —mpg) dy =0
0

This is internally consistent, as Wl(f °Y — AKE and the mass’s velocity is
constant, so KE does not change.

Don’t forget, the mass has to start moving somehow. We model this
with an initial impulse Fp:

WHP (t1,ts) = Tpio(t2) — Tpio(t) = TPU?’ -0= TPUS

12



Combining Simple Machines

® Assume friction between the ramp and block, and that the block is

pulled at a constant rate (Iap/O =0)
N = mpg cos(a)

Thy— 11, Nby+ Nby— in(a)b; + by) =0
1 —11.Nby 2s—Mpy (sm(oz) 1+ cos(a) 2) {T—mpg (cos(a)pe + sin(a))

® We can achieve advantage over the pulley by itself if T' < mpg

. l —sina
mpg (cos(a) . + sin(a)) < mpg = pfe < ———
oS (v
[ F ot | _ mpg 1

MA =

|Finll  mpg (cos(a)p, +sin(a))  cos(a)p. + sin(a)

Pulley + Inclined Plane Mechanical Advantage

—_

s e For a given value of the ramp

g 0sl angle (), there is a limiting value
'&% of . such that the mechanical

C:)g 061 advantage of the system is > 1

g ® The decreased required force

:*é 0-4 magnitude for this system comes
- at the cost of time: if the velocity
= 02 of the block is the same as in the
é 0 simple pulley case, then it will

o

™ s

take longer to get the block to the
same height

]

6 3
Ramp Angle (a) (rad)

13



Pulley + Inclined Plane Work

® The work done by the tension force is:

d
WJ(DT)(I'P/O;WP) :/ Th; - *d rps0 =/ mpg (cos(a)p. + sin(a)) ds
0

P ~
= Sb1
= mpgd (cos(a) . + sin(a)) = mpgh (1 + tagga))

e Smaller values of o require more work. As o — 0, W;,T) — 00

Movable Pulleys

T &y >
lg
= Fcé2 Tég
€3
mp —mpges

Another way of getting advantage out of pulleys is to allow them to move

In this case, all forces are in the €, direction, so we can directly write:

F.+T =mpg
® The tension force must be constant throughout the rope, so F. =T
e Therefore: T = 29—  MA =" _9
2 mpg/o

14



Block and Tackle

2F.e5
€2
—F.é 62
ce2 Fcé2
—F.&y —Té,
—mpges

A block and tackle is a system of two or more pulleys connected by

one rope

® We can add a stationary pulley to our movable one (this configuration is
sometimes called a ‘gun tackle’)

® The stationary pulley only redirects the tension force, but provides no

additional advantage
mpg

2

® The tension magnitude is still 7" =
still 2

so the mechanical advantage is

Traveling Gun Tackle

Tey, Tes

v &5 }‘
lg
e
€3 —Té; —MpgTes
mp

—mpg(l —x)é

e We can change the gun tackle setup to distribute the weight of the mass
between the stationary and movable pulley

e (Cannot assume that the weight is equally distributed, so introduce a
variable x representing the fraction of weight on the movable pulley

® The tension in the rope is still constant so:

T+ T =mpgx

3T = — MA =3
T =mpg(l — az)} e

15



More

on Tackle

In general, the mechanical advantage of a tackle system is equal to the
number of rope segments that support the load

In theory: the more lengths you add, the higher the mechanical
advantage

In practice: real pulleys and ropes have mass and friction

We can achieve a very general understanding of many simple machines
by considering the transmission of power. Assuming no losses:

Pi = L out — Fin : ZVin - Fout ) IVout

If F is in the direction of the velocity (generally true for simple
machines) then this is a scalar equation and tells us that if force is
amplified then the motion is attenuated and vice versa

Carts + Pulleys

é i§> 5T
A

O

Force multiplied and motion
attenuated: cart moves with % speed

o>T
A“@g ’ ‘
®) C O O

Force attenuated and motion
multiplied: cart moves twice as fast as
point B

16
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Multiparticle Systems

Taé; @ ® Remember: Newton’s 2" law applies
o) ° only to point masses (particles)

o .\F” o ® In a collection of multiple interacting
° * masses, we can apply the 2" law to each
F]'?z' ' F(-CXt) one
J

b z e (Consider a collection of N particles

® Each particle may have an external
A force acting on it (e.g. Fg-eXt))
® Pairs of particles may also force one
N another—these are internal forces
T o (ext) eg. F;; =—F,
i 95/0 = Z Fj * Z Fia L (A ;g)artijc’Ie canno’%)force itself, so
F,i=0 Vi




Recall Newton’s Law of Gravity

® [n general:

Gm;m;
Iye F.,=— T,/
- a 532 a

e A system of N bodies interacting
only due to gravity can be modeled as
a collection of particles with only
internal forces

® For each one, we get a differential
equation of the form:

Id2

m r i Gmimj r
. —Ti0 = — .
T ;0 = rijol* "

® To solve this system, you need to
numerically integrate N coupled

ODEs

Pendulum on a Cart

v O O ~Mge

e (Constraints between particles can be treated as internal forces
® Consider an inverted simple pendulum attached to a cart. We model the
pendulum link as massless, and the cart as sliding without friction
® 7 £ (&,6y,8&;) is inertial; B = (&,, &, €3) is non-inertial, with &, = £p/q
o 1B = fes
Toio = e Tpjo = ¥ L& —Mgéy + Fyé, + F.é, = Mié,
ZVQ/O = CEél ZVP/O = .fUél + Eeég _mgé2 o Fcér _
T TN T e A N A2 A
a = ze = lthey — (O“e, on . "9 A
/0 ! ap/0 = L1 + L0 9 © m (xe1 + lOey — 592er>



Pendulum on a Cart

— Mgég + FNé2 + FC (COS(Q)él + Sln(@)ég) = MZEél
— myg (sin(0)e, + cos(0)ég) — F.&, = m (:U (cos(0)é, — sin(h)&y) + £6&y — 592ér>

Mz
y Fe=
—Mg+ Fn + F.sin(6) =0 cos(6)
F.cos() = Mi m (692 — gsin (9)) cos (6)
—mgsin(f) — F. =m (a: cos(f) — 692) Sl M + m cos? (6)
—mgcosf =m (—:’é sin(6) + 59) j_ _geos 6) ™ <£92 — gsin (9)) sin () cos (0)
’ B ¢ ¢ (M + mcos? (6))

Linear Momentum of Collections of Particles
e Recall that we can write the change in linear momentum due to a force

as:
to
mpIVp/O<t2) = mpIVp/()(tl) + / FP dt

t1

—
® For particle j of a collection of N particles: Fp(t1, 1)
N
—lext —
mJ'IVj/O(tQ) - ijVj/O(tl) + F§ )(t1, to) + Z Fj7z-(t1, t2)
i=1

e This still gives us NV equations, and so is not a great improvement. What
if we sum over all of the particles to get the total linear momentum:

N
Z mj%j/O = Ipo
j=1




Total Linear Momentum in Time

e How does the total linear momentum change in time?

N
o(tz) = olt) + > Fy "t 1) + Z (1, t2)
j=1 i=1

g

=0
® Remember: F,; = —F,;, so summing over all internal forces cancels

them out e e
e We define F(eX )(tl, to) £ Z F;ex )(tl, ts) so we can write:

ext
po(t:) = polt) +F( )(t17t2)

e Collections of particles obey Newton’s 2°¢ law! Similarly, collections
obey momentum conservation:

Fe (t1,t2) = 0 < Tpo(t2) = pol(t)

Center of Mass (COM)

o
Iliég ) .
e ¢ o r(;/o = — Zmzrz/o where mqg = Zmz
P °® =1
rq/g °® Vi/G o
° ® Consider particle i: ;0 = rg/0 + Ti/q
@ Ti/0 Zéz ® Rewrite the COM definition as:
€1 maera/o = Z mirijo = Z m; (ri/c + rao)
® The center of mass of a i? i;l
collection of particles is
. = m;xr; + m;r
the mass-weighted average Z K Z G/o
of all particle positions —

= mGrg/o



This is the center of mass corollary:

N
Z miri/g =0
i=1

Newton’s 284 Law for Collections of Particles
;o

N Id2 - A < N ( t)
;m“ de? (rijc +rci0) = ; F;

N Id2 N 2 N

(ext)
:;mz @I'G/O + ;mz dt2rl/G ;FZ
d2 Id2 N é F5Xt

ma @FG/O @ (Zl m;r;/q




Newton’s 2 Law for Collections of Particles

Id (ext) A Id
&Zpg = FG where IpG = Mg ErG/O

e Newton’s 2" Law for a collection of particles is describing a particle
with the mass of the whole collection, located at the collection’s center
of mass

e This is what makes the center of mass special

e We can now treat many particles as a single point mass (and in the
future will show that this is also true for extended bodies)

Motion Relative to the Center of Mass

B“]S,
’ ® Recall: mpBap/O/ = Z Fp— mpIaO//O
. ® Thus, for every particle, we can write:
Iﬂé3 ' ¢ N
* U e B (ext) T,
° ® f): m; ;g = Fi + Z Fz‘,j — m; ag/o
re /o Li/G @ j=1
b ° x :
— /0 L o [f Fge ® = 0 Vi then IaG/O =0
O S
® In the case of zero external forces:
&1 Lo
We attach a moving (but not Ba, 6 = — Z F;
rotating) frame B to the COM mi



Two-Mass-Spring System
Bp, . e (Consider two masses
1 connected by a spring that
cannot bend or flex, sliding
/0 b FZI\. without friction on a flat
o surface

T éz k-, KO

rg/o

r2/0 ® The center of mass G always
0 & lies on the line between m,
and mo

Id2 F(ext)
By our new version of Newton’s 2°¢ law: @rg /0 = G

&3

mgag

Apply impulse F, (t1,t2) to my:
maVao(t > ta) = Fi(ty, ta) + ma™veo(th)
The COM travels at constant velocity

Two-Mass-Spring System: Motion of the COM

] N
m B . (ext) T,
5 aijc=— |+ ) Fi; | —Tago
by - m; —1
m j:
_— ko ) ™, By s = Fi»
r1/0 b, Fai /
‘ f): ® mo k ~
roe : " - T (Hrl/G —ryal - 50) T1/2
mi
s/0
B o F2,1
9) & A2/G = m
2
é3 k

= — — — 0y i
- (Hl‘l/G rZ/GH 0) I2/1

I'n/jo —T2/0 _ /g — Tg/c
ri0 =120l lIrye —ryall

Iyjp = —Ty) = |



Two-Mass-Spring System: Motion of the Particles

mq B 2
d B B
Bt - Iy = Ty/g —Tyq = qer/t T /e T e
AT ko FY, k k
G ' — _ I -
o Ty = el =) i (- )
Taq/o Bvi ma " h ~ g
/ k(my + ms)
2/0 -
mq1Mmo
() €1
és . . . k m + m
® This system is an SHO with wg = \/ (1 2). Reduced mass:
mimes
mims
my + my o
L . . . . . Fi(t1,t2)
® We initially set m; in motion via a linear impulse: Iy, jo(te) = ———=
Fi(t1,t2)

* "yj0(ta) = 050 vap(ta) = Voso(ta) — Vijolts) = —

my

Modeling Impacts and Collisions

Fundamental question: Given the velocities of two masses before a collision,

what will be their velocities afterwards? .. , .
e (ollisions are incredibly complex.

We are going to need a lot of
assumptions to model them:

1 The collision occurs over a very
short time interval

h
Q
~
@Q
~
>

(instantaneous velocity
Tre, —vgolto) 6 changes)
2 Total linear momentum is
° conserved (no external forces
during collision)

IVP/o(to)/ . 3 Infinitesimal particles can
@) @ é; N psolty) ‘collide’ (collision is overlap in
position)
€3 to t, t 4 No frictional forces between

colliding bodies (unless the
bodies stick together)



Collision Steps

1 Pre-impact
(t < tl)

Vo0 2 Impact,
a0 deformation

Q (compression )
e @ GO B A
@/% % vero Compressei:l
(t - tC)

N 4 Restitution

/ v @ © (decompression)
A (te <t <ty)

(eY) @ 3 @ (&)

S
S
w

5 Post-impact
(t > tg)

e N\B: A collision can change both the magnitude and direction of the
velocities of all colliding bodies

Collision Frame

é . . .

Tae, " Fo p = Fg pe, ® Define a collision frame:
N yAN A N A~

€t C — (O/7enaet7e3)

()
O/ @

O’ is the impact point
T
é Iy VP/Q(tl) .
n — T -
. Vet
Vp/q(t)

NB: The collision frame is
not the path frame

i
°

Fpqo=—Fq ren

€3
® The internal force of the collision acts along e, to push the particles
apart

® The particles impart an equal and opposite linear impulse FP,Q(tl, ty) on
one another



Linear Momentum 1s Conserved in Collisions

N solts) mpvpo(ts) = mp'veo(t)) — Fop(t, t2)
@>/ mq'Vo/o(tz) = mg'voo(t) + Fo.r(ty, ta)
Ty o(to) ® We split the velocities into components in
Q/o(to)
@/' the collision frame:

Ty pjo £ vply + uph
P/O = Up€, + Up€

~p /O tn

/ @ IV//()(’/) ZVQ/O é UQén + UQét

ty ® The impulse only acts in the e, direction,
so there are no changes to the velocity in

& up(ta) = up(ty) and ug(ta) = ug(ty)

mpUp(tg) = mp’Up(tl) — FQ,p

— mp’l)p(tg) +vaQ(t2) = mpvp(tl) +vaQ(t1)
mqug(t2) = mqug(ti) + F Q,P}

Coeflicient of Restitution

® The distribution of the final velocity
between P and () is determined by
the magnitude of the interaction
forces during the deformation and
restoration phases

® Define the coefficient of
restitution:

¢ iy FQ,P(tcv tQ)

e = —
Fqp(t,te)
® ¢ is a property of materials and a measure of elasticity:

[Fq.r|

® ¢ =1 Elastic Collision: all deformed momentum is returned

® ¢ =0 Inelastic (Plastic) Collision: all normal momentum is lost and
the particles stick together

® 0 < e < 1 Normal velocities are reduced (energy is lost)

10



Solving Collision Problems

e (Given initial velocities and the value of e, we can find the final velocities:

. mp —em mo(l +e .
rolts) = e+ (FEZ S urtt) + ST ot ) o

. mo —em mp(l+e )
IVQ/O(tz) = ug(t)e; + (#m;%(h + ﬂ;(TmQ)UP(h)) e,

e [f ¢ =0, our original fourth assumption is broken (no friction), so these
equations do not hold. Instead, we use conservation of momentum and
the assumption that the particles have the same velocity post-impact:

mpIVp/O (tl) + mQIVQ/O (t1>
mp + mg

IVPQ/o(t2) = IVP/O<t2) = IVQ/O(t2> =

11



Oblique Collisions

Oblique Collisions Continued

e An oblique collision is one
where the initial velocity vectors
of the two colliding bodies are not
aligned (in contrast to a ‘head-on
collision’)

e We define an inertial frame
I = (él, ég, ég) such that the
particle velocities immediately
prior to the collision lie in the
€, — €, plane

® The collision frame
C = (é,, 6y, €3) is defined such
that &, = N p/o(t))

We assume constant velocities

immediately prior to the collision and
define:

~po(t <t)) £ ipé; + ypés
oot < th) £ g8 + Joé

6 — ~p(tl)  dpigér + Upges
"1y t - .9 -2
H P/Q( 1)” \/xP/Q—i_yP/Q

. A . .
where Tp/g = Tp/o0 — Tg/0,

Up/o = Yp/o — U0

Tp/Q€s — Ypr/Q€1

€ =e3 X e,

S

A

1
€1 = —

¢ (ir/06 7o)

where § £ \/j:?g/Q + y%/Q

L, . ..
B (9p/Q8n + ir/qe:)

é2:

12



Oblique Collision Velocities

® We can now express the particle velocities at ¢; in terms of our initial
conditions and in collision frame components:

Up(tl) ’LLp(tl)
Tp/QTp + Yp y'P\A ri’P yp — Yp S'UP\A
IVP/O(tl) _ ( /Q : /Q ) &, + ( /Q : /Q ) é,

(Zp/QUq — UP/oEq)

Tp/QTg +Yr/QYQ) . .
Tvoso(t) = (Er/Qiq : /a¥q) - : N
v(t) uq(t)

® Recall that the €; components will not change: the collision impacts only
the e, components of velocity

e (Given a value for the coefficient of restitution, we now have all of the
information we need to compute the final velocities

Head-on Collision with Stationary Particle

Tae,
e Particle P travels at a constant
T, _o velocit.y v{a(tl)él. and hits particle
L p /o = Uyl @/0 (2, which is stationary
® The inertial and collision frames
®) & are aligned: e, = é;

® There is no motion at all in &,
€3
; _
vpo(lz) = %W@l)é” IVP/O(t2) = L= 61}13(751)én

r N If mp=mg = 2

z mp(1l+e) R z I+e R
vo/o(tz) = WUP(tl)en vgo(tz) = 5 vp(t1)én

13



KE of Head-on Collis%)n with Stationary Particle
For mp = mg: KE(t;) = TUP(tl)

1—e\? 1+e mp
KE(ty) = 5 (t
o= {(59) + (59) | e
: ® When e = 1, there is a total
ool energy transfer from P to @ (P
' stops and () moves)
Zos! ] ® When e = 0, the particles stick
¥ together and half the energy is
o7l ] lost:
i
0.6 mpvpo(ty) + mg'vgo(t)
Vego(ta) =
mp + mg
0'50 012 014 016 0.‘8 1 o UP(tl) N
Coefficient of Restitution - 9 €n

Modeling Collisions with Surfaces

Fundamental question: Given the velocity of the particle before a collision,
what will be its velocity afterwards?

® In collisions with a surface, we have an

T, external force due to the surface, and need a
Tag p/ol(tz) : :
% é2 slightly different model:
t
9 B 1 The collision occurs over a very short time
1> - interval (instantaneous velocity changes)
o= énl 2 No external forces on particle during
¢/ . collision, other than from surface
\\,iv pso(t1) 3 'Inﬁnitesim.al par'ti.cles can ‘collide’ (collision
9 éf is overlap in position)
4 No frictional forces between particle and
surface
é3 5 The surface is smooth, rigid and fixed

(constant normal direction & external force
holding surface in place)

14



Collision Frame for Surfaces

Tpe, ~Vpo(tz)

® ¢, is always normal to the surface at the
impact point (O')

® The wall imparts an impulse on the particle
of the form Fp(tl, tg) = Fp(tl, tg)éni

N €, - ~
gb/\\\ mPIVP/o(tz) = mPZVP/O(tl) + Fp(ti,t2)é,
\\iVP/O(tl) . .
O éf ® [et IVp/o(tl) = Up€,, + up€;
mpUp(tQ) = mpup(tl)
és mpop(t2) = mpup(ti) + Fp(ty, ts)
® At the time of collision vp(t.) = 0
e Define e £ _F—P(tc’tz) = —Up(tz)
FP(tla tc) Up(tl)
Rebounds
1
The, vp/o(ta)
Cle R .
Ht * po(t) = —vpe, + upé,
TN - ) Up(tl))
/ - [ J ¢ _— tan 1 (
C} N up(t)
_/ N ~ ~
/| O I - * ~Vpio(ta) = evpe, + upé,
/] \\VP/O (t1)
70

él> e ) =tan ! (evp(tl))

Up(tl)

® = ¢ only whene =1
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Angular Momentum of Multiparticle Systems

o ° ® Just as with linear momentum,
Zhe; @ we can extend the concept of
) angular momentum to
P multiparticle systems
r ® The angular momentum of
G/QO ®

particle ¢ about point O is:

Ihi/O =Tjo X miZVi/O

¢ We define the total angular
momentum about point O as:

N

N
Iho = Zzhi/O = Z rio X mz’IVi/O
i=1

1=1




Inertial Derivative of the Total Angular Momentum
® We can see how the total angular momentum changes in time by taking

its inertial time derivative:

IdI Id N %
—ho = — i/O X M Vi
dt ° 7 dt ;r/o i Vijo =Ta,0
/—/\‘
Zd = Zd
:Z < _rz/O X my; z/O) +Z r;j0o X m; _IVZ/O
1=1 ,
=0 —ri/;;xFi

® As we did with linear momentum, we can split forces on each particle

into internal and external forces:

Id . N (ext) N N
h0—2<rz‘/0XFi ) +Z ri/O leFi,j
j:

dt ,
i=1 1=1

Multiparticle System Moments

® Recall the definition of moments (torques):

Id N N
e _ (ext)
T ho = ;21 \(rz/O X F ),+ ;21 ( rijo X E Fm)
A (ext) ~ ~~
o MZ/O

N N
> D (rijo x Fiy)

=1 j=1

e Note that the order of summation in the second term is arbitrary: we
can switch ¢ and j and the resulting expression is still true:

N N N N
> > (rijoxFiz) => > (rjo xFj))
i=1 j=1 j=1 i=1



Multiparticle System Moments Continued

e [f we add both forms of this summation, we’ll have twice the original

quantity:
N N A
S (o ) = L3S (o By o x )
=1 j=1 =1 j=1

where we also used the fact that F;; = —F, ;

® Asr;)0 —Trjj0 = I;/;, the internal moment term becomes:

N N 1 N N
DY (rijo x Fiy) = =3 DY (riyy x Fay)

i=1 j=1 i=1 j=1

Internal Moment Assumption

e We have now found that:

Id 1 N N
0 (ext)
0= M+ 13 )
i=1 j=1
® [n the case of linear momentum, the internal force summation cancelled
out due to Newton’s 3'¢ law. The same is not true for internal moments
e However, for many multiparticle systems, this summation does equal
zero. We call this the internal moment assumption:

(NN
5 DD (riyxFiy) =0
i=1 j=1
® When the assumption holds:

IhO Z Mzi)g é ext)




Angular Motion of the COM

® We now have (using the internal moment assumption) an angular
momentum statement of Newton’s 2" law for collections of particles
I
d xt) . -
e However, this form Ezho = MS % is less useful than its linear

momentum counterpart, as it doesn’t tell us about the motion of the

COM
7 Id

o In general: —*hy # T

dt IhG/O and MSXt) ?é M(;;(g

Two Particle System

e Consider a system of two tethered

m
7 48 0 .
particles
mo ey, S S
Fp.q p/o = Tpe1 + Ype€s rg/o = TQei + yqges
"® Npio = ipéy +p8s  Nojo = Goé1 + b
rq/o G mp
® The total angular momentum about O:
rG/I'Op/O Iho =Trp/0 X mpZVp/O +rg/o X mQIVQ/O
mp =mp (TpYp — Ypip) €3
0 1 +mq (TQ¥q — Yoiq) €s
€3 ® There are no external forces and the
74 internal moment assumption holds
azho = [mp (xpip — ypip) + mq (2Qiq — Yoiq)| €3 =0



Separation Principle

® Recall that we can always write
ri/o =TYg/0 T TG = IV@'/O = IVG/O + ZVi/G

N N
"ho = Z Tijo X Mi'Vijo = Z m; ((rajo +riyc) x (Voo + i) =

=1

N NZ 1
(Zm ) r¢/o XIVG/O+rG/OXZmz i/G +Zmzrz/G XIVG/0+Z mzrz/G X IVz/G)

=1
N s \ -~ > \ ~ v
mag 0 0

N

o = mGTG/0 X IVG/O +Y mirije X Vije
1=1

\ 7

hG/O A
= "h¢

® The total angular momentum about O equals the angular momentum
about O of the COM plus the total angular momentum of all particles
about the COM

Differentiating the COM’s Angular momentum about O

0 F(éxt)
ZgIhG/o = d (mGrG/o X ZVG/O) = Mg r(IETG/o X IVG/O)\‘F rg/o X ;nGId IVG/(;
dt dt dt \ dt §
& My

e h, /o describes the motion of a particle of mass mq located at the COM



Differentiating the Angular momentum about the COM

® The second term is zero when the internal moment assumption holds

true

Angular Momentum Separation Evolution

14,
dt

hg/o =Trg/o X F(eXt) £ MS;{Z))

e [f the internal moment assumption applies to the collection:

N
td (ext) A (ext)

—Thg = Z (rz/G X F(eXt)) Z Mz/G =

dt —

® These two expressions are entirely separate from one another
e Conservation of one quantity does not imply conservation of the other



Back to the Two Particle System

A~

m
A €2 Q
mpr + mor
mg .\FQ . re = TPYPIO Qre/o
: / mp + mg
Frq
\. _ (mpzp +morq) . (mpyp +moyo)
= 1
/o a mp mp—l—mQ mP+mQ
2, IS
r'a/o A . GA ¢
r'p/0 IV@/O = rge1 + Yygesr
m
L r Ihg/o = (mp + mQ) rg/o X IV@/O
(0] e —— ——
ma
€3 = mga (Ta¥a — Yaic) €s

No external moments so “hg /o is conserved: mq (TgYc — Yaiq) is constant

Back to the Two Particle System (Continued)

Z1e n‘i A Bl D) B — s s T8
mq Fo.p B = (b1,by,b3) by =1g/p,bs = &3, w” =
3 \\\ 0 Fp}Q 6@3
. “Q
by . ~ N
rg/o \{ mp rQ/G = ngQ rP/G = —Kpbg
k PN oA
0 rG/Q ;. ép IVQ/G = —{qbb, IVP/G = (pOb,
rp/o
mp T
) B hg =rg/q X mQIVQ/G +Trp/g X mPIVP/G
/ = (mQﬁé + mp@g) 9@3
€3

No external moments so “hg; is conserved: (mQﬁé +m p@;)

0 is constant

€



Total Angular Momentum About Arbitrary Points

o o) ® The total angular momentum about
T pés P ° [ any arbitrary point () is:
Y 70
I‘Q/O S \rs < hi/Q = I‘i/Q X miIVi/Q
° 1> \i/Q F§e t) Y
. 5 oA
() » J hQ = Z r;/Q X mZ%Z/Q
© 7 e Fji i—1
£C' @ 70 'E; ® As before: r;/q = r;)9 + rg/q so:
O é>2 rijQ =Ti/¢ —TQ/G = IVz'/Q = IVz‘/G — IVQ/G
€1
N N
o =) (rye x mvie) + (ro/e x Noe) Y m
i=1 i=1
A ~~ 4 SN——
IhG mgag
: .o T
Differentiating “hg
[ T T T
R Q d d d
1e 0 o ¢ —ho = —he+me — (ro/e x Vo)
ros0/ | dt dt dt g
Q r; (ext ex e
° < \9 O F M ro/c X ag/c
L G N
> F., (ext) . (ext)
<o et "Moo= Z <rz/ 6 x K )
YO 1 _ ’ =1
@) &5 * “ag,c ="ag0 — a0
€
d - (exct)
@Ihcg = (rz‘/cz x F;™ ) +rg/0 X maag/o




Recall the Pendulum on a Cart

p mp
mp F N _
VAN,

Fc _mPgéZ
/ -
Q

—ngé2

mq

z O O

T = (&y,8,,83) is inertial; B = (ér,ég, é3) is non-inertial, with
ér = f‘p/Q,IwB = Qég
® The cart has no angular momentum about (), so the total angular
momentum about () is due solely to mp:

T

Thg = mprpjg x pjg = mplé, x (0&y = mpl*0é; = &IhQ = mpl0é;

Mg =rp/g X ZFP = (e, X (—mpgeés — F.e,) = —fmpgcos(f)e;

7
d T (ext) T
E hQ :MQ —|—I‘Q/G X mag ag/o —
mpl?6é; = —lmpyg cos(f)és + (rQ/O — rg/o) X mGIaQ/O
N T A le’él +mp (xél + gé,n) . mp .
r —re; = “a = re r = =xe; + —Vle,
Q/O 1 Q/O 1 G/O me + mg S —
. m
mpl?0és = —Impgcos(0)és — m—Pﬁér X mgie; = —fmpgcos(f)és — mpl(—sin(f))ies
G



Pendulum on a Cart Continued

e We have found that 0 = (% sin(f) — g cos(6)), which matches our
previously found equations for this system.

® We have one equation, but two unknowns (Z, 9) For the second
equation, let’s look at the linear momentum balance of the COM:

rg/o = re; + m—fer — Iag/o = re; + e <€9é9 — 692ér)
mgqa ma

m(;xel +mp (gtgég — Eezér) = (FN — mGg) ég
e We only need to look at the €; component:

mai+mpld(—sin(0))—mplh? cos(d) = 0 = & = P g Sin(9)+E€92 cos(6)
ma mga

e Plugging into the # expression produces the exact same EOMs as we
previously found using linear momentum balance only

Total Kinetic Energy of Multiparticle Systems

® Recall that while the kinetic and potential energy are scalar values, they
are computed based on vector values, and all derivatives involved must

be inertial

1
® For particle P and inertially fixed point O: Tp/o = §mp(zvp/o -va/o)

® For a collection of particles, define total kinetic energy as:
N |
A P A7
TO — ;ﬂ/O - 9 ;mzzvz/O i/O — Zm'LHIVz/OH
° Sil’lCGZVZ'/O = IVG*/O + IVi/G:
Z m; (ZVG/O ZVG/o + QZvc/o ZVz/G +ZVZ/G ZVi/G)
ZV(;/O Zm %Z/G =0

10



Kinetic Energy Separation

N N
1 1
lo =3 > milvesol® + 3 > mil[viel?
1=1 1=1

A\ 7 A 7
~"~

= Te)0 = Tg

® Just as with angular momentum, the total kinetic energy separates into
the KE of the COM (T¢/0) and the KE of all particles relative to the
COM (Tg)

® Tgo is the KE of a particle with the total mass of the collection located
at the COM

® T is the sum of kinetic energies of all particles based on their inertial
velocities with respect to the COM

Total Work of Multiparticle Systems

® Recall that the total work on a particle ¢ is the change in kinetic energy:

Wi(tOt) (rz/O (t), fyl) = TZL/O (tg) - E/O (tl)

A\ 7

= AT0

e The total work of a multiparticle system is the sum of the work done
on all particles:

N N
J (tot) ({I‘i/o(t); %}ZZJ = Z W}(mt)(ri/o(tﬁ%) = Z ATij0 £ ATp
1=1

1=1

11



Total Work of Multiparticle Systems Continued

e Work is force integrated along a trajectory:

Wp" (rp0;7p) é/ Fp-*drpo

TP
® The total work can be split into external and internal force components:

Ty (tot) ({rz/o,% i 1 Z/ F{& Hdryo + Z/ ZF” tdry 0

71]1

A pyext) ({ri/o,%}izl) £ i ({ri/o;%}ﬁil)

N N
® Internal work can also be written as: — Z Z / i Ldr, /j

1,1]1

[ W = To(ty) — To(tr) = W 4 w0 ]

Ramp+Pulley with Two Masses

Ngbs
Tb,
:ucNBf)l

—Mmpgeé:

e Ramp is frictionless but there is friction between the two masses.
System is released from rest at ¢4
ry0 =5sb1  rpo=(d—s)b;+ haby

ZVA/O - Sbl IVB/O - _Sbl (T + /’LCNB>]51 -+ NBBQ — mBgé2 = —mBﬁs'lA)l

IaA/o = 561 IaB/o = —[S'f)l Np = mpg cos(a)

12



Ramp-+Pulley with Two Masses Work

e The total work is: W) :/ FA-IdrA/O+/ FB'IdrB/O

YA B

s(t2) . R R
/ FA . IdI‘A/O = / {(T — ,LLCNB) b1 -+ (NA — NB)b2 — mAgé2i| . d8b1

YA s(t1)

s(t2)
N /(t ) (T — peNp — magsin(a)) ds = (T — pcNp — magsin(a)) (s(t2) — s(t1))

A~

s(t2) ~ ~
/ FB-IdI‘B/O :/ [(T+,LLCNB) bl—l—NBbg—mBgég} . d(d—S)bl
B s(t1)

= (T + pcNp — mpgsin(a)) (—s(tz) + s(t1))

WD = [—2u.Np + (mp — ma)gsin()] (s(t2) — s(t1))

Ramp+Pulley with Two Masses Continued

WY = T (ty) = To(t)) = Tolts) = WY 4 Tp(ty)
@tli IVA/O = IVB/O =0 so To(tl) =0
Therefore, Vt > t;:

%52 + %52 = [—2ucmpgcos(a) + (mp — ma)gsin(a)] (s(t2) — s(t1))

We can solve this for s:

. \/ 2 (—2pmpg cos(a) + (mp — ma)gsin(@)) (s(ts) — s(t1))
ma +mp

13



Power of Multiparticle Systems

® Recall the power for one particle is given by:

d
Pp = dtW P(rpo;vp) = Fp - Vp0

e We define the total power of a multiparticle collection as:

N
P =37 (R Ao ) + Z Z Viss)

® Substituting Ivi/o :Z:ifg/g —I—ZVi/G: s
N N
ZF ) Tyeo+ Z (F Ae) + 5 303 (Fuy - i)
i=1 j=1
Fgext)

® The first term is the power associated with a single particle of mass mg
located at the COM

Power of Multiparticle Systems Continued

¢ We can check whether the COM satisfies our previously found energy
conservation laws by differentiating the kinetic energy of the COM:

d d mgag
—Tajo0 = ~ao v
= (5 G0
T T
m d d
- < _IVG/O 'IVG/O +ZVG/O : _IVG/O mG _IVG/O IVG/O
2 dt dt
ngt)

® The power associated with the total force acting on the center of mass is
equal to the rate of change of kinetic energy:

d ex
d_TG/O = F( Y *vgio0 = Pgjo

® Power splits between a particle of the mass of the whole collection at the
COM and the internal interactions of the collection

14



Total Energy

(cons) (F(COHS))
® Recall that F, VUP/O

® For a collectlon of particles:

F{consext) —VUZ/G(X)t (ri/0) external
F(Cons) VUZ(/? 2 (ri/;) internal
N
o We define U™ (t) £ Z Ui(fgt) (r;/0(t)) and
i=1
LN ()
int Fi,j
U(() )(t) 2 2 Z Z Oy (riz;(t))

i=1 j=1
Thus: W1, ) = (UgeXt)(tl) . U(eXt)(t2)) + (U(int)(tl) ~ Ugnt)(tg))
Total Energy: Eo(t) = Tg/o(t) —+ TG( )_l_UOext ( ) —+ Uomt ( )

To(t)

EO (tz) = EO (tl) + W(nc,ext) (tl, tg) + W(nc,int) (tl, tg) Total energy 1S
conserved if and only if the total non-conservative force is zero

Atwood’s Machine

Loy s

e Atwood’s machine consists of two masses connected by an inextensible
rope, via a massless, frictionless pulley

—m1ges —Mmag€s

¢ All motion is one-dimensional: ri/0 = x1€2,T2/0 = T2€; and 71 = —x
(T — myg)és = myi €,

(T — mag)es = moiqe } (me —mq)g = (midy — makz) = (M + ma)ds
- 2 2 — 242€2

o (u>g 7o 2
! mi + Mo my + me

15



Atwood’s Machine with Work
2169 T9€9
W(mt) — Wl(tOt) + Wz(tOt) - / (T - mlg) € -1d ri/o +/ (T - ng) € | I2/0
Y1 Y2

Ty = -T2 = V1= Y2 — W (et) _/(m2_m1)9dx1
Y1

e We assume (without loss of generality) that the system moves from rest

with 1 = 29 = 0 to a state where z; = —2, and 2, = —19
71 mit? moi’ mi + ms .
/ (mg —mq) gda; = 5 1 5 20 = (mg—my)gr) = Taz%
0 N _
Py (tot) AKE

e Differentiating this expression (assuming @ # 0):

) my+mo . .. . mog — M
(mg — my)giy = %2561:61 = I = (#> g
mq —|—m2

16
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rO//O L@ b3

€3

A rigid body is one that does
not deform—all points in a rigid
body are fixed with respect to one
another, and can only move
together

A rigid body is therefore
equivalent to a reference frame

We can always attach a body
fixed frame (or just body frame)
to a rigid body, and use the two
interchangeably

Consider a point P fixed to rigid
body %:

rp/o =Tp/o +Toj0 = IVP/O = ZVP/O’ + IVO’/O



Rigid Bodies as Reference Frames Continued

® Let rpjor = b1151 + bgf)g + bgf)g. As P is fixed in 4 and B is a body-fixed
frame, by, by, bg are all constant

Id T Id Id z

d d
—tpjor = = (bibi + baby 4 boby ) = by —Bu + by by + by — by

—bl< ><b1>+b2<w ><b>+b3< xb)—wBer/O/

T
® Remember: we have already shown that &b = %P x b for any unit

vector b fixed in B. So for any points Q" and P fixed to a rigid body:

7
. d
I'p/O/ = HI‘p/O/HI'p/O/ — dtrP/O/ = HI’p/O/H ( (..UB X I'p/O/) = IwBXI'p/O/

® Thus for any point P fixed in B: %p/o = IVO//O + LB x rp/or

What if P is not fixed in B?
B
d
e [f P is not fixed in the body/body frame, TP + 0:

Ld Ld
dtrP/O/ = O (blbl + bsz + b3b3>
.. 4 - .o 4 - .o 4 -
= b1by + by d_bl + bobg + b9 d—b2 + bsbs + b3 d—b3
— by b1+b2b2+b3b3+b1(w « b ) +b2( xbg) +bg(w ><b3)
B ~ J/
d
dtrp/o IUJB X I'p/O/
T B
d d
e Thus: dtI‘p/O/ = dtI‘p/O/ + LB x rp/of
A Bd
o |f I(.UB = 0 then &rP/O’ = dtI‘p/O/



The Transport Equation

A B
d d 3
&c— &C—FAOJ X C

® Based on the preceding derivation, we can make a completely general
statement: The time derivative of any vector ¢ with respect to any frame
A, is equal to the time derivative of ¢ with respect to any frame B plus
the cross product of the angular velocity of B in A with c

® Other names: Basic Kinematic Equation, three-term vector derivative
equation, transport theorem, Q-dot formula

e Not to be confused with Reynolds transport theorem

Adding Angular Velocities

e Consider the case where we define 3 reference frames: Z, A and B
¢ We can write three different angular velocities between pairs of frames:
1B TwA, and “AwB

e By the transport equation, for any vector r:

T A B
d d d
Er: ErJrIwar: arJrIwBXr
N——
4 an
—r + Xr
dt
Bd B
Er—l—*‘w[”xr—l—Iwar: dr—l—Iwar




Centripetal and Coriolis Acceleratl%e cam now derive completely

Brp, general forms for the kinematic
acceleration terms associated with
Iy, p A rotating frames
rp/or by e Consider a translating and
rotating frame B and an inertial
O frame Z
00 b3 rp/o =To'/0 +Tp/or
9 — ~pio ="Vor0+Vpor
(3] Bd W_/B
&3 . dtI‘p/O/ + TP x rp/o
aO//O
T T I B T
d d d d d
T B
a = —Iy = — oo+ — | —r + — (W™ XTIp/o
P/O = VPO = Voot o ( 1 P/O) 1 ( P/O)

Centripetal and Coriolis Accelerations Continued

T T
d /~d d
IaP/O = IaO//o + = ( —Tp/o ) + = (IwB X rP/O’)

de \ dt dt
Td (Fd 5d (Fd s 5 Pd
@\ @) T @\ @t ) T gt
Ba;;/O/ WP x Bp o
A T T
d d d
E (I(.UB X I'p/O/) = dthB Xrp/o —+ wBX EI‘p/O/
AT B By
="

B
—7r 1+ w Xr ’
dt P/O P/O

T, T, T Z Z Z
ap/o = "aop//o T Bap/O/ -+ af x rp/or + 2%wB x BVp/O/ -+ wB x ( wB x I‘p/O/)

~"

Coriolis Centrlpetal



Consistency Check

R o R o . .
® Let Z= (0,8é;,8,,83), B= (0, &,,8&,8e3), and L = fe; = ZaP = hé;
® rp/or =71€  and ror;0 =0

B B

7, 7, B, T Z
ap/o = "ap//o + ap/or + af x rp/or + 27wP x vp/or +IwB X (Iw X rP/OI)

=0 + r'e, + (9é3 X re, + 2(9é3 X 1€, + 9é3 X <9é3 X Tér)

_ (r _ r92> &, + (ré + 29¢> &

Gears

® (Gears are a type of simple
machine for transferring
rotational motion

® Gears can alter angular velocity
(and therefore torque) in both
magnitude and direction and can
\\ create mechanical advantage

e Multiple gears form a gear train
or transmission

® The instantaneous point of
contact on both gears must have
the same inertial velocity



Gear Train AnalySIS e Consider a train composed of 2

7 Aé, gears, .o/ and A, centered at
points A and B, with radii 4 and
rg, respectively

® The gears rotate with angular
rates wy and wpg, respectively. We
attach frames A and B to each
gear such that:

@, IW'A = a}Aég ,I(AJB = a}Bég
® The gears mesh at point P
€3

7, B IVP/A + IVA/O = ZVA/O + AVP/A + TwA x rp/A
P/O =
/ IVP/B + IVB/O =Npo+ BVP/B + fwhB x rp/B

® [n order to maintain contact, the centers of the gears must stay at a
fixed distance from one another, thus “v4 /0 = Tvg /0

Gear Train Analysis Continued

ZVA/o + AVP/A + fwA x rp/A = IVB/O =+ BVP/B + TP x rp/B

® The contact point P is fixed in
each gear, so: AVP/A = BVP/B =0

® rp/4 and rp/p must point in
opposite directions

(f‘p/A = —f‘p/B) SO:
IwA XTIp/a = wAég X (TAf‘p/A)
Tz B

W XTIrp/p= wBé3 X (—TBf'p/A)

e Putting all this together gives us
the gear equation:

rA
wp = ——Ww4

B




More on Gears

® In order to mesh, teeth on both gears must be the same size and spaced
equally, so the number of teeth is proportional to the gear radius:

ra_Na_ _ws

e N Np B WA
® These fractions all represent the gear ratio, which is also the ratio of
input to output torque and therefore the mechanical advantage of the
gear train
® The gear constraint is a motion constraint (the contact point has the
same inertial velocity on both gears)

® This is a constraint on velocities rather than coordinates, but can still
reduce the DOF and the number of required coordinates

Idler Gears

® Note the negative sign in the gear equation: the direction of rotation is
reversed by each gear

® Frequently gear trains will include additional gears that don’t affect the
overall gear ratio, but change the rotation direction. These are called

idler gears
B
wWB
WA . Ta
Wo = ——Wwy
rc
¢ ro A

we




Rack and Pinion

® Gears don’t actually have to be
circular. Consider a rack and
pinion system

® R is fixed to the rack and P is
fixed to the pinion

e How fast is the pinion moving
along the rack (i.e., what is

72VO//O)?

P R P A A A
o0 ="vp0+ Vo p="Vo,p+ " X rop = wpes x Réy = —wpRe,
—— ——

0 0

® This is direct conversion of rotation into translation

Roll Without Slip

e Consider a rolling wheel where the movement of the wheel’s center (O’)
is due only to rolling (not sliding)

B
Ié2
wp s = RO
()
O N
/ &1 P d=s
€3

® d= RO sod= RO and IVO//O = —RO&; = —TwB x rp/or
IVO’/O = ZVP/O - ZVP/O’ = IVP/O - BVP/O’ —TwP x rp/or

——
0

e The expressions for Zvo /o must be equal, meaning that va/o must
equal zero



No-Slip Condition

e What we've just found (*vp/o = 0) is called the no-slip condition: in
rolling without slip, the contact point on the wheel has the same inertial
velocity as the surface the wheel is rolling on (zero for inertially fixed
surfaces)

e This is again a velocity constraint that removes a degree of freedom:

t
IwB = Qég = Tojo- e = / —ROdt = x=-R [Q(t) — 9(t0)]+l’(t0)
N—— to
A
=z

e N\B: There must be some force acting on the rolling object—typically we

model this as friction

® This is a static friction force that does no work

Wheel on Circular Track

A wheel (centered at O') of radius ry is being rotated about a hub (O) at a
constant angular speed w and rolls without slip on a circular track of radius
r1. What is the inertial acceleration of a point P on the wheel’s edge?

62 = f’o/o/ bl = f‘p/ol

ngégEég

1w = wey
W8 = de; = —fé,
o8B — TyC 4 C,B
= (w—0)é;
%O//O ) CVO’/O 1+ Z,C x rojo = wes X —(ry —ry)Cy = w.(ri — 7“2)(::1 -
o + IVC/O = BVO//C +2wP X rorc = (W — 0)é3 X r9¢y = —(w — O)ra¢y
\ 0



Wheel on Circular Track Continued

® The two velocity expressions must match so:

w(ry—r)é = —(w—0)ryey = 0= Ny = ZTbh—y (1 — E) €3
r2 2

¢ We can now find the velocity and acceleration of P with respect to O:
,_/OR r 261
ZVP/O = IVO’/O + ZVP/O’ = w(ry —re)c1 + BVP/O’ +wP x rp/or

= (,U(Tl — 7“2)(31 + w (TQ — 7'1) 62

7
d ~ N
IaP/O = EIVP/O = W(Tl — 7‘2) (Iwc X Cl) 1w (702 _ 701) (IwB % b2>

——— -~
CUégXél:Wég — W 1_2 Bl
2

Wheel on Circular Track Concluded

¢ Putting it all together:

2(7"2—7"1)2 131
T2 ~~

sin(f)¢y + cos(6)co

_ 2 . 2
= w? —Msin%l — (7‘1 — 9 — MCOSQ) 62]
() )

Iap/o = w2(7“1 — 7“2)62 — W

e Key takeaways:

1 Things get complex really fast

2 Consistent notation can help prevent you from getting lost

3 The transport equation is one of your most important tools

4 This was not actually a dynamics problem: all we did was kinematics
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Linkages

® Mechanical linkages are
assemblies of connected elements
used to transfer forces and
motions

e Can provide mechanical
advantage

e (Can convert rotational motion to
translational motion or transfer
rotational motion

® Linkages modeled as rigid links attached by ideal joints are called
kinematic chains

e A kinematic chain with one stationary link is a mechanism

e A stationary linkage is a structure



Fundamental Approach to Analyzing Linkages
BAp,

e Attach one reference
frame to each link

® For planar systems,
all reference frames
can have a common
unit direction

The relative velocity of any two points attached to a link with respect to the
reference frame attached to the link will always be zero

Noo=0  Hoo =0 Spor=0

IVP/O = Tt x ro /o —|—IQJB X Tor/or + T x rp/o

Four-Bar Linkage

e (Consider the four-bar
linkage formed by
quadrilateral

OABCD

® Points A and D are
inertially fixed

e Link AB is driven,
such that 6 is known
for all time

{p = Lacos(0y) + g cos(By) — Le cos(03)
EA Sil’l(@l) = EC sin(93) — EB sin(Qg)



Four-Bar Linkage Analysis

I(AJ'A = 915_3 I(AJB = 921)3

BAR, .
’ I(.UC = 9363
ACT = C4(0,) BCT = C5(6,)
CCI — Cg(&g)

IVD/O + IVC/B -+ %B/A
="~pa=0

Let §; = w (constant)

Npa =g+t xrpa = la01a,
g"C/B = BVC/B + TwP x rc/p = 539252

Npjo=%pjo+ 2w xrpo = —Lobszé

(—EAél sin (91) — 6392 sin (92) + 6093 sin (93)) él
. . =0
<€A91 cos (01) + €0 cos (05) — LB cos (93)) &,

_KACU sin (91 — (93)
63 sin (92 — (93)

_KACU sin (91 — 92)

R, (05 — 03)

92:




Linkages with Shdlng Contacts e Some linkages may have
connections that can travel some
distance inside one of the link
elements - these are called
sliding contacts

e For example: P is fixed in B, but
can move in A (only in a;

direction)
IQJ'A = (9'1&3 I(.UB = égf)g,
ACT = C5(6,)  BCT = C3(6-)
p/o = Té.l rp/or = Ebg
T, B AVP/O + TwA x rp/0 =ra; + 91Tég
P/o IVP/O/ + IVO//O = BVP/O/ + ILUB X I'p/ol = —Hggbl

(—7“91 sin (01) + 7 cos (91)> é; + (7“91 cos (A1) + 7 sin (91)) &
= —6(92 COS (92)@1 - 692 sin (02)@2

wr : wr

L T T (00— 6,) 2 Csin (6, — 6y)




Approximating Straight-Line Motion

205 = {1 (cos(6y) + sin(#3)) + €5 cos(6s)

Roberts Linkage Analysis

e A Roberts linkage is a four-bar
linkage where AB = CD = {; and
AD =2BC = 2/,

e Point P is vertex of isosceles

APCB with PB = AB.

e As link AB is driven, P moves

approximately along AD

1 /6)\°
_ -1 2
o = COS (1 5 <£1> )
B =sin"! (sin(a)é)
ly
1 sin(0y) + fo sin(fy) = ¢4 cos(6s)

IwA = élég IwB = 9263 Iwc = 9363
ACT = C5(0,) BCT = C3(6y)
CT = C3(6s)

Npja="Npa+wt xrpa = 0,0,4,
Nep =%ep + %8 x rop = 205y

Npjo=%pjo+ 2w xrpio = 01058

~pjo+Vep+Vea ="Vpa =0



Roberts Linkage Analysis

<—€191 sin ((91) + 61(9'3 COS (93) - 62(9.2 sin (92)) é1
. . . =0
(6191 COS ((91) + 6193 sin (83) + 6292 COS (92)) ég

Assuming 64, 0, known:

_6191 COS (91 — (93) 0 . 91 sin (91 — 92)

0, =
2 62 COS (82 — 83) 5 COS (02 — 63)

Recall the Simple Harmonic Oscillator

® Any system governed by EOM # = —w?z is a simple harmonic
oscillator (SHO) with a natural frequency of wy
e Assume a solution of the form z(¢) = A cos(wgt) + B sin(wyt)

® = — Awpsin(wot) + Bwycos(wot) = Z =

— Aw cos(wot) — Bwi sin(wgt) = —wiz
e @t=0:2(00=A-1+B-0= A= 2z(0)
© @1=0: 50) = —Awy- 0+ Bup -1 — B = -0
Wo

2(t) = 2(0) cos(wot) + %2) sin(wot)




SHOs as Linear Systems
® We can write the EOM of an SHO in first-order state-space form as:

A 7 £ A 27

® Assume a solution of the form:

7 = [Z] = [a1] e where a1, a2, A are constants

e Differentiating the assumed solution:

p= [ =a[1] = A = o]
z a9 a9 as

This is an Eigenvalue Problem!

Assuming ay, as # 0: (M — A) [21] M =0= (M — A) [31] =0
2

2
In general: for n x n matrix A, n x 1 eigenvector v, and scalar
eigenvalue A\:

Av= v=—= (A-A)v=0

Thus, the only general solution is when:

[ det (A— ) =0 ]

This is called the characteristic polynomial (or equation) of A

If v # 0, this implies that (A — AI) is singular (has zero determinant).



SHOs as Linear Systems Continued

® The characteristic equation for our SHO is:

0 1 A0 .
o ([0 13 ) =0 40

® The eigenvalues of A encode the natural frequencies of the system!
These are the system’s modes

e Plugging back into the original eigenvalue problem allows us to solve for
the corresponding eigenvectors (these will not always be unique). In this

case:
17 Tt
V1,2 - )\1 ) )\2

® These are the system’s mode shapes

General Homogeneous Solution

e For n distinct, real eigenvalues \;, and eigenvectors v;, the general,
homogeneous solution is:

/J = E civie’\it

where ¢; are constants determined by initial conditions

e Lor the SHO:
- < - 1 A1t 1 Aot
J = [z] = [)\1] et + ¢y [)\2 e

® The motion of the system is the superposition of its modes

¢ N\B: when comparing against our previous solutions to the SHO,
remember Euler’s formula: ¢ = cos(x) + i sin(x)



Coupled Oscillators

Y1 Y2 Y3 Yn—1 Yn Ty,
N A A B
_A( A» %W N MW N \/\/\E & |

—k(yi —yi-1)€  —k(yi —yiy1) €2

® Consider a beam modeled as n identical masses connected by identical
springs of constant k. Assume each mass only moves vertically and
neglecting gravity:

mij; = =k (Yi — Yir1) — k (Vi — Yim1) = Ml + 2ky; — E(yis1 +yi-1) =0

® We define the system’s state as:

. . . 1T

Z = [yl Yyr Y2 Y2 0 Yn—-1 Yn—-1 Yn yn}
n 0 1 0 0 0 0] [y ]

i1 -2t 0 £ 9 0 O |w»n

Us 0O 0 0 1 0 0 |y

Un 0O 0 0 0 0 1| |y,

ijn 0 0 0 0 —2 0| |
—_ = - ———

Z A Z



Coupled Oscillators Solution

® We can solve the eigenvalue
problem to find this system’s
natural frequencies and mode
shapes:

det(A — AI) =0

e Just as with the SHO, the general
homogeneous solution is the
superposition of all of the modes:

Z = g c;iveit

2-DOF Driven Coupled Oscillator

—> 21 —> L2

e
x3
VYN NN T NN

1 kg e

ko

_klxlél : kg (1‘2 — 171) él _kQ (1‘2 — 231) él : ]fg (1‘3 — $2) él

® Consider a system composed of 2 masses and 3 springs, with the masses
moving in the horizontal direction only. The final spring is attached to a
motorized input such that the position of the end of the spring (x3) is
known for all time.

® 1,19, 3 are defined from the springs’ rest lengths such that:

mli'l = ]{72 (1‘2 — $1> — kll'l mzflfg = kg (l‘3 — $2) — ]fg(mg — $1)

® We define the system’s state as: Z = [:131 T1 X9 j?g}T
® As x5 is known, it is not part of the state definition, but acts as a forcing
function 10



2-DOF Driven Coupled Oscillator State Space

—> —> L2
A &
}—>$3
NNVN e NAN M N
kl kz k’3 é
—k’ll'lél : kQ (1'2 *(El)él */’CQ (1'2 *(El)él : k3 (CL‘g *CEQ)él
. k1+ko k2 ;
| _ T Vo O] [0
T 0 0 0 1] 2o 0
k ko+k . ksxs
i) m_22 0 _—27712 30 i) mg
\./_/ N ~ /W—/
Z A A F

2-DOF Driven Coupled Oscillator Homogeneous Solution

® As before, the general solution homogeneous solution is the
superposition of the system’s modes:

Z = g cveit

® Assuming ki = ko = k3 = k and m; = my = m:

+iy )
k k
A=+ —,j:Z 3_ Vi = '1m )
m m :i:Z\/%
1

e While there are four distinct eigenvectors produced we can see that they
come in pairs. For a 2 DOF system, we expect two independent modes



2-DOF Driven Coupled Oscillator 2"4-Order State Space

e Note that the equations of motion for this system are functions of the x;
coordinates only (and not their derivatives)

e What if we define a second-order state:

¥ _ kitko ko T
by ko - T k3z3
2 mo mo 2 mo

\f-/ (. — " N —
A A Z F

e Assuming k; = ky = k3 = k and my; = my = m:

\ = E_% ! —1
z—_my m Vi = 11 1

e We have two distinct modes of motion for two different excitation
frequencies—the two masses either move together or move opposite one
another

12



Week 10

Dmitry Savransky

Cornell University

MAE 2030, Spring 2026

©Dmitry Savransky 2023-2026

Degrees of Freedom of Rigid Bodies in 3D

A rigid body
is a collection of co-many infinitesimal particles, constrained to be stationary

with respect to one another: E”ri/ﬂ'” =0Vi,j

¢ A rigid body in 3 dimensions has 6 degrees of
freedom

1 We can intuitively split these into three
translational and three rotational degrees of
freedom

2 We can prove this by induction from our
standard definition of DOF = 3N — &k




Planar Rigid Bodies

e A planar rigid body is one that is constrained to move only in one plane

e This adds three constraints (one translational and two rotational)
e A planar rigid body therefore has 3 DOF

A
[
[
[

- J

Center of Mass of Rigid Bodies

® ° ® Recall our previous definition of the

Laéy 7 center of mass of a particle collection:
® G o ®
rc/o ri/G /o= — mi¥i/o
® ® me o
T'i/O »@i
- ® For a body of finite mass, as N — oo,
€1
e A definite integral is a limit of a summation:
b N .
b bi
dr = i —fl =
[ swae= gm >0 xs ()
® Therefore, for a rigid body: 1
rg/o = - I 4m/0 Am




Center of Mass of Rigid Bodies Continued

e If the density of our rigid body is given by p(r 4m/0):

1
rg/o = —/ T dm/0P(T dmjo) AV
mea Ja

® The center of mass corollary holds for rigid bodies:

/ T 4 /GP(T dm/c) AV =0
%

Center of Mass of a Right Triangle
. I‘dm/o = xb; + yby

? ® Assuming constant density:
Byp, : &*4
hi . \?O\i rg/o = — I‘dm/o dA
i____@____dm
s Ty / / :cbl +yb2) dy dz
b, oS 7 T TTtw TTTTTTTTTT Y m
2 3 2 2,2 2
P wh  hw’\ » hew  h7w 3w\ - hw? hew -
I"G/Om<2 3w)1+<2 2w " ouw? ) m61 6 2
e m = pV but for the planar case, we use m = pA so m = p——. Therefore
w - h ~
= —b;+=b
rG/o 3 1 + 3 P2



Center of Mass of a Semicircular Annulus

BAL ) 5
b2 ( I‘dm/o = TCOS(Q)bl + TSin(e)bZ

® Assuming constant density:

rc/o = %/0 /7«1 (r cos(0)by + Tsin(0)62> rdrdf

b
T 3 .3 T 9 R
sin(f)| by — 27 cos(6) b2] = 2P (r5 —17) by
0 0 3m
PT /o 2 4(7’3 _7’?) %
m=e 2 (T2 Tl) rG/o 3 (ri —r?) 2

Euler’s Laws

I. The product of the inertial acceleration of the center of mass of
a rigid body and its total mass is equal to the total external force
applied to the body

T
Fe =m¢gag)o

II. The rate of change of the inertial angular momentum of a rigid
body about a fixed point O in the inertial frame is equal to the
total external moment applied to the body about O

IdI
Ly =M
dt O O



Angular Momentum of a Rigid Body

N
7 T m; — dm 7 T
hp = mirijo X “Vi/0 hO:/rdmOX Vdm/o dm
Id N 1 N N
ext
a (IhO) = Z rijo X FE o B Z Z(ri/O —r1j0) X Fij
i=1 i=1 j=1
L MS’“) Equals zero for rigid bodies

® The internal moment assumption is fundamentally built into Euler’s
laws (this is how they expand on Newton’s laws)

® We typically drop the (ext) superscript as all forces/moments for rigid
bodies are going to be external

The Separation Principle

z
*he/o hg
N—— ~—
Ty — Angular Momentum of COM n Angular Momentum of
- about an Inertially Fixed Point Body about its COM
z A T Id T A
he/o = mergio x "vejo = — (*heo) =Mgo = re/0 x Fa
dt
(N
Z miTi/q X Ivi /G Particles

A
The 2 (=1

T dm/G X L5 am /cdm  Continuous Bodies

\ J %A
(N
T4 Z riq X FEeXt) Contact Forces
T (*he) = Mg = =1
/ Igm/c X fam dm  Field Forces
\J %



Moment Due to Field Force ( (ﬁ

ravit
ssumi Constant gravitational
acceleration:
dnTn Fgravity = _mgéZ A
—ge2
To dm =
fez % I M¢g = / ram/a X fam dm
Fgravity B
= —g/ I dm/G dm X ey
B
,@ \ . -~ 7
@) S 0
és €1
e Assuming Newton’s law of gravity:
Gmo dm Gmo
Foravity = —————3Tamjo = Mg =— | T———=Tam/G X Lam/o dm
[ amyo 2 |t amyol|

® The center of gravity is the point where the moment due to gravity is
Zero

Moment of Force Couples

| ¢ IfFy=-Fz = Fe=F,+Fz=0

|

i ® Mg =rycxXFa+rpexFp
v G / /
HI© ® rig=-— d |lra/6ll = llrs/ell = € so:
| ra/c I'p/g and ||[I'y /g r'p/G SO

l, F A
v ;4_>B MG:2£||FA|| (f‘A/GXFA)

® [n the limit as £ — 0, you get a pure torque

e NB: Pure torques can be applied anywhere on a rigid body and will
produce the exact same moment and zero net force



Computing The of Planar Rigid Bodies

N
e Consider the expression: hg = Z miTi/G X Iy, e
i=1
e Appl ion: &v. ~ = By. 7,8 . ; :
pply the transport equation: v, = “v;/¢ +w" X r;)g and substitute:
——

0
R N S,
he = Z mitijg % ('w® xryg) = Z mi(wh(ry/6 - tija) — rije(w® - 1))
=1 1=1
N

= mi”ri/Gl
i=1

2
(. J/
-~

L

|2 IwB

G

® [ is the moment of inertia about the COM of a planar rigid body

Planar Moment of Inertia

e For planar rigid bodies only:

IhG _ IGI(UB

d
® Since for rigid bodies &Hri/]—H = 0Vi,j Ig is constant. Therefore:

Idz td T B Z.B
—he =M= — (I =1
dt G G dt(Gw) G«

® For a rigid body with density p(r 4m/c):

Io & / Ir amycel> dm = / 2 a2 (E army) AV
B R




Planar Moment of Inertia of a Uniform Disk

ram/c =T cos(#)by + rsin(h)b,
13k = / (r* cos®(8) + r*sin’(9)) pdV

2
2 R T
:p/ /rzrdrdez P (—R4>
> o Jo —~~ \2
b, m
T R?
. R?
pdisk _
“ 2

Uniform Disk Rolling Without Slip on Ramp
b2/ e Note that our FBD now has extent
® By the no-slip condition:
o, #=-R) = i=—Rf

—myg (sin(a)é; + cos(a)éz) L I'G/O = xél -+ RéQ — IaG/O = ZCél

Feéey

e Applying Euler’s first law:
mxél :Fél + Né2
T — myg (sin(w)e; + cos(a)és)

® Dotting with e;:

mi = —mRO = —mgsin(a) + F
MG =Trp/g X Fél —|—I'p/G X Nég = RFbg
T4 - mR2 i 2¢sin(«)

v (Ig'w®) = Mg = 0 = RF 3R




Impulsive Moments

® Recall angular impulse:

Mp/o(ti,ts) = / Mpodt = Thpo(ts) = "hpo(t)+Mp/o(t, t2)
t1

® The same holds for Thg:  The(ts) = The(t)) + Mg(ty,ts)
SN—— SN——
IQJB(t2>IG IwB(tl)[G

® Thus, the change in angular velocity due to an angular impulse is given

by: o
TwbB(ty) — B (ty) = —MG(Itl’tQ)
G
A (Slightly) Better Model of Pool
.
Taé, g Fee,
- Ig = ngQ

_Fé,

O é:

e ! Nés

e A pool ball is spherical, but the motion is still planar as we assume that
it rotates about one fixed axis and travels in one dimension

N t2
e We apply a linear impulse F(ty,15) = / Foé, dt with the ball at rest

t1

at tli
mIV(;/0(t2) = mZV(;/O(tl) +Fc(t1, tg) — mZV(;/()(tQ) = Fc(tg—tl)él
0



Pool Shot Continued

The angular impulse is:
Mg(tl, tz) = rc/G X FC = (-Eél + hég) X Fc(tg —tl)él = —hFc(tQ —tl)ég

Resulting in an angular velocity of:

MG(tth) _ _hFC<t2 - tl)é _ _hmH%G/O(tQ)”é
e 2smR? 2/sm R? ’

TP (ty) = TP () +
0

The no-slip condition predicts: |*vg 0| = R|"w"|

If we assume roll without slip immediately after the impact, we can solve

for h: Pl )
t
Pt L, 2,

T By \
wilt2) = 2/5 R? ©s 5

Pool Shot: Dead Center

If we instead hit the ball dead center, we expect both sliding and rolling
After impact:

rG/O:$é1+Ré2 :>IaG/O:i'é1 = ml’él:—ﬂNé1+(N—mg)é2 =
T =—pg

T 7

d . d . A A . Bbu

S, =M :>—(—I«9):—R x (— ~ j=2HK

q G G at agbves €2 ( ,umgel) 2R9

Initial conditions are: =, 0,9 =0; & £ v
Integrating the EOMs:

. DN
C = vy — Mgt 0 =—-—gt
T = vy — Ug 2Rg

To get the no-slip condition (i = R#):
5 1 209
—pgt=R(=Egt) = t=22
oo (2 R* ) Tpg

10
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Rotation About Arbitrary Points

e Just as with collections of particles, we
can also define the angular momentum of
planar rigid bodies about arbitrary points

e For a point () fixed within a rigid body,
BV@'/Q = 0 for any point ¢ in the body:

N N
IhQ = Zmiri/Q X IVl/Q = Zmiri/Q X (IwB X ri/Q)
i=1 i=1

N
= > millryl*w®
i=1

Av

= IQ

e NB: Zw? will be the same for any body-fixed frame B, regardless of how
it is oriented within the body




Rotation About Arbitrary Points Continued

® Qur previous result for multiparticle collections was:

N
I e = > (ri/Q X Fz(-eXt)) +rg/6 X MG ag/o

1=1

A\ g

2 plext)
= MQ

e This applies exactly to the rigid body case as well:

d
dt

® This is Euler’s 2°¢ law for rotation about an arbitrary point

—"hg = Io"a® = Mg + rg/c x mg'ag,o

Moment Transport Theorem

® Frequently, we may already know the net moment about the center of
mass of our body, and want to find the moment about an arbitrary point

Q:

N
023 (g r)

N~
=Ty —Trg/a

N N
— I'Z G X F eXt r G X F eXt)
> (ry Z o/
1

1=1

1=
(.

-~

Mg

N
MQ = MG —rg/c X Z FgeXt)

1=1




Parallel Axis Theorem

® Just as with external moments, we can compute the angular momentum
about an arbitrary point starting from the angular momentum about the

COM

® Qur previous result for multiparticle collections was:

IhQ = IhG + marq/g X IVQ/G = IhG + magrqQ/g X (I(.LJB X rQ/G)
B~ 7 B
Q/c T'wW” Xrg/
~——"
0
* ro/c x (W' xrgie) ="w" (ro/e ro/c) —rosc (ro/e - 'w”)
® [n the planar case only:

hg = "he + mallrgel*w” ,
IR RN Iq = Ic +mallrg/a|
Q w G

Using Pre-Computed Moments of Inertia

A N

G

i

' 2

i m 2h hw2 0
h. Iels === | hw 2w 0
1 1o 0 2m42u?],
R S—

hs ! b

v

e e e

<--~>



Compound Pendulums

¢ A compound pendulum is any rigid body
pinned at one point and allowed to swing
under the force of gravity

e Compound pendulums still have only one
degree of freedom (in the planar case) which
can be encoded by coordinate 6

¢ [n addition to gravity, we need to model the
constraint force at the pin point. We
typically split this into two components

Fgravity

Compound Pendulum Example

® Consider a compound pendulum
composed of a long, thin rod and a sphere

® The moments of inertia are:

rod __ mT£2 Isphere o 2msR2
@12 “ 5

e Applying the parallel axis theorem:

5" = 15" + m[lrgse, |I”
m, 0> (.
- 1T2 + mr” - §erH2
]CSQphere _ Iéihere 4+ merQ/Gs 2

B 2m, R?
5

+msl| — (€ + R)&, |



® Once both moments of inertia are about the same point, we can add
them to find the total moment of inertia: I§* = g’d + jéphefe

2 2 2
15" = mgé + my <%+(£+R>2)

e The net angular momentum about @ is *hg = Io"w® where %w® = 065

® Recall that for a constant gravity model, the net moment about the
center of mass of a rigid body is zero, so in this case, the moment
transport theorem is:

N
My = My —1pc x S FEY
Q OG Q/G ; i

® The net center of mass can be computed from the individual component

COMs:

1
fe/Q = o (msr./q + mite, Q)
1 R (.
pr m ms(f + R)er —|_ mrﬁer
MQ = —TrqQ/ag x(ms + mr)gél
N——
T'c/Q
tm,. . R
=—g ( ZL + my (R—l—é)) sin (0)es
® By Euler’s 2° law:
Td
—IhQ = [QIQB = MQ +ro/c X mg IaQ/O
dt ——
0
. (222 4+ my (R+ 1))
6 = —gsin (0) 2

Eme 4 m, (22 + (R +0)°)



Radius of Gyration
® Note that our equation of motion for the compound pendulum looks a

lot like that of the simple pendulum: 6 = —% sin(0)

® We define the radius of gyration as the distance from a point () on a
rigid body at which a particle of mass mg would produce the same
moment of inertia about () as the rigid body

® For any compound pendulum where |rg,¢| = € we find:

6 = —% SID(Q)

® This is how we can measure moments of inertia!

Kinetic Energy of Planar Rigid Bodies
® Recall: To = Tz/0 + T where T/0 = —||IVG/O||2

| N
_§Zmi||lvi/g||2 Zml w xrl/g) (w xrz/G)
i=1 —

B

= Vi/G+ wP x ri/G
0
= —Zmz < WP W) (rie - rie) — 2(%w® - I'g'/G)) ~ "W ZmlHrz/GH
0 for planar motlon >
G

Ty = %? HIwBH2 _ %IhG .I,B




Total Work of Planar Rigid Bodies

e Total work is still the change in total kinetic energy:
WY — Ty (ty) — To(ty) £ ATp

e We can split it into work due to motion of and motion about the COM:

W tet) = We0 + We
~—— ~~~
to
t1 1
Mg
We = / ZF<ext Fijg dt = / 3 (ri G X F§ext>> o8 dt
tii=1
= BVZ/G +wP x ri/G
0

Potential and Total Energy of Planar Rigid Bodies

® The internal potential energy of a rigid body is constant so all changes

are due to external conservative forces
N

® Contact Forces: Up = Z Uijo(ri/0)
i=1

® Field Forces: Up :/ Udm/o(tdmso) dm

2
® Total energy is: Ep = Tg/o + 1+ Uo
e Total energy changes only due to non-conservative forces:
Eo(ty) = Eo(t) + W + W



Total Energy of a Swinging, Planar Rigid Body

Iq
To =Tgo +1a = —||IVG/O [ HI BH
——
= BVG/O + wB X TG/0
——
0
1
= 5 (malirajol* + 1) |7
Io
Uo = / Udm/0<rdm/0) dm = _/ F'dam/o - gél dm
B B
= —mgyg (I‘G/o ' él) = —mggl cos(0)
_ Loy
Eo = ?0 — mggl cos(0)

Kinetic Energy of a Spinning, Fixed, Planar Rigid Body

1,
To =Tgo +1Tg = —H oo P+ = G HI BH
——
0
— 11(;0'2

2



Kinetic Energy of a Rolling, Planar Rigid Body

]G 2
To=T¢0+1g = —||IVG/OH2+ HI gl
1
= Tr;G (T€1 - €1) + 2IG (—9é3 : —9é3)
1
me2_|_ IG02

2 2
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Cartesian and Cylindrical Coordinates

ey

€1
6 is the azimuth (or azimuthal)
angle
¢ is the zenith (or polar) angle
90° — ¢ is the elevation (or altitude)

Cartesian Coordinates

[rP/O]I =

IS

T

Irpjoll = Va2 +y2 + 22

Polar /Cylindrical Coordinates

rcosf
[rp/0], = |7sind

o z

lrpjol = V2 + 22



Spherical Coordinates

€1
0 is the azimuth (or azimuthal)
angle
¢ is the zenith (or polar) angle
90° — ¢ is the elevation (or altitude)

Spherical Coordinates

cos 6 sin ¢
[rp/O]I = p |sinfsin ¢
cosg |
[rpoll = p

N\B: 6§ and ¢ definitions are frequently
reversed and some texts will use
elevation instead of polar angles.
Many texts will also use r and p for
both cylindrical and spherical
coordinates.

Polar/Cylindrical Rotating Reference Frames

C = (0,8, ¢y, é3)

cosf@ sinf 0
CT = | —sinf cosfh 0
0 0 1

g rés

[rP/O]c =t [rP/O}I

N—— N——

r T

0 y

P z],

T x cos (0) + ysin (0)
=CT |y| = |—wsin () + ycos (6)
c “lz o
x r rcos (0)
y| = Zc¢ |0| = |rsin()
2



Cylindrical Frame Kinematics
C = (0,6é,,8, és3)

Iwc = 9é3

glleg A )
rp/o = T€, + z€3

~Npio =reé +1 (W x e,) + ié;

=re, + ey + zes

Tap/o = e, + 108y + 108y + r&y — ro°e, + zeé;

= (r — TQQ)ér + (27;9. + ’I“é)ég + Zeé3

Recall the Simple Direction Cosine Matrices

éz O {12 élz
by 9
b
a1 /b, a

a

1 0 0 cosf 0 —sind cosf sinf 0O
BoA _ |0 cosf  sinf 0 1 0 —sinf cosf 0
0 —sinf cosb sinff 0 cosf 0 0 1

2 0y(0) £ Ch(0) = C(0)



Multiple Simple Rotations

e Multiple simple rotations in series produce another simple rotation. We
express this by left-multiplying by each subsequent direction cosine
matrix:

CCBBO.A _ Ccv.A
® We can do this for any number of rotations:

ICfl.FlC.FQ.FQC.Fg o .7:/\[,10}"/\/ _ IC}"N

® Any simple rotation can be decomposed into three (or fewer) rotations
about non-repeating reference frame axes (more on this later)

® The cylindrical frame represents a single rotation (about é3)

® To define a spherical frame where one unit direction follows a point in
3D space, we need two simple rotations

Spherical Reference Frames
1 0 rotation about é3: Z — C = (0, &,, &, &3)
2 ¢ rotation about &g: C — S £ (0, €4, €p,€,)

cfes ST = Cy(9)C4(6)
Ot cos (¢) cos (0) sin (0)cos (¢) —sin(¢)

— sin (6) cos (0) 0
sin (¢) cos (0) sin(¢)sin (0)  cos (@)

> |z 0 cos  sin ¢

€2 |y = I\C’i 0 = p |sinfsin ¢
Lo @y Ws L0 L
[rpj0]; [rpj0]s




Spherical Frame Kinematics
§2(0.85,8.8,) TwS =T 4+ WS = 085 + dey
= —0sin (¢)és + ¢& + 0 cos ()&,

gAéS
rp/O = pép
~Npio=pe,+p (fw® xe,)
_ ¢pe¢ + p@ sin (gb)ee + pép

O~

°d
~Npio+ 1w x e

> T
ap/0 =

(6 + 205 — pb*sin (¢) cos (¢)) &
(2q5p9 cos (¢) + pb sin (¢) + 2p0 sin (gb)) &y
(—452/) — pb*sin® (¢) + b’) &
Spherical Simple Pendulum
TS = —0sin (¢)é, + d& + 0 cos (¢)é
—Feé,
0
&
Ip/o :Kép
Npjo =Lde, + (0sin (¢)éy —mpgés
ap/o = (&b — (6% sin (¢) cos ((b)) €y
(2%9 cos (gb) + 0 sin (¢)> & Z Fp=—Fce, - meg €3,
— sin(¢)ey + cos(¢)e,

025in* () &,

(-



Spherical Simple Pendulum Continued

€y,: mpgsin(¢) =mp <€¢ — (6% sin (@) cos (qb))
e: O0=mp (2%9 cos (¢) + 06 sin ((b))

e,: —Fc—mpgcos(¢p)=mp <—€¢2 — (6 sin? (gb))

F. = tmp¢? + tmpt?*sin® (¢) — gmp cos (¢)
¢ = 62 sin (¢) cos (¢) + gsin ()

14
j_ 200 cos (¢)
~ sin(9)

Spherical Simple Pendulum Energy

e All of our definitions related to work and energy work equivalently in 3
dimensions:

mp

Tpio = 5 ||ZVP/OH2 = TP (€2¢2 + 0262 sin® (gb))
Upjo = mpgrp/o - €3 = mpgl cos(¢)

Epio =Tp/o+ Upjo

® The only force doing work on the system is conservative, so total energy
must be conserved

e This allows us to write a relationship between gb and 6:

. (9'2 SiIl2 (¢) . 2g COS (¢)

€2mp 14



Encoding Orientation

® Recall that a 3D rigid body has 6 degrees of freedom: 3 encoding
translation and 3 encoding rotation (orientation)

® The translation degrees of freedom can be encoded by Cartesian
coordinates of the center of mass (or any coordinates that map to
Cartesian coordinates)

® The orientation degrees of freedom can be encoded by any coordinate set
representing a simple rotation from some inertial frame

e We have already seen several ways of encoding simple rotations:

® A simple rotation is given by an angle and an axis (one scalar and one
unit vector = 3 scalar values)

® The same information is encoded by direction cosine matrices (9
elements, overdetermined)

Orientation Angles

® We have also already introduced the idea that any simple rotation can
be decomposed into 3 successive rotations about reference frame unit
directions

e Orientation angles (or Euler angles) are an ordered set of angles
corresponding to three rotations about specified reference frame
directions

e [f we use body-fixed frame axes, these are called body rotations; if we
use inertial frame axes, these are called space rotations



¢ We encode the directions via sets of numbers and can use either 2 or 3
different axes (but cannot repeat rotations about the same axis twice in
a row):

® A Body 1-2-3 (¢, 0, gb)%g rotation represents a v rotation about the first
unit direction, followed by a 6 rotation about the second unit direction,
followed by a ¢ rotation about the third unit direction, going from frame
7 to frame B

* A Body 3-2-3 (¢, 0, $)% rotation represents a v rotation about the third
unit direction, followed by a 6 rotation about the second unit direction,
followed by a ¢ rotation about the (new) third unit direction, going from
frame Z to frame B

Body 3-2-3 (1,6, ¢)% Rotation

Lies
:33

A

r'/él \‘\ A\‘\\ b1
cosy siny 0 cosf 0 —sinf cos¢ sing 0
40T = | —siney cosy 0 CcA=|0 1 0 BCC = | —sing cos¢ 0
0 0 1 sinf 0 cosf 0 0 1

Bch _ BCc Cc.A.AoI _
—sin (@) sin (¢0) + cos (¢) cos (¥) cos () sin (¢) cos (¢) + sin (¢) cos (¢) cos (#)  —sin (6) cos (¢)
—sin (@) cos () cos (0) — sin (¢) cos (¢p) —sin (¢) sin (1)) cos (0) + cos (¢) cos (¢)  sin (¢) sin (0)
sin (0) cos () sin (1) sin (0) cos (6)
8



Body 3-2-3 (1,6, ¢)% Rotation Consistency Check

o ola @ B
= b; = cos(¢) ¢ +sin(¢) ¢ €3

) C = cos(¢) cos(6 )$+81n(¢)33/—008(¢) sin(Q)fg;
cos(1))é; + sin(z))e; — sin()é; + cos(1))és

by = (—sin (¢) sin (1) 4 cos (@) cos (1) cos (0)) &;
+ (sin (¢) cos (¢) + sin (1) cos (¢) cos (7)) €2
— sin (0) cos (¢)é3

CD>

Successive Rotations About One Axis

e (Consider two successive rotations of 6; and 6, about the third
body-frame axis:

[ cos () sin(fy) O] [ cos(fy) sin(6) O
—sin (6y) cos(f2) 0| |—sin(fy) cos(6h) Of =

0 0 1 0 0 1
—sin (61) sin (02) + cos (01) cos (62)  sin (0;) cos (63) + sin (62) cos (A1) 0
— sin (61) co (92)0— sin (0y) cos (6;) —sin (67) sin (92)0+ cos (67) cos (02) (1)

cos (0y +03) sin(6;+603) O
0
1

—sin (0; + 63) cos (61 + 65)
0 0

e This is identical to a 6; + 65 rotation about that axis



Euler Angle Sets with Repeated Rotations

e Consider a Body 3-3-1 (61, 05, 93)% rotation:

1 0 0 cos () (62) 0 cos(#y) sin(6y) 0O
0T = |0 cos(f3) sin(f3)| | —sin(fy) cos(fy) 0| |—sin(6;) cos(6;) 0
|0 —sin(03) cos(63) 0 0 1 0 0 1
cos (61 + 65) sin (6, + 6s) 0
= | —sin (6y 4+ 6) cos (63) cos(03)cos (01 + 02)  sin (03)
| sin (fs)sin (01 +0,)  —sin(s) cos (01 + 62) cos (63)

® The resulting DCM no longer encodes a completely arbitrary orientation
in 3D space

Transport Equation in 3D

e Consider again the Body 3-2-3 (v, 0 (b) rotatlon with intermediate
frames Z — A — C — B and define rp/p = 2 b,by + byby + bgbg

Id Id z Id
dtrp/o = b1b1 + bzbz + bgbg + b1 d—b1 + by ab2 + bg Ebi
Bd 7 B

dtrP/O w- X I.P/O
e For any of the B frame unit vectors, we can write:
Id ~ _Ad A A
g = gt b= (h A W8 b,
N—— N ~ v
Cd R I(.«.JB
d_b +4wC x b
——
5d . .

10



Angular Velocity of the Body 3-2-3 (v, 6, ¢)% Rotation

T e We have confirmed our previous result of adding angular
velocities:
B = T4 —|— ch B 2 by + wsby + wgf)g
\—/‘1] @Dag (902 ¢b3

| e ¢ From the DCMs:
i &y = sin (¢)by + cos (¢)by
a3 = —sin () cos (¢)by + sin (¢) sin (8)bs + cos (A)bs

w1

7\

~

’( Y sin (0) cos (¢) + O sin (¢)5b
+ (1& sin (¢) sin (6) + 0 cos ( (9) ) (¢ + 9 cos (9)) bs

A\ >4

~"

CL)Q W3

Angular Velocity of the Body 3-2-3 (1, 6, qb)% Rotation

e We can now solve for 4, 0, ¢ in terms of w;, we, ws:
b= —w1 €os (@) + we sin (@)
B sin (6)
0 = wy sin (¢) + wy cos (@)

. wicos (@)  wysin(g)
°= (@)  tan(@)

® N\B: w; = 0 can still produce non-zero changes in all Euler angles

e For =0 (or 7), ¥» — oco. This state is known as gimbal lock: ¢ and ¢
are rotating about the same axis

11
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Center of Mass in 3D

® [n order to apply Euler’s first law, we need to be able to locate the
center of mass of a rigid body

® Recall our previous derivation of the COM of a rigid body:

1

1/ /
Yoo — — I‘modm:— am/o I‘modv
/ mG%d/ mG%d/p(d/)

® These expressions are fully valid in 3D—we just need to integrate over
the full volume of the rigid body



Example 1: Center of Mass of a Solid Hemisphere
B 63 e Assume constant, uniform density pq
I 4m/0 = p Cos 0 sin oby + psin @ sin gbf)2 + pcos qbf)g

2
I‘G/o— // /I‘dm/o dV

p?sin(¢) dpdf do

2R3
mG=pdV=pd/// dV = py 3
B

rg/o = - Rby

Example 2: Center of Mass of a Hemispherical Shell
B

A

b3rdm/o = pcosfsin oby + psin # sin dby + p Cos gbf)g,

I'G/o— // / I gm0 dV
mG:pdV:pd/// dV
B

21 (R3 — R3)

3

3(R; — RY})
— reio = S(RS—R3) °

b

b




A Brief Introduction to Tensors

® A tensor is a generalization of a geometric vector
® An order (or rank)-0 tensor is a scalar
® An order-1 tensor is a vector
® An order-2 tensor is a dyadic

Notation

When I typeset tensors, they will always be in blackboard bold and
capitalized (e.g. T). When I write tensors, they will be either similarly
double-struck or double underlined (e.g. T'). You can write tensors however
you wish, as long as I can always tell the difference between your tensors,
vectors and scalars.

e A dyadic tensor has many of the same basic properties as a Euclidean
vector
® Tensor addition is associative and commutative
® Scalar multiplication works the same as for vectors
® Zero tensor: 40 s.t. 04+ T = T and additive inverse: 4 — T s.t.
T+ (-T)=0

Tensor Inner (Dot) Product

The dot product we’ve been using with vectors is an example of an
inner product

Inner products reduce tensor order
® The dot product of a vector with a vector is a scalar (order 1 —1 = 0)
® The dot product of a dyadic tensor with a vector is a vector: T-a=Db
(order 2 —1=1)
The dot product between a tensor and vector is distributive over tensor
addition and compatible with scalar multiplication, but not commutative

There exists an identity dyadic tensor U such that U-a =a Va



Tensors Outer Product

e A dyadic is defined as the outer product of two vectors: T2 a® b

e N\B: The outer product is not a cross product. Outer products increase
tensor order, while the cross product preserves it

® There is also a well-defined cross product between dyadics and Euclidean
vectors which produces dyadics

® Quter Product properties:

a-(b®c)=(a-b)c
®* (a+tb)®c=a®c+b®c

(a®@b)-c=(b-c)a
*c®(a+b)=c®Ra+c®b

*ax(b®c)=(axb)®c
* r(a®b)=(ra)®b =a® (zb)

(a®@b)xc=a® (b xc)

Tensor Components

e Just like Euclidean vectors, we can express the components of a tensor
with respect to a reference frame

T2awb| = [allblf

a1 by
T£(0,8),85,83) lal; = [az| [blz = |by
as T b3 T
T Tie T3 ay by g arby aiby aibs

{Téa@)b]zé Ty Tae To3 = |a2 by = |a2b; agby asbs
Ts1 T2 T33),  |as asby azby asbs] .



Tensor Components Continued

_a®b ZZ ez®e]:>Ti-:éi-T-éj:aibj

=1 j=
i= Tensor Basis

® The components of the identity (or unity) dyadic are the identity matrix

Tensor Products as Matrix Multiplications

- Tz = ([e]7[T]z)"
T clz = [Tlz[d Voe o
[T £ a®bl; = [a]7[b]F * Tz ex]lz=|c 0 —qg
[c x T]z = [ex]7[T]z ¢ ¢ O
7
[T X C]I = [T]I[CX]I
T - \NT r -
1 Ty Ty Tis \ Thicy +Ta1co + T3ic3
[c- Tz = Co Ty To Tas = |T12¢1 + Taace + Tacs
C3| 1 Ty T s3], ) | Thscr + Togee + Tazc | £
Ty T Tis C1 Tiic1 + Thioco + Thges
[T . C]I = |T5 Ty T3 co| = |To1c1 + Thoco + Thscs
Ts1 T39 Tss|, [cs]; | T +Tseco +Tsscs o




[c x Tz

[T x |z

0 —C3 (2 T
C3 0 —C T21

|—C2 (O 0 T T

T1103 - T3101

_Tn Ty Tis 0
Toy Toe Tog C3
_T31 T3y 33

Thocs — Tiscy
Thocs — Toscoy

7 L7¢

_T32 c3 — T33Co

The Moment of Inertia Tensor

e Recall our derivation of the planar moment of inertia:

0
B

—Thc3 + Tz
—T51c3 4+ Ty
—T51c3 + Ta3c1 Toco — Tocn | o

T Ths
T 1o
T3 T33]

[ —Thic3 + Ty —Topcs + Thocy  —Thscs + Thsc
Thacs —
| —Thice + 1 —Thgce +Toec1 —Tizce + Tosca]

Ts9c1 Th3cs3 — T33cq

—C3 (2
0 —C
C1 0

T
Tiico — Thacy
Th1co — Tohacy

z B
Vijg T W X T
N

N =
IhG = Zmirz’/GX ZVi/G = Zmiri/G X (ZWB X ri/G)

1=1
N

= Z mi((rz’/G ' I‘z’/G),IwB,—SIWB : ri/G)ri/CL')

U - LB (ri/Gé I'z'/G) .I,B

= [



The Moment of Inertia Tensor Continued

IhG _ HG . IwB

e This is a completely general statement and applies for motion in 3D

® This expression also applies to planar motion

e Just as with all quantities related to rigid bodies, we can take the limit
as the number of particles goes to oo:

Ie = Z m; [(rz’/G ric)U — (ri/q ® ri/G)}

1=1

= / [(Tamyc * Tam/c)U = (Tamjc ® Tamya)] dm
.

The Moment of Inertia Matrix

® To actually use the moment of inertia tensor to do dynamics, we will
need to express it in components with respect to a reference
frame—typically a body-fixed frame B = (by, bs, bs)

Io = Z Z L;b;@b; [gls= Zmz ri/clsricls) lsxs — [ticlslticls)

=1 j=1
L hn L - /@ (1 am P T — [F sl amycll) dm
[HG]B: Iy Ipp I3
[31 132 133 B :é(“rdm/G||213x3_[rdm/G]B[rdm/G]g) p(rdm/G)dV

¢ Moment of inertia matrices are always symmetric
® Diagonal entries of the matrix are called moments of inertia

e Off-diagonal entries are called products of inertia



Example 1: Moment of Inertia of a Solid Cylinder
I dm/G = T COS 0131 + rsin 9132 + Zf)g
Brp, T amycl|? = r* + 2°

[I' dm/G]B [I‘ dm/G]g =

2 cos? (0) r? sin (0) cos (#) rzcos ()
2 sin () cos () r2 sin? () 7z sin (6)
rz cos (0) rzsin (0) 22 5
62 % 27 rR
la]s = P/ h/O /0 (I amcl*Isxs = [¥ am/cBIX amjcls) rdrdfdz
m m 3R% + h? 0 0
p = =2 = [Hg]gzﬁ 0 3R% 4 h? 0
4 0 0  G6R?

B

Example 2: Moment of Inertia of a Solid Hemisphere
B B Fam/G = Ydm/o0 — rG/o
3

= pcos@sin¢f)1 + psinﬁsingbf)g + (pcos¢ — SR) bs

% 27 rR )
6o = pa [ [ [ (v am/clPTcs = [ amalolram/alE) o sin()dpdods

m
Pd 27rR33
83 0 0
R2
Ie]s ”;20 0 8 0
0 0 128



Euler’s 28 Law in 3D

e Euler’s 2" Law, applied to the center of mass of a rigid body:

T4 5d
EIhG = ]IG . EIQ)B + IQJB X (]IG 'IUJB> = MG

e With all terms written in components of a body-fixed frame B, this
becomes:

ol | 57| -+ BT el (] = Mol

® These equations become much simpler if [I5], is strictly diagonal

® There always exists a body-fixed frame for any rigid body where the
moment of inertia matrix is diagonal. We call this the body’s principal
axis frame

Diagonalization
e For any tensor T: [T],; = "C4[T] ,CF =5C4[T] (BC’A)T

® A real, symmetric matrix A has all real eigenvalues and orthogonal

eigenvectors:
A:AT = AVZ':AZ'VZ' = Az ERV’L, Vi Vy :OVZ,]
e Let P be the matrix of eigenvectors of A (P £ [v; vy --- v,])and D

be the diagonal matrix of eigenvalues (D = diag ({\;})). Then:
A=PDP'=PDP"

e Every real, symmetric matrix (including all moment of inertia matrices)
can be diagonalized as D = PTAP

® For any body-fixed frame B, we can find Bp by diagonalizing [I¢]:

[I6]s, = "7C* [Ie]5"C""

Eigenvectors of [Ig],4

9



Euler’s Equations

I, 0 0
Iols, = | 0 L 0
0 0 I

Euler’s Equations
L + (I3 — Ir)waws = M,y
IQCZJQ + (Il — 13)w1w3 = M2
Igd)g aF (Ig — Il)w1w2 = M3

Angular Momentum and Moments about Arbitrary Points

® Our derivation of the moment transport theorem made no assumptions
about planar motion, so it remains exactly the same in the 3D case:

N
MQ = MG — rQ/G X Z FgeXt)

=1

e However, our derivation of the planar parallel axis theorem did make the
assumption of planar motion, so we will need a new version for the 3D
case

U-%® (r Xr R
(rq/c ® 1g/c)

IhQ =Th, + marq /g X ZVQ/G ="hg + mG((l“Q/G : rQ/G) Wb — (rQ/G ' IWB) I'Q/G)

Voo W xrg/c
0

10



Parallel Axis Theorem

[ I = Ie + mg ((ro/c - ro/a)U — (ro/e ® g c)) ]

[ Iols = Iels + ma (Irgsel*Isxs — [ro/clslroscls) ]

IhQ — ]IQ I(.UB

z B
d d
ai Pe = 7 ("ho) +7w® xhg = Mg + rg/a x ma"ag/o

Moment of Inertia of a Solid Hemisphere (Again)
B b T dm/O —,ocosesm(bbl—|—psm981nqbb2—|—pcos¢b3
3

[lols = pa IIde/oll I3x3 — [L am/0lBIT am/0lB ) p* sin(¢)dpdfde
0 0 0

m 2
Pd = @ — [HO]B = 5mR2[3><3

I¢]s = [lols — m (|Iro/cl*I3xs — [rosclBlrosclh)

0 0 O
2R? 3R\’
=m —I3><3—<—) Isx3+ 10 0 0
B

64

8 0 0
R2

Ie]s ”?;‘20 0 83 0

b, 0 0 128

11
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Spherical Gyropendulum
® The spherical gyropendulum is a simple spherical pendulum with the
mass replaced by a spinning rotor

e [f the rotor is not spinning, this system has exactly the same equations
of motion as the simple spherical pendulum

‘éS
P ~
& €As I'p/o = Eep
E ZVp/o = €¢é¢ + E@ sin ¢é9
E N _Fcép—mpgeg IhO _ IhP/O 4+ Ihp
O > I _—
~ o hp/o =Tpj0 X mp'Vp)0

€y
e We don’t actually need to know the exact form of hp: the rotor always
spins about €, so Thy = he, for some value of h



Spherical Gyropendulum Continued

® The spherical frame angular velocity is:
TS = —fsin (¢)é, + ¢&y + O cos (¢)&,

Igzho I:;t (mP (f $&p — (20 sin (¢)é¢> + hép)

dt
— <—2€2mp¢39 cos (¢) — (*mpfsin (¢) + h¢) €

+ (€2mpg5 — ’mp6®sin (¢) cos (¢) + hf sin (gb)) &y
® The only moment about O is due to gravity (as the constraint force acts
in e,):
Mo =rpjo x Fp=1{(&, x (—mpg €3 ) = Llgmpsin(¢)&y
—sin (¢)é, + cos (¢)€,
gsin(¢) hf sin (4) 260 cos (¢) N ho
14 Pmp sin (¢) ?mp sin (¢)

® The EOMs of the spherical gyropendulum are exactly the same as those
of the simple spherical pendulum, with one extra term in each

& = 07 sin (9) cos (¢) + -

® The magnitude of A mediates the tradeoff in acceleration between 6 and

¢

¢ [n many similar systems, the angular momentum is dominated by the
fastest spinning part (the rotor), so we approximate
Iho = Ihg/o + IhG ~ IhG

® We also approximate that the angular momentum is approximately

B
d
constant in the body-fixed frame T The ~ 0 so:
Td g fd ; " B
—"hg= —"h hg = Th
g P = g hetw Wt xhe

® For the spherical gyropendulum Thy ~ he, when
h > mpl?p, mpl?0sin(¢) so

14
w”xhe, =Mop = lgmpsin (¢)&g = T8~ P

td g 7,8
—"hp ~ sin(¢)e
dt (¢)ey

® Since €3 = —sin (¢)é4 + cos (¢)€,, this predicts
7,8 ~ tgmp

(é3 — cos(¢)e,) CCW rotation about the vertical with some

other rotation about ép



Spinning Symmetric Rigid Bodies

T A a Frame C is fixed to a symmetric rigid body with symmetry axis ¢,.
A ag The orientation of C is given by a Body 3-1-2 (1, 0, )& rotation

N . _ Intermediate frame B is defined with
B bs 1 o= orientation 3-1 (¢, #)% such that by = &,
62 Co This is the spin and symmetry axis

1 0 0
5CA = [0 cos() sin(6)
as 0 —sin(#) cos(0)
— ¢ay + b,
= 0by + ) sin Ob, + W cos 0bs
ch = Qf)g
. c_ B C
&, b, T =2wP + Bw

Spinning Symmetric Rigid Bodies Continued

® ( is the principal axis frame for the
symmetric body, and because ¢, is the
symmetry axis, we expect the first and
third components along the diagonal of
the moment of inertia matrix to be

identical:
I, 0 0
[]IG]C— 0 I, O
0 0 IL c

® Because of this symmetry, and because
by = ¢y, we can also write:

[HG]B - [HG]C



Spinning Symmetric Rigid Body Dynamics
1,6
Tha) , = [Talg w9 ; = {12 (2 + dsin (9))]
It cos (6) 5

NB: This is not a typo

IdI BdI z B Ih
ae] T | @ e B+[w x5 [ha] 5

-]177/.)2 sin (6) cos (0) + 1,6 — It (Q + ) sin (9)) cos ()
I (Q + 1) sin (0) + ¥6 cos (9))
L1 cos (0) — 21140 sin () + 1,0 (Q + 1) sin (0))

Spinning Symmetric Rigid Body Dynamics Continued

Note: (%w® x The) - by =0
7
d .
Therefore, if thG - by = 0 then
da b0 — 5,8 (Q+¢ i 9)—0
ar G2 2t MY =

—  Q+1sinf = C (constant)
Assume: Mg = —Mlﬁl. Then:

_ Ilf sin (20) — M1>

(C’Iﬂb cos ()

j=2 (— L onitan (9))




Torqued, Spinning, Symmetric Rigid Body Motion

In general, a torqued spinning, symmetric, rigid body
é; will display two bulk types of motion:

® Precession: Rotation of the spin/symmetry
axis about the inertially fixed axis orthogonal
to the direction of the torque vector (€3 in our
example)

e Nutation: Secondary rotation of the
spin/symmetry axis along its precessing
trajectory

Remember that  (the spin

rate) is not constant in time. c
Only the quantity Q + v sin 6

is conserved.

Time

Kinetic Energy of Rigid Bodies
® Recall our derivation of T¢:

0

B B
= VZ'/G-I— w >< ri/G

1 a 2 B
— §Zm@||ZVZ/GH Zmz w sz/G) (w Xri/G
1=1

(rije x (W x1y/6)
B

IB

k\_/ \\_/

(rijc - riye) W = (W - 1ij6)rijc)

U - %P (ri/c @Tri/g) LwB

1 N
b (Sl i) U= ()] ) A

i=1

\ . 7




Work and Energy of Rigid Bodies

1 1
TG _ 5I B HG . IwB — 5[1(.06]%;[]16']3[1&)8]3

¢ When working in a principal axis frame:
1
TG = 5(1100% + IQCU% + [30032))

® Every other one of our previous work/energy derivations related to rigid
bodies did not make any assumptions about planar motion, and so
applies fully in the 3D case

Recall Euler’s Equations

L 0 0
o, = | 0 L 0
00 L |,
HG wB] + [IWBX]BP [HG]BP [I(,UB] B, = [MG]B —

[
Lo
0 I
0 0

B
| 3"
0 w1 0 —Wws3 w2
0 wWo -+ w3 0 —w1
Ig B, 02)3 B, —Ww9 w1 0 B

Euler’s Equations
Ildll aF ([3 — IQ)WQCU?) = M1
12w2 aF ([1 — Ig)wlw:), = M2
13(,4:}3 + ([2 — Il)wlwg = M3



Torque-Free Motion

¢ Torque-free motion
occurs when
M;=0

e (Consider two cases:

I3 — I .
— wowsz | W = —
7, 2W3 1 7,

I - I L
1, WiWg | Wy = I

wy =

Wy =

e This is simple harmonic oscillation!

Isws =0

ws > Wi, Wa
Ly + (I3 — I)wews =0
Lws + (I — I3)wiws =0
Isws =~ 0

2
Wn

(IJl +w2w1 =0
C.L.)Q +wfbw2 =0

é (13 — IQ)(Ig — ]1)(,0?2)

L1,

® The spin axis is slightly offset from the body axis of the maximum
component of the angular velocity, and oscillates about it

Torque-Free Motion Conserved Quantities

® In the case where there are no net external forces or moments on a rigid
body, both the angular momentum and kinetic energy about the COM

are conserved:

IhG = HG . ILUB = Ilculfol + IQCUQBQ + Igwgf)g)
1 1 Constant
Ty = §Iw8 e - TB = 3 ([Wf + ]ng + [3w§)
Fhel*

e [f a body is spinning about a principal axis b;: T = i

.FOI'[3>IQ>11{

max 1" = spin about minor axis (I;)

min7 = spin about major axis (/3)

V2T'I < ||Fhe|| < /2T 15




The Inertia Ellipsoid

® The conserved quantities for torque-free motion produce two ellipsoids:

2 2 2

1 w w d
T =— (1 2 1 2 I 2 - 1 2 ° =1
G 5 ( 1wy + lows + 3w3) ZT(;/Il * QTg/IQ + QTg/I3
2 2 2

W) w3

Phgll? £ 1 = g - ZwB|P =y o2y s =
AT R AT

I3

® The path of the angular velocity
vector in torque-free rigid body
motion must follow the
intersection of these ellipsoids

(called polhodes)

® Major and minor axis spinners
are stable. Intermediate axis
spinners are unstable

I




